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A Critical Examination of Procedures Used 
in Britain and the United States to 
Determine Creep Stresses for the 
Design of Power Plant for Long 
Life at High Temperatures 


By R. W. BAILEY,' MANCHESTER, ENGLAND 


The operating life of land power plant being far longer 
than allowable testing times for the constructional 
metals, the selection of a material, or the determination 
of its appropriate working stress, is dependent in an im- 
portant degree upon the procedure followed in utilizing 
the creep-test results obtained. Different procedures prac- 
ticed both in Britain and in the United States can result 
in different views regarding the potentialities of a mate- 
rial, and also about the working stress allowable. The 
paper examines the more commonly used procedures and 
focuses attention upon the factors present which would 
operate to introduce uncertainty and error as between 
the probable behavior in the long time of actual service, 
and as yielded by a test procedure. The principal dis- 
turbing factor in altering the resistance to creep of the 
material is thermal action. In some procedures, espe- 
cially where the creep tests are made at working tem- 
peratures, the influence of this factor may be small or 
negligible in the procedure, compared with its magnitude 
in service. The need is emphasized for thermal action to 
be taken adequately into account by the test procedure. 
Next in importance as a possible source of error is the 
method of extrapolation beyond the test times to the 
time of the operating life. The factor of thermal action 
and of its representation in the several procedures ex- 
amined is considered. The circumstances of extrapola- 
tion are similarly investigated, especially in regard to 
whether the result would overestimate or underestimate 
the safe working stress. Satisfying comparisons of work- 
ing stresses using different procedures cannot at present 
be made. The position is therefore disappointing and 
one which it is very desirable should be rectified. 
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INTRODUCTION 


HE paper by Messrs. Bardgett and Clark? has shown satis- 
factory correspondence between creep behavior of the 
same steels when tested in Britain and the United States 
In addition, it has shown that steels of the same nominal com- 
position, made in the two countries, exhibit only small but ad- 


missible differences of behavior and these the authors attribute 
to manufacturing differences which could be eliminated. The in- 
formation presented by the paper is both timely and valuable, in 
view of British interest in American practice, and because it 
makes clear the urgent need for both countries to review critically 
different methods used by laboratories in providing the creep-test 
data and the guidance which engineers and designers accept 
trustingly from these laboratories. [engineers and desigaers will, 
therefore, have a vital interest in the magnitudes of the design 
stresses which result from different test procedures, and in their 
degrees of reliability. The situation in the important case of long- 
life requirements, where the operating period far exceeds possible 
testing times, is, however, very unsatisfactory and extremely dis- 
appointing, considering the enormous volume and cost of the 
associated testing done during the last fifteen years and more 
The position concerning high-temperature power plant in 
Britain, vis-d-vis the United States, is that during the 1939-1945 
war, progress in the development of steam power plant was 
suspended in the former country because of war needs, and 
attention was diverted to gas-turbine development, especially 
for aircraft, in which Britain achieved a leading position. This 
lead Britain has maintained as a result of the continuing research 
upon materials and of progress in design and development in this 
field. 


power plant was not similarly arrested; the trend toward higher 


In the United States progress in the development of steam 


operating temperatures continued, and was manifested by de- 
velopment in design, and the acquisition of operating experience 
under the more advanced conditions adopted. 

Naturally, both of these, as also the resulting trends in design, 
are of considerable interest to engineers and designers in Britain 
A critical review of the methods of testing for design stresses 
adopted in the United States, and of the procedures followed in 
deriving them, is consequently needed. The matter should also 
be of equal interest to engineers and designers in the United 
States, either with a view to justifying what has already been 
done there, or by leading to improved practice in the future. 

Stress values should, of course, be directly comparable for 
similar materials, and without ambiguity. So far as similar tests 


2 ‘*Comparative High-Temperature Properties of British and Ameri- 
can Steels,’’ by W. E. Bardgett and C. L. Clark, Paper No. 53-—A- 
195, presented at the Annual Meeting, New York, N. Y., November 
29-December 4, 1953, of Tue American Soctety oF MECHANICAL 
ENGINEERS, pp. 2-6. 
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on similar materials are concerned, the paper by Messrs. Bardgett 
and Clark shows the position to be satisfactory in the two coun- 
tries. Long time of service, however, is the source of possible 
differences in derived working stresses because, for practical pur- 
poses, tests to determine design stresses can never approach in 
duration the operating period for which the working stresses are 
needed. An extrapolation procedure using data given by tests 
having a duration rarely one tenth, and frequently less than one 
hundredth, of the operating period has, therefore, to be adopted. 
Apart from differences in the permissible total deformation, which 
can readily be allowed for when specified, it is the period over 
which extrapolation has to be made that can be the source of so 
much uncertainty and error, leading to large differences in derived 
working stresses. 

The author’s purpose is to different 
critically in the hope that their limitations may be seen by engi- 
neers, who would then be able to require that design stresses were 
determined by a procedure in which they could have full con- 
fidence. At present this is not so, and much has to be taken on 
trust, the means which would enable its validity to be questioned 


examine procedures 


being lacking. 

There is a commercial aspect of differences in stress values 
arising from the adoption of different procedures in using creep- 
test data which may be mentioned. If by one procedure higher 
design stresses are obtained than by another and better-founded 
procedure, advantage in tendering for overseas contracts is 
conferred upon the country sanctioning the first, over another 
country whose practice, other things being equal, should be the 
more reliable. Ability to make dependable comparisons would 
therefore be an aid to judgment when weighing the merits of 
competing tenders. 

Uncertainties concerning stress values arise, as already indi- 
cated, when a considerable extrapolation is inevitable. With 
equal test and operating periods, however, the same stress values 
would be reached by different means. When this is not so, as is 
generally the case with power plant of long operating life, the 


position as a rule is complex, and if different stress values result 
the cause is likely to be incompatible and questionable proce- 
All procedures should be called in question until critical 
examination has resulted in evidence of reliability. 


dures. 


NOTATION 


a coefficient, constant 

constants 

a coefficient, constant 

a constant 

a constant 

activation energy 

stress 

stress corresponding to 7 

slope of curve 

Boltzmann constant 

a constant 

index, assumed constant in analysis 

index, assumed constant in analysis 

index relating to thermal action 

absolute temperature of heating 

absolute temperatures of heating for a specific change 

time 

creep test time to produce a specific creep strain after 
heating for time ¢t” at temperature 6 

working-life period, time to rupture 

time to fracture under stress 

a steel, unstressed during heating prior to test 

tensile creep strain 

elongation of fracture 
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creep rate 

a steel, different from X, unstressed during heating 
prior to test 

index representing E + k 

test temperature 

temperature of heating, working temperature 

a constant 

time for a particular change by thermal action 

times corresponding to 7; and 7': 


TuHermMat-Action Errect 


The influence of thermal action in service in changing the 
behavior of a material under stress is of fundamental significance 
and, unless the procedure for arriving at design stress values and 
the assessment of a material correctly allows for this, the risk of 
error and unreliability is present from the outset. Nevertheless, 
much testing in both Britain and the United States, directed os- 
tensibly to producing stress values for design, or to offering 
guidance in the choice of a material, takes negligible account, or 
no account at all, of this most important factor. 

In both countries, accelerated creep tests in simple tension are 
recognized as the only practical means of obtaining test data. 
And such data, plotted with log (time) as a co-ordinate, and the 
plotted relations extrapolated to the operating life, vield a result, 
either stress for a particular temperature, or temperature for a 
according to whether temperature, or stress, 
If then several 


particular stress 
respectively, is constant in the tests of the series. 
series of tests are made, each at a specific temperature (regarded 
as a working temperature), a stress-temperature relation suitable 
for design is obtained. Correspondingly, if several series of tests 
are made each for a specific stress, a stress-temperature relation 
for the same purpose would then be obtained. With reliable ex- 
trapolation the two stress-teinperature relations would coincide 
if the material were unaltered by the stress or temperature im- 
posed, or if the testing period equaled the life period, but not 
otherwise. Hence difference in stress values can be expected 
from different test procedures where their purpose is to provide 
design stresses for long operating life. There must, of course, be 
a unique relation between stress and temperature for a given ma- 
terial, specific creep strain, and life period. This paper directs 
attention to the factors which affect the approach by different 
procedures to the unique relation. 

The powerful influence of thermal action in affecting creep be- 
havior and, therefore, in contributing to difference of stress values 
resulting from a difference in test procedure is illustrated in Fig. 
1 which shows the influence of heating two unstressed steels X 
and Y for different periods at 650 deg C (1202 deg F) prior to 
making a creep test under a stress and temperature common to 
the two steels. Ordinates of the curves give the times for 0.001 
creep strain for the abscissas times of the prior heating at 650 
deg C (1202 deg F). 

Fig. | shows that for no prior heating the creep test places the 
two steels in an order of creep resistance which is altered radically 
by the thermal action imposed by the prior heating. Fig. 1 
indicates that if the assumption, in support of which there is 
much evidence, were made that the thermal action of heating in 
service would have an equivalent in a period of prior heating at 
650 deg C (1202 deg F) or at other temperatures below the lower 
critical temperature, steels would differ considerably in their 
“staying-power” and, in addition, that tests made without allow- 
ing for the thermal-action factor—-both in the testing and as 
imposed by service—would be likely to lead to uncertainty and 
error in the design stresses resulting from the test procedure 
adopted, particularly with higher operating temperatures and 
longer operating periods where thermal action would be greater. 
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Fig. 1 


For the present, Fig. 1 sufficiently demonstrates the importance 
of the thermal-action factor. 

Apart from change attributable to thermal action, the other 
factor which accounts for difference in derived stress values is, 
as has been noticed, error accompanying extrapolation of test 
data from the test periods to the operating period. At present 
the position is most unsatisfactory and little serious attention 
appears to have been given to the question of reliable or safe ex- 
trapolation. 

Scatter of ascertained values hampers satisfactory extrapola- 
tion, and the choice of co-ordinate scales is likely to affect the re- 
sult because of the natural tendency to extrapolate linearly. A 
case can be made for adopting co-ordinate scales which would 
allow a linear relation between the plotted quantities, or which 
would cause linear extrapolation to give the result on the safe 
side. Errors may be minimized by generalization and analysis 
to provide a rational pattern for the relation plotted, and its 
extrapolation. Indeed, without this aid when comparing test 
procedures, the volume of testing needed to establish a relation 
would be quite impracticable, and the data no less confusing. In 
addition, the analytical approach enables a feature revealed by a 
test procedure to be identified and associated with its cause. 
Attention is therefore given in this paper to this aspect, taking 
first the case where temperature is constant for a series of tests 
at different stresses. 


ANALYTICAL REPRESENTATION OF THE CREEP CuRVE INCLUDING 
A Factor ror THERMAL ACTION 


The form of creep curve connecting the tensile creep strain x 
with time ¢, is now widely known, and may be conveniently gen- 
eralized for a particular stress f and constant temperature, by the 
relation 

dr = Af"y;-? 

dt etches 
in which, with an unchanging material, A, n, and p are treated as 
constants, and have values depending upon the stage of creep 
represented, p being, respectively, positive, zero, and negative, 
for the corresponding primary, secondary, and tertiary stages. 
Often the secondary stage is little more than a brief transition 
from primary to tertiary, or the point of inflection marking this. 


Values of A, n, and p can be obtained readily from the creep 
curves given by tests, and it is found that both n and p vary with 
the stress in a way that must be determined for a given material; 
but commonly n has values which increase with the stress, whereas 
p has a tendency to diminish with stress, and may be more in- 
fluenced by temperature, being, for primary-stage creep, smaller 
at higher temperatures. 
The relation between z, f, and ¢ from Equation [1], when z and 
tare zero together, is 
1 n 1 
z= [(A(p + 1))etisetiget!, [2] 
Judged by the time ¢t’, in the creep test of Fig. 1 at 550 deg C 
(1022 deg F), to produce a creep strain of 0.001, thermal action 
changes the creep behavior of different materials in different ways. 
If thermal action does not significantly alter n and p, as it 
seems reasonable to believe, the coefficient A 
as represented by the curves of Fig. 1. 


will embrace the 
thermal-action effect 
Generally, for a specific creep strain z, the time ¢ would be in- 
versely proportional to A, and vice versa. Applied to the creep 
tests made at 16,000 Ib per sq in. and 550 deg C (1022 deg F), the 
inverse of t’ would be proportional to, and may be taken to repre- 


sent, the coefficient A. Fig. 2 gives values of 1/¢’ for the experi- 


+ 
60 


o Test points of Fig. 1 
Fig. 2. Vatves or Increase oF 1/t’ ror Experimenta Times t” 
mental times ¢” of heating at the temperature 6 of 650 deg C 
(1202 deg F) for the chromium-molybdenum steel Y. The tests 
represented by Fig. 1 give a measure of the thermal-action factor 
as it affects the two steels, or its “pattern.”” But many more 
test points, to define the curve for the range of heating tempera- 
tures, are needed. Tests after heating at more than one tem- 
perature 6 are necessary for the factor to be given representative 
expression. Appendix 2 considers in more detail the factor of 
thermal action, particularly in connection with a procedure 
which makes a definite provision for thermal action. 

Referring to procedures first to be considered in which stress 
is varied to alter creep strain or creep rate, Equation [1] can be 
extended by the addition of the index g as shown by Equation [3] 
so as to take thermal action into account 

Briefly, this conclusion is reached by considering that 1/t’ asa 
function of the time of heating ¢” at the temperature 6, or absolute 
temperature 7(650 + 273 = 923 deg K for the curves of Fig. 1) 
may be treated, by simple approximation, as consisting of two 
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separate parts, a first part represented by an average ordinate 
1/t’, treated as constant, and a second part in which 1/t’ increases 
with increase in ¢”. For both parts 1/t’ «t’%, the index q being 
zero for the first part, and having a positive value, integral or 
fractional, for the second part. Writing for the first part 1/t’ = a, 
and for the second part 1/t’ = bt"*, the time ¢” marking the end 
of the first part and the beginning of the second part, is given by 
bt"? = a,ort” = (a/b), 

The times ¢” relate to the heating temperature 7’. 
action in service, or in the creep tests, would occur at a tempera- 
ture 6 + 273 and in a time ¢, proportional to the equivalent time 
t”, the proportionality for a metastable change (Appendix 2) being 


The thermal 


expressed by the relation 
(sz273 ~ 7) 
a —_ — 
t/t” =e \o+273 TY? = p say, ort” = t/p 


For the second part 1/t’ = 6(t/p)* and is proportional to A. A 
of the first part may, therefore, be replaced by Bé* to represent 
the second part when the temperature is constant, which is often 
the case when making creep tests. Introducing this value of A 
in Equation [1], Equation [3] results. This reduces to Equation 
[1] for the first part of Fig. 1, if a constant average value of 1/t’ 
can be accepted as an approximation applicable to this part. 

The following relations may now be given 

dx 

— = Baf*r 

dt 
Equation [3] by integration gives 


etl = B(p + 1)frea+1/(q + 1) 


1 n q+l1 
B(p + 1) [eG 
2 = [2 | aaa {4} 


q+1 


As was done with Equation [2], z and ¢ have both been taken 
as zero initially. This is not strictly correct, but must be regarded 
as an approximation which becomes increasingly justified as the 
time ¢ is taken to the large values which extrapolation entails, 
especially when temperatures are high. 

Although testing procedure making use of the creep rate is 
not widely used in Britain, it has been popular in the United 
States. It will be useful, therefore, to obtain the relation con- 
necting creep rate and time, by introducing the value of x given 
by Equation [4] into Equation [3], thus giving 


_ 9 a q+ 
dz = Bee B(p + 1) p+ir pti P +1 
at . q+ 1 . 


q-P 


1 es 
a prni(? * ) p+1 pot got! 
dt qt I 


which for g = 0, i.e., the case of Equations [1] and [2] where there 
is no thermal-action effect, gives 
dx —t. --> _" __? 
= = Apt (p + 1) p+1 sp+t ¢ ors 
dt 


EXTRAPOLATION OF Test Data (Test Varrep, TEMPERATURE 
CONSTANT) 


Widespread failure to recognize the significance and importance 
of thermal-action effect, and the fact that it is simpler and easier 
to conduct a series of tests by keeping a common temperature, 
merely altering the load and stress, than by altering tempera- 
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ture, probably account for the fact that most testing to determine 
design stresses has been carried out in Britain and the United 
States at a series of stresses at a common temperature, which is 
usually regarded as a possible working temperature. From the 
consideration already given to thermal-action effect, it will be 
appreciated that the results of this practice may be expected to 
be in error, whatever extrapolation procedure is adopted to obtain 
the design stress for long life and high temperature. Nevertheless, 
attention should be given to extrapolation procedure so that, so 
far as this factor is concerned, the circumstances of reliable ex- 
trapolation may be insured, and the direction of possible error 
whether by overestimating or uuderestimating—of the allowable 
working stress may be made known and understood. 

Procedure 1. The commonest procedure appears to have been 
to plot the relation between the test stress f and the time ¢ to pro- 
duce a specific creep strain, either with log f, or f, as ordinate, and 
with log ¢ as abscissa, and to extrapolate to the working life period 
i to obtain the corresponding stress f. 

It will be seen from Equation [4] that, for the same creep strain 
z, f"t@*' is constant and that, therefore, nf"~'t¢*'df + (q + 1) X 
ftdt = 0 giving 


df — (q+ 1)f 


at n t 


ntdf + (q + 1)fdt = 0 and 
Case (a): log f and log t plotted. The slope i of the curve is given 
by 


d(logf) tdf q+ 17] 
i= = = os 
d(logt)  f dt n ‘ 
Case (b): f and log t plotted. In this instance, the slope i of the 
curve is given by 
df j q+ 


ee f [8] 
d(log t) n 


Equations [7] and [8] do not involve the index p and can, 
therefore, be regarded as not being dependent to any important 
degree upon the stage of creep. 

The slope is, of course, negative at all stresses. 
the index g, operating when the thermal-action effect is present 
producing weakening, acts to increase the negative slope, and 
hence if the tests have not taken place at a temperature at which 
significant thermal weakening is oecurring—as will almost cer- 
tainly be so when tests are made at possible working tempera- 
extrapolation of the plotted data will overestimate the 


In both cases 


tures 
working stress safely allowable. 

But another question is involved. 
linear extrapolation would be employed, the slope of the curve at 
The question is whether this 


It is most probable that 


the longest times being continued. 
practice would overestimate or underestimate the working stress. 
To answer this question the stress dependence of n needs to be 
examined. In the author’s experience, when this has been done 
it has been found that n decreases as the test stress is reduced, so 
that, if the tests have been made at stresses higher than the 
allowable stress as must be the case where extrapolation has to be 
employed, a diminishing n over the extrapolated region would 
be expected, unless experimental evidence, specifically directed 
to determining n, indicated otherwise. 

In Case (a), a diminishing n would signify an increasing nega- 
tive slope of the log f, log ¢ curve and, therefore, linear extrapola- 
tion would overestimate the working stress safely allowable. 

In Case (b), the position is not immediately apparent because a 
diminishing n in the denominator of the expression for 7 in Equa- 
tion [8] would be accompanied by the diminishing f in the 
numerator; therefore the variation of f/n should be examined. 
As examples the author would refer to the cases of a molybdenum- 
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vanadium ferritic steel, and a niekel-chromium-columbium aus- 
tenitic steel, dealt with by Bailey (1951)’ from which source Figs. 
3 and 4 of the present paper are reproduced. Figs. 5 and 6 show 
the corresponding variations of f/n for these steels. With the 
molybdenum-vanadium steel there is very clear evidence that at 
stresses less than 7 tons per sq in. f/n diminishes with the stress. 


3 An alphabetical list of references is given in Appendix 3. 
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Similar evidence is not provided by the experimental values of 
Fig. 6 and only a guess can be made. This would be that the 
value of f/n would pass through maxima values at stresses less 
than 4 tons per sq in. and decline as occurs with the molybdenum- 
vanadium steel, since the values of f/n and f must approach zero 
together as is found for the molybdenum-vanadium steel. 

The definitely diminishing value of f/n for the molybdenum- 
vanadium steel, with but small variation of n, indicates that the 
undetermined f-log ¢ curve in the extrapolated region for this steel 
would be convex to the log taxis and that, therefore, linear ex- 
trapolation would be on the safe side in underestimating the safe 
allowable working stress. 

With the nickel-chromium-columbium steel it 
probable that extrapolation would similarly be on the safe side 
for stresses of 3 tons per sq in. and less, but with diminishing 
stress from above, say, 4 tons per sq in., f/n would increase and 


seems very 


so extrapolation would then tend to overestimate the allowable 
working stress. 

Summing up, the double-log method of plotiing stress and 
time—Case (a)—must be expected to result in a relation always 
concave to the log ¢t-axis, and linear extrapolation must be expected 
to give an overestimate of the safe working stress. For this 
reason it is, in the author’s view, an unreliable method and stresses 
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The 


can be 


for design obtained by this procedure are questionable. 
single log method of plotting, i.e., f and log t—Case (b) 
taken to yield a curve convex to the log taxis at the lower 
stresses, and longer times and normal extrapolation may be ex- 
pected not to overestimate the safe allowable working stress. 
Procedure 2. As previously mentioned, a method making use 
of the creep rate, dz/dt, appears to have been used considerably in 
the United States, and it seems probable that it has been re- 
sponsible for an appreciable quantity of design stress data from 
that source. A series of creep tests are made at the same tem- 
perature and at a number of stresses, each test being carried out 
for the same period of time, frequently 1000 hours, at the end 
of which the creep rate x is measured and the relation between 
log f and log x, as ordinate and abscissa, respectively, is plotted. 
From this, by interpolation or extrapolation, the stress is obtained 
for a specific creep rate, commonly expressed as 0.01 or 0.1 per 
cent per 1000 hours, or strains of 0.0001, or 0.001, per 1000 hours, 
respectively, representing corresponding creep rates of 10~7, or 
10~-*, strain per hr. An example of this method and form of 
plotting for a 2'/, per cent chromium—l per cent molybdenum 
steel is shown in Fig. 7 which is reproduced from a publication of 
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Timken Roller Bearing Company (1939). Since the time at 
temperature is only 1000 hours, and the temperatures are regarded 
as possible working temperatures, the thermal-action effect, com- 
pared with service operation, must in many instances be virtually 
absent or quite inadequate. However, this does not concern the 
question of extrapolation procedure now under review. 

The slope i of the log f, log x relation for the test data is given 


d(log f) x df 

d(logx) f dx 
by differentiating with respect to f. From Equation [5], since the 
time ¢ of the tests is constant, and x and f are the only variables 


n 
xf +! = constant 


Consequently 


-—. nx - —- 
f p+l1 f p+ 
df * p+ 


dx 


=0 and 


giving 
df es f 


dx n 


Equation [9] is illuminating and offers xplanation of features 
commonly exhibited by log f, log x plottings according to the 
present method. Clearly, if the tests at a specific temperature 
involve first-stage or primary creep at the lower stresses, but run 
into third-stage or tertiary creep at the higher stresses, there 
would be a marked reduction in the slope 7, because p is positive 
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for primary creep and negative for tertiary creep. This feature is 
noticeable in Fig. 7 at the largest creep rates and at the higher 
test temperatures. However, at the moment the point is only of 
passing interest, as the present inquiry is concerned with extrapo- 
lation to low creep rates where creep is unlikely to be in the 
tertiary stage and, therefore, the important cause of change in 
the slope 7, would arise from the index n owing to its dependence 
upon f. 

Since n may be expected to diminish with f the slope will be 
expected to increase over the extrapolation range and, therefore, 
linear extrapolation to creep rates below the experimental values 
is likely to overestimate the safe allowable stress. 

Thermal-action effect, if it became significant, would not 
directly influence the features of the log f, log x curve for a 
specific temperature, because, assuming that the influence upon 
thermal action of the stress present could be neglected, the 
duration of the test being the same throughout, the thermal- 
action effect would be the same for all tests at the same tempera- 
ture. But the thermal-action effect in 1000 hours could not ap- 
proach the effect of service, which would arise from at least 100 
times the test period, and weakening from this cause would result 
in lowering the whole log f, log x relation, and hence in increasing 
the overestimation of the allowable safe stress. 

An important aspect of Procedure 2, which should be noted, is 
that it is likely to overestimate the promise of austenitic steels 
for long-life high-temperature service. As will be seen from Fig. 
11, a substantial superiority of the austenitic steel over the 
ferritic steel is shown by the 1000-hour tests. This advantage 
falls off with increase in time, making the 1000-hour tests un- 
representative for long-time service. The position is very dif- 
ferent with ferritic steels as a class, as is made evident by Fig. 8 
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which refers to several ferritic steels and shows that the 1000-hour 
test times give a relative order much more representative of their 
promise for the long-time service period. 

Another feature, but one of general significance, is that there 
may be a wide disparity between the creep strain involved by the 
stress found by Procedure 2 and the creep strain it would be nec- 
essary to allow in practice for economic design. From Equations 
[4] and [5] it will be found generally that 
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dr _ pti 
dt gti 


Pp 3 dr 
q+1 dt 


z t, or 


Since g may be taken as zero, because of the virtual absence of 
thermal-action effect, and p also would frequently not have a 
larger magnitude than 2, z would commonly not be greater than 
3t dz/dt, and since for the Procedure t = 1000 hours and dzr/dt = 
10~7 strain per hour, the creep strain for the extrapolated stress 
would not usually exceed 3 X 10~‘ or 0.03 per cent extension. In 
some cases it may be noticeably less. 

For example, in the case of the chromium-nickel-columbium 
steel a value of p was found not exceeding 0.5, and averaging 
0.33 (Bailey, 1951, Appendix 1). For this case, taking p = 0.5, 
the creep strain x would not exceed 1.5 X 10~*. The extrapolated 
stress would depend, of course, upon test data involving larger 
strains and creep rates, but probably effective creep strains not 
greater than five times the extrapolated magnitude, or, say, less 
than 0.001. Economic design using this steel for high tempera- 
tures and pressures may demand allowable creep strains ten times 
this amount, and involve creep almost wholly of tertiary stage 
kind, whereas, in effect, the small creep strains concerned in the 
Procedure would fall within the primary stage and give results 
based upon the characteristics of this stage. 

Srress-Ruprure Tests 

Procedure 3. 
popularity in both countries, perhaps less so in Britain than in the 
United States. The attractiveness of the test may be due in part 
to the fact that it is about the simplest and cheapest of any of the 
tests in cost of equipment and staff time, requiring for a test only 
constant load, constant temperature, and little attention from 


Stress-rupture creep tests enjoy a measure of 


start to fracture. 

In the United States instances are found of both Procedure 2 
and stress-rupture tests being conducted upon the same material, 
at the same temperature, to assist in the selection of a stress 
which would have a creep rate not exceeding a specific figure at 
1000 hours, and which would also be safe against fracture for a 
specified life. Several examples where both tests have been 
made, have been given by the Timken Roller Bearing Company 
(1939). In their stress-rupture tests, and also in examples given 


by Thielemann (1940), of which Fig. 9 (reproduced from the latter 
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source) is typical, the log f, log t relation where ¢ is the time for 
fracture under the stress, is composed of two linear segments of 
different slope, the steeper segment applying to the longer 
fracture times and higher temperatures. 

By interpolation and extrapolation there may be obtained the 
stresses for specific fracture times, including for a nominal long- 
life time of 100,000 hours by extrapolation. Rarely, however, 
has the fracture time by test exceeded 10,000 hours, whereas the 
service life of present-day high-temperature power plant may be 


as much as 150,000 hours. Consequently, the thermal-action 
effect operating in stress-rupture tests would not as a rule ap- 
Generally, this factor, therefore, must be 
Because 


proach that of service. 
regarded as virtually absent, or only partially operative. 
the test period under Procedure 2 is only 1000 hours, while that 
in stress-rupture test procedure is variable, and probably much 
greater, strict comparison of results is likely to be misleading. 
Nevertheless, apart from the uncertain influence of thermal 
action, it is of interest to make the same analytical approach to 
the question of extrapolation as has been made already in dealing 
with other procedures. 

Since extrapolation concerns long times as well as the lower 
range of stresses which goes with them, it is probable that in 
most instances fractures would be intercrystalline for most good 
creep-resistant steels and alloys and, therefore, that elongation 
to fracture would be small but would not necessarily be taken as 
constant as in Procedure 1. 

An abrupt change from transcrystalline to intercrystalline rup- 
ture is hardly to be expected, but rather a stage of transition from 
rupture wholly of the one to that wholly of the other type, during 
which the elongation to failure would diminish. Results of creep 
tests given by Robinson (1940) and reproduced in Fig. 10 for 
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material from a carbon-molybdenum steel pipe (0.44 per cent 
molybdenum) showed that when tested at 900 deg F the elonga- 
tion < to fracture fell from about 15 per cent to approximately 3.5 
per cent, the corresponding times 7 to rupture being 500 hours and 
5000 hours, respectively. The results plotted as log # and log ? 
gave a linear relation repre sented by log # = loge 
Thus the relation between # and 7 was of the 


m log i, c and 
m being constants. 
form z = cl-™. It is probable that when there is intercrystalline 
fracture of other materials, the relation between # and 7 could be 
similarly represented, employing appropriate constants ¢ and m. 
Assuming this would be admissible, introduction of this value of 
% in Equation [4] gives a relation between f and 7 for rupture as 
follows 


n q+1 


cf i - ’ 


Rupture would be characterized by 


' 1 
_ JB(p + DUS pov pot 


q+ 1 


frie titmip+l) =< eonstant 


With steels of high creep resistance it is probable that fracture 
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would occur in the first or second stages of creep and unimportant 
error would be made by considering fracture to occur in the second 
stage for which p is zero. The slope i of the log f, log 7 relation is 
determined as in Procedure 1, Case (a), except that g + 1 is re- 
placed by g + 1 + m making 
q+1l1+m 


n 


[10] 


Equation [10] offers a ready interpretation of the features 
usually exhibited by the log f, log 7 diagram. For the shorter 
fracture times, or lower temperatures, where the effect of thermal 
action is not appreciable in producing weakening, g would be 
negligible or zero and the slope would be expressed by —(1 + m)/ 
n. It is possible, however, that at the shorter times and lower 
temperatures the constant m may not have begun to operate, in 
which case the slope would be expressed by —({1/n), and there 
would be good ductility and transcrystalline fracture. There ap- 
pears to be a possibility of two changes of slope, one associated 
with m and the other associated with thermal-action effect 
and with g. The two factors might, of course, act together and 
make separate identification difficult. It is probable that, if a 
steel showing good ductility and transcrystalline fracture ex- 
hibited definite change of slope, this would have arisen from 
thermal action. 

A basis has been found to account for the segments of the log f, 
log 7? diagram as usually drawn, but the question arises whether 
the segments are straight lines. This would be substantially so if 
n were constant, but as has already been stated, n has been found 
to become less as the stress is reduced, as in the cases represented 
by Figs. 3 and 4. This would cause concavity to the log /-axis and 
extrapolation to overestimate the rupture stress for the life 
period. 


COMPARISON OF STRESSES OBTAINED BY DIFFERENT Test 
Procepures (Test VARIED, TEMPERATURE CONSTANT) 


The test procedures so far dealt with all make stress the inde- 
pendent variable, and also the means for accelerating the creep 
tests. No specific provision is made to ascertain, or to allow for, 
the important factor of thermal action, and this omission must 
vitiate in varying degree the results at different temperatures, 
and render extremely doubtful, if not unprofitable, a comparison 
of stresses obtained by different procedures. When the profound 
and different influence of this factor upon the behavior of steel 
and alloys is appreciated, no satisfactory comparison of different 
test procedures can be offered without taking this factor into 
account, nor can there be confidence in the reliability of the 
stresses obtained. As remarked at the beginning, the situation 
generally regarding stresses for long-time high-temperature 
service is most disappointing, especially after so much testing. 
Henceforward a critical attitude to test procedures is required in 
both Britain and the United States for this unfortunate situation 
to be rectified. 

So far as test procedures have been considered, little can use- 
fully be done at the moment beyond giving general expressions 
which include provision for thermal action and other factors, 
enabling a comparison of stresses for different procedures to be 
made when the factors concerned are sufficiently known, and then 
applying these expressions, omitting thermal weakening, to pro- 
cedures in common use in the two countries. Appendix | presents 
information of this kind relating to Procedures 1 and 2. 

A highly important aspect of stress values as influenced by the 
procedures used to determine them concerns extensive tables of 
recommended stresses published in the United States. These 
are of considerable interest to engineers in Britain but their value 
would be increased if the procedures by which the stresses have 
been determined were to be given, so that the magnitudes could 
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be judged from the standpoint of the technical approach and 
practice in Britain. 

A guide is given as to the basis used in arriving at stresses 
recently issued by the ASME Committee dealing with the Code 
for Pressure Piping. The following statement has been published 
(Mechanical Engineering, 1951). 

“The maximum allowable working stresses shall be established 
as the lowest of the following stresses: (A) '/, of the minimum 
specified tensile strength; (B) '/, of the tensile strength at tem- 
peratures as reported by test data; (C) 62'/: per cent of the yield 
strength at temperature as reported by test data; (D) A con- 
servative average of the stress to give a creep rate of 0.01 per cent 
in 1000 hours as reported by test data.” 

The author understands from a British engineer in touch with 
American design practices on steam piping, where creep is 
significant, that it is usual in the United States to allow 100 per 
cent of the stress according to requirement (D), subject to a 
limitation of 60 per cent of the average stress, and 80 per cent 
of the minimum stress, whichever is the lower, estimated to pro- 
duce rupture in 100,000 hours. 

It is understood that the published stress is for insertion in a 
formula for pipe-wall thickness, and that the equivalent stress in 
the pipe would be somewhat less. 

It appears, therefore, that for high temperatures requirement 
(D) is likely to be the most common requirement determining 
stress, and Procedure 2 the most probable basis of the published 
stresses. It has been found that extrapolation in Procedure 
2 involves the possibility of overestimating the stress required, 
and the certainty of doing so if the composition of the material 
and the operating temperature and life period are such that weak- 
ening by thermal action would occur. 

This is the most serious defect of Procedure 2, the more so if 
its action can be anticipated, because it is progressive and the 
results of weakening would become most manifest in the later 
stages of the operating life, and it might even have important 
consequences in middle age. To the author, therefore, it is dis- 
turbing that the recently published stresses referred to represent 
considerable increases in some instances on the allowable stresses 
previously in operation, and it can only be assumed that, guided, 
perhaps, by experience gained so far, satisfactory performance in 
early life has been mistakenly accepted as evidence for allowing 
an increased burden without first inquiring whether such burden 
can be carried satisfactorily if weakening sets in later in life. 

A case of particular interest in allowing investigation is that of 
the austenitic steel 18 per cent chromium—8 per cent nickel- 
columbium because it has been introduced in Britain for steam 
piping in one of the latest electric generating stations. The 
stress given by ASME Tables P-5 and P-7 for this steel at 1050 
deg F is 13,100 lb per sq in. Previously, the highest temperature 
for which the stress was given was 1000 deg F, the figure being 
10,000 Ib per sq in. The recent figure given for this steel for 1000 
deg F is 13,500 lb per sq in., which affords a measure of the in- 
crease allowed. Bailey (1951) in reply to discussion mentioned 
that he had found this type of steel to be subject to substantial 
weakening by thermal action, the relevant sentence being: 
“Tests made for himself suggested that heating at 750 deg C 
(1382 deg F) for 100 hours prior to testing would reduce the time 
for 0.003 strain to about 40 per cent of the time for the material 
not preheated.”’ The significance of the preheating at 750 deg C 
(1382 deg F) in relation to the operating temperature 566 deg C 
(1050 deg F) is referred to under Procedure 4. In the weakened 
condition the average creep rate is increased 2.5 times. If the 
index p remained the same and the index n were about 2, as sug- 
gested by Fig. 4, the stress acting on unaltered material, which 
would produce the higher creep rate, would need to be increased 
</ 2.5, or 1.58, times. The weakening effect would thus be repre- 
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sented by a reduction in stress to 1/1.58 or to 63 per cent of that 
for the unweakened material. This case justifies concern regard- 
ing stresses derived by Procedure 2 in cases where there is evi- 
dence that important weakening by thermal action may be ex- 
pected with operating temperatures and times. 


EXTRAPOLATION OF Test Data (Test TEMPERATURE VARIED, 
STRESS CONSTANT) 


when testing to determine de- 
testing 


Procedure 4. The reliability 


stresses for long-time service (many times the 


sign 
periods)—of adopting a working stress as the test stress and of 
using temperature to accelerate creep has always been urged by 
the author who has also discouraged methods, e.g., Procedures 
1 and 2, which make working temperature the test temperature, 
as well as the use of stress to accelerate creep. The method 
advocated was described by Bailey (1935) when attention was 
also directed to the thermal-action factor. Failure by many en- 
gineers and testing authorities to appreciate the significance of 
the principles involved, particularly in connection with long-life 
high-temperature plant, has resulted in the publication of much 
unreliable data relating to design stress, and in many unsound 
conclusions as to the comparative merits of steels of different 
compositions and as to the influence of particular elements which, 
because of thermal-action effect, can only be judged correctly in 
relation to the life period and working temperature to be borne. 
This may appear to be a sweeping and disturbing statement, but 
to support it it is only necessary to refer to the curves of Fig. 1 
and to similar curves by Glen (1948). 

Development of plant to higher temperatures and longer life 
caused the author to consider whether the method advocated and 
since used by him might stand in need of some refinement in ex- 
trapolation. This would arise if the thermal-action effect operat- 
ing during the actual creep tests influenced the results from which 
extrapolation would be made in such a way that the effect 
which might operate during the very much longer time of the 
period covered by extrapolation would be different. A difference 
was assumed, greater or less than the thermal-action effect present 
in the tests made, and a correction was estimated to give the time 
that was to be expected had the thermal effect been correct. A 
second extrapolation using the corrected times was intended, but 
when applied, for example, in the case of a 2'/, per cent chro- 
mium-1 per cent molybdenum steel it was found that the correc- 
tion was very small. 

The question of thermal action as it concerns Procedure 4 is 
examined in Appendix 2 and the following conclusion arrived at 
relating to plant for long life at high temperatures. 

It is rational and correct in principle to test at temperatures 
above the working temperature using the working stress. It is 
to be noted that Dickenson (1922) in his pioneer investigation 
showed commendable foresight ia testing at a working stress and 
in adopting temperature as the means for accelerating creep. 

Following recognition of this principle, shortened rational 
methods of test can be chosen, of a suitable degree of approxima- 
tion for any given purpose. In view of the probability that the 
need will arise for making a number of tests taking thermal action 
into account, the matter is referred to in Appendix 2. 

Returning to the case of the chromium-nickel-columbium steel 
ind the tests already mentioned in which thermal action was 
measured by the result of heating for 100 hours at 750 deg C 
(1382 deg F), Fig. 11 reproduces a figure from Bailey (1951). 
The points A and B record data obtained by Kirkby and Sykes 
(1951) for this steel. BA is extended to the left (not shown) to 
mark log (time) for 100 hours using the magnitude of a derivable 
from the points B and A (@ = 31,000), and giving the tempera- 
ture 790 deg C (1454 deg F), which in 100 hours would ap- 
proach the thermal action present at A and B. Thus the thermal 
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action applied by the heating was less than that present at A and 
B. The time at 750 deg C (1382 deg F), which would be approxi- 
mately equivalent, would be 310 hours. 

It was estimated earlier that the weakening effect, which, it is 
now seen, occupied about one third of the period corresponding 
to the normal life of the thermal action applied at 750 deg C 
(1382 deg F) would account for a reduction in stress to 63 per 
cent of that for the unweakened material. In Appendix 1 Proce- 
dures 1 and 2 were applied to chromium-nickel-columbium steel, 
on the basis of 0.003 creep strain in 100,000 hours for Procedure 
1, and 0.01 per cent in 1000 hours for Procedure 2, and the creep 
strain determined by Procedure 2 was estimated to be 1.168 
times that obtained by Procedure 1, but with no thermal-action 
effect included. Allowing for the estimated influence of the 
thermal-action effect, the stress by Procedure 1 would be 63/1.168 
or 55 per cent of that found for Procedure 2 without thermal-ac- 
tion effect present. The latter should correspond with the stress 
determined by the requirement (D) of the ASME Committee 
referred to previously, and the former approximately with what 
should be found by using Procedure 4. It is significant that 55 
per cent of the ASME recommended stress at 1050 deg F of 13,500 
lb per sq in., i.e., 7420 lb per sq in., compares with 3 tons per sq 
in., or 6720 lb per sq in., which is the stress applying to AB in 
Fig. 11. 

The thermal-action effect is by far the largest factor found to 
account for the wide difference of the stress values of 6720 Ib 
per sq in. and 13,500 lb per sq in., as given by Procedure 4, and 
Fig. 11, and as recently recommended in the United States (pre- 
sumably based upon Procedure 2). The disparity is at first alarm- 
ing, but the low value of the index n at working-stress values 
possessed by this steel (Fig. 4) is a circumstance providing relief, 
minimizing the action of the higher stress in producing more 
creep. The creep, from what has been seen, would probably be 
not less than 2'/, times that represented by Fig. 11, or the creep 
strain would be 0.0075 instead of 0.003. The matter is, of course, 
one which should be more fully examined, but the information 
considered is sufficient to emphasize the importance of thermal- 
action effect and the need for both the United States and Britain 
to give attention to the question of allowable creep strains, with 
In addi- 
tion, there should be common interest in the associated question of 


the purpose of securing agreement upon magnitudes. 


deciding on the test procedure calculated to produce the most re- 
liable estimate of creep in the operating life. 


Creep-RELAXATION Tests 


Although outside the field of the present paper, it is worth 
referring to creep-relaxation tests which, when made at working 
temperatures, are open to criticism similar to that made of con- 
stant-load tests, when the tests apply to materials required for 





long life and high temperatures. In this instance the influence 
of thermal action is likely to be a factor. It is recommended 
that tests be made at a series of temperatures above the working 
temperature with a specific initial strain, and the times deter- 
mined for the stress to relax by specific amounts, i.e., to specific 
stresses. For each specific relaxed stress, the corresponding tem- 
peratures and times would be plotted on an abscissa of log (time), 
and extrapolation made to the life period to give the temperature 
at which the specific relaxed stress would be reached in the life 
period. Thus, for the material, and specific initial strain, a 
working stress-working temperature relation would be derived, 
@ which would embody the influence of thermal action. 

To compare materials on the basis of creep-relaxation tests at 
working temperatures can be most misleading. The comparison 
should be made on.the basis of tests at an elevated temperature 
and time embodying thermal action representative of the antici- 
pated service effect. When this is done the element chromium in 
particular will in a ferritic steel frequently be found disappointing 
for service at the higher temperatures because of its apparent in- 
fluence in inducing increased weakening by thermal action, which 
can more than offset the advantage it has shown by tests at work- 


ing temperatures. 
CONCLUSIONS 


The most important conclusions to be drawn—apart from the 
examinations made of the different Procedures—relate to the 
direction which investigation should take so as to be most 
profitable for practical and scientific purposes, in the case of 
the materials with which the paper is particularly concerned, 
namely, materials for long-life plant operating at high tempera- 


tures. These are: 


1 That, in the author’s view, Procedure 4 is the most rational 
and reliable for determining dependable working stresses. 

2 That for reliably assessing the potentialities of a com- 
position, the influence of a particular element or combination of 
elements, or the influence of a thermal treatment, it is essential 
that thermal action should be correctly taken into account. The 
principle of Procedure 4 provides for this. 

3 That metallurgical investigation of creep phenomena of 
metals generally, and of the complex industrial metals, in particu- 
lar, whether fundamental or technological in character, has to be 
regarded as incomplete if attention has not been given to the 
factor of thermal action. 


The author would have been highly gratified if his examination 
of test procedures had resulted in useful comparative British and 
American data, instead of considerable disappointment with the 
present position in both countries. 

Unfortunately, the practice of making tests at the working 
temperature, and applying extrapolation on a stress basis, has 
been so extensively and mistakenly followed in both countries, in 
the particular case investigated, that a general state of unrelia- 
bility and uncertainty regarding design-stress values has been 
found to exist where materials and their behavior for long life at 
high temperatures are concerned, and where thermal action plays 
an important part. - 

Procedure 4, advocated by the author, which takes the in- 
fluence of thermal action into account and leads to the most de- 
pendable stresses and reliable assessment of materials, has only 
been applied in a comparatively few instances to yield published 


information: So far as the author is aware, such instances have j 


been where his influence upon investigations carried cut for a 
committee has been responsible, and investigations in which, on 
behalf of his company, he has had a personal interest. Few useful 
comparisons of satisfactory data, not vitiated by the absence, or 
inadequate influence, of the thermal-action factor, or not open to 
doubt because of extrapolation, can therefore be made. Never- 
theless if, by its critical approach to test practices and procedures, 


the paper results both in Britain and the United States in prac- 
tice of greater reliability, and leads to common working-stress 
values, an important object will have been achieved. 
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Identifying the several quantities employed in a relation by 
the suffixes | and 2, corresponding with Procedures | and 2+ re- 
spectively, the following rearrangements of Equations [4] and 
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The coefficient B, as taken above, is the same for the two pro- 
cedures, since difference in thermal action for the two would be 
taken into account by the respective values for g. The times 4; 
and f, are greatly different. Thus it is common practice in Britain 
to adopt a nominal life of 100,000 hours and extrapolation to this 
time, therefore ¢; = 100,000 hours; and it seems to be common 
American practice to employ the creep rate at the end of 1000 
hours, therefore, 42 = 1000 hours. In addition, x, is frequently 
0.001 strain, but may, of course, be more, e.g., 0.003. In Ameri- 
can practice the creep rate dz2/dt is 0.01 per cent in 1000 hours, or 
10~7 strain per hour, and extrapolation to this of the log (stress), 
log (creep rate) relation gives the stress fo. 

To obtain an idea of stress ratio f/f; some approximations can 
be made. The thermal-action effect in both procedures, as prac- 
ticed, can be regarded as negligible, since in Procedure 1, although 
extrapolation is carried to 100,000 hours, the actual duration of 
the tests is unlikely to be more than several thousand hours. 
Since the stresses obtained in the two cases are unlikely to be 
widely different, n; and nz may be assumed, as an approximation, 
to be equal, and similarly with p,; and p,. Putting qm = q@ = 0, 
making n; = n2 = n, and p, = po = p, and putting z, = 0.001, 
dx,/dt = 10-7, t; = 100,000, tg = 1000, the stress ratio becomes 


[5] apply: 
Procedure | 


giving 


ne 


p+l (2+) 3? 
he a (p +1)* 107 * 10 ” 


a 0° ‘ag, “" : 


p+1 i1-p 
=(p+1)”" 10” 


pt+l 
=(p+1)” 10 


4 Procedure 1 is practiced in both Britain and the United States, and 
Procedure 2 principally in the latter country. 
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fh fe+1\ 3 
- ——} = 10"... 
hi 10 


If creep is substantially of the second-stage type, i.e., p 

fr/f: = 10'/", which would exceed unity for all values of n. 
Perhaps the most useful approach to make when comparing 

the procedures is to determine what creep strain x; of Procedure 

1 would make the stresses f; and f, equal. For this condition 


p+l p+l Dp 
-—7 3 
=(p+1)”" 10 ( = ) 6 * 


3p+5 


=(p +1)10-10?F!.. 


It will be noticed that x, is independent of n and depends only 
on the stage of creep involved. If creep were substantially of 
second-stage kind, i.e., p = 0, z, = 0.01 strain, or 1.0 per cent. 
This is more than practice in Britain would allow, or correspond- 
ingly, the allowable stress would be less than that arrived at by 
Procedure 2 on the basis of a creep rate of 0.01 per cent in 1000 
hours. 

If, using steels of high creep resistance, 
line mode of fracture can be expected, a creep strain 2; of 0.003 
were allowed, the stress ratio fo/f; would be given by 


p+ p+1 _P 
dh 3 = 
(p +i) * 10 ( n ) 10 ” (2 + rr l—p 


where the intercrystal- 


n 1 0 n 


p+l p+ _5 3 
2 “¢ a ) 0 » 


p+1 p+l1 2 
= (P2—) 10". 114) 


With second-stage creep, p = 0, fo/fy = 3.33'/". 

In order to give numerical value to the stress ratio represented 
by Equation [14] the magnitudes of n and p need to be known, 
and it is desirable for f. to have been determined for the same steel 
on the basis of 0.01 per cent creep in 1000 hours. Values of n and p 
of a chromium-nickel-columbium austenitic steel were given by 
Bailey (1951). For a working temperature of 1050 deg F and an 
appropriate working stress, approximate values were n = 2, and 
p = 0.3-0.5, say, 0.4. If these values could be taken to apply to 
an 18 per cent chromium-8 per cent nickel austenitic steel, for 
which a value of f, for 0.01 per cent creep in 1000 hours at 1050 
deg F has been given as approximately 9000 Ib per sq in. (Timken 
Roller Bearing Company, 1939), a value of f2/f; can be determined 
using Equation [14]. Thus 


fe 1.4 \°" 
Fi = ( -— ) x 10 = 1.168, making f; = 9000/1.168 
ji ‘ 


= 7700 lb per sq in. 


or, f; in this case for a creep strain of 0.003 is approximately 85 
per cent of fo. 

Weakening of the steel by thermal action because of long 
operating life at high temperature, as in modern steam power 
plant, is probable. If this occurs, values of both f; and fz would 
be lower than those given. 


9 


Appendix 2 
THERMAL AcTION, CREEP, AND P2ocepURE 4 


Procedure 4 embodies thermal action, but the question arises 
as to whether the thermal action present in the tests would repre- 
sent substantially that which would operate over the long time in 
service at the working temperature. There are grounds for think- 
ing that it would not be the same and that, more commonly, it 
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would be less than thermal action in service in the case of carbon 
and low-alloy ferritic steels, and perhaps also in the case of steels 
and metals generally. 

Evidence upon which to found belief is limited, but fortunately 
there are examples which offer exact information on thermal 
action and comparable creep test data, namely, on carbon steel, 
and carbon-molybdenum steel (Bailey and Roberts, 1932) and 
(Bailey, 1935). 
basis of the subject should first be stated 


Before considering the evidence, the physical 


It is assumed that the changes which occur arise from a meta- 
stable condition, and that temperatures used do not involve a con- 
stitutional change, e.g. from ferritic to austenitic in steels, and 
derive therefore at the atomic or molecular level from the opera- 
tion of the Maxwell-Boltzmann distribution law of energies, 
whereby the time 7 for a particular change would be connected 
with the temperature 7’ (absolute) of heating by the relation 
t = Ac®/*T, where k is the Boltzmann constant, E is the activa- 
tion energy characterizing the change, and A is a constant. For 
present purposes the relation may be written 7 = Ae® 7 already 
referred to. 
tures 7, and 7, occupying times 7, and T2, respectively 


(rn. ~ 1) 
m ae” T% T: 


T2 


Considering the same change at different tempera- 


and taking common logarithms 


1 1 
log 7: — log T2 = 0.4343 @ (2 - ‘) 


and 
log T; — log T2 


rarer : . 
aa OR 


The experimental work on carbide spheroidization in carbon 
steels (Bailey and Roberts, 1932) gave, for a specific structural 
change, remarkably consistent and reliable results in showing the 
same value of a@ (i.e., 33,000) for steels of different carbon content, 
whether cast, forged, annealed, normalized, or cold rolled. <A 
carbon-molybdenum steel, 0.5 per cent molybdenum, was 
similarly examined by the author (data not published) but in the 
normalized condition only. Identification of the same degree of 
structural change was more difficult than with the carbon steels, 
and the heating times at different temperatures for a specific 
structural change, could only be identified by ranges of time. 
But these ranges when plotted gave a linear band of the same slope 
as was found for carbon steel, thereby signifying the same mag- 
nitude of a. 

Approximately linear relations can be found connecting log rT 
and 1/7 for creep test results according to Procedure 4. The 
magnitudes of a obtained for creep tests upon the carbon and 
0.5 per cent molybdenum steels are, however, found to be sub- 
stantially greater than the figure of 33,000 applicable to the 
structural change in these steels. Table 1 gives the values of a@ 
applicable to the creep test results, including results of tests upon 
two carbon steels, 0.15 per cent carbon and 0.4 per cent carbon, 
both initially normalized and spheroidized before testing. In 
these particular tests creep was defined by the mininuum creep 
ri te, strain per hour (i.e., second-stage creep), and thus 7 for a 
specific creep strain during this stage would be inversel_, propor- 
tional to the minimum cieep rate, and when so plotted gave the 
values of @ recorded in Table 1. It is noteworthy that, over 
the temperature range 480-540 deg C (896-1004 deg F) for the 
0.15 per cent carbon steel, and 500-540 deg C (932-1004 deg F) 
for the 0.4 per cent carbon steel, the value of a@ for the initially 
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TABLE 1 


Reference Type of steel 
Bailey (1935) -eeeeees O.4 per cent carbon 
Bailey (1935 ...ee. O.4 per cent carbon 
Bailey (1935) . 4 per cent carbon 
Bailey (1935) 4 per cent carbon 
Bailey (1935) 5 per cent molybdenum 
Bailey (1935) ; - 5 per cent molybdenum 
Bailey and Roberts (1932) .15 per cent carbon 
Bailey and Roberts (1932).. .15 per cent carbon 
Bailey and Roberts (1932).. 0.4 per cent carbon 
Bailey and Roberts (1932).. 0.4 per cent carbon 


Normalized 
Normalized 
Normalized 
Normalized 
Normalized 
Normalized 
Normalized 


Normalized 


@ Based upon creep tests determining minimum creep rate. 


normalized and spheroidized conditions was the same, although 
of course, for the spheroidized condition the creep resistance was 
substantially smaller than for the normalized condition. 

The values of @ fall substantially in the range 50,000 65,000, 
in marked contrast to the value of 33,000 found for the thermal- 
action change of carbide spheroidization. Creep-test results 
from Mr. P. Whitaker for a 2'/, per cent chromium-1 per cent 
molybdenum steel, at a stress of 3 tons per sq in. and 0.3 per 
cent strain, have given @ = 51,200 for the temperature range 
616-653 deg C (1141-1207 deg F); and for a 0.5 per cent molyb- 
denum-0.25 per cent vanadium steel tested for the author under 
the same conditions and temperature range 600-650 deg C (1112- 
1202 deg F), gave a = 47,000. Thus creep tests upon all the 


steels considered yield values of @ 50 per cent or more greater 
than q@ for carbide spheroidization found for carbon steels ini- 
tially normalized or spheroidized, and for normalized 0.5 per cent 


molybdenum steel. 

Structural change tests to determine values of a@ were not made 
with the 2'/, per cent chromium—l1 per cent molybdenum, and 
0.5 per cent molybdenum—0.25 per cent vanadium, steels, but, 
because the creep tests give values of @ comparable in magnitude 
with those of Table 1, by inference it is not unlikely that struc- 
tural change by thermal action would yield magnitudes com- 
parable with those found for carbide spheroidization. 

It is possible, and indeed probable, that the visible change of 
comparatively massive carbides merely serves as an indicator of 
a change associated with the invisible carbide in solution in the 
ferrite, upon which creep resistance most likely depends. How- 
ever, it would not necessarily follow that the @ for massive car- 
bide spheroidization would be the same as for the changes asso- 
ciated with the carbide in solution in the ferrite. Nevertheless, 
it is an important fact to bear in mind, that the same magnitude 
of @ is found by creep tests for the same carbon steel, whether 
initially normalized or spheroidized by preheating without stress 
for 24 hours at 650 deg C (1202 deg F), or 2000 hours at 560 deg C 
(1008 deg F), before testing. The two preheating treatments 
were chosen to produce the same degree of carbide spheroidiza- 
tion. It may be concluded that the fundamental mechanism of 
creep remained unaffected by the thermal action applied, although 
the rate of creep was increased. A more complete view of the 
mechanism of thermal action and of creep is needed to increase 
understanding of what has occurred. 

An effort was made by Bailey and Roberts (1932) to obtain a 
fundamental view of structural change of the metastable kind, 
which assumed the change might involve several stages of the 
kind here considered, each of an atomic or molecular character, 
and governed by its own value of a. The several stages were 
considered as being in series in the sense that the proportion of 
atoms or molecules participating in the first stage provided oper- 
ating material for the second stage, the product of which pro- 
vided operating material for the third stage, and so on. The 
result suggested that thermal action for the complete change 
would be subject to the same type of law as for a single stage, but 
with an index @ equal to the sum of the a@’s of the stages. The 
author suggests that the creep mechanism would constitute a 


Initial condition 


Spheroidized 


Spheroidized 
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VALUES OF a 


a from creep 
tests 
50500 
64500 
63000 
47600 
54700 
72000 
602004 
602002 
51000¢ 
51000¢ 


Stress, tons 


-——Temperature range 
per sq in. Deg C 


Jeg F 
1022-1112 
932-1022 
842- 932 
752- 797 
997-1103 
946-1020 
896-— 979 
896-— 979 
943-1049 
943-1049 


550-600 
500-550 


~ 
NNDAAAWOC@wH 


separate stage additional to the stage, or stages, involved by the 
structural change, so that if a’ applied to the structural change 
and @” to the creep mechanism, the combined result of thermal 
action and creep would be represented by the index a, where 
a=a'+a’. 

Regarding the legitimacy of creep as a stage, creep depends 
upon thermal softening of strain-hardened material, and this is 
subject basically to the same exponential law as the other stages, 
whether strain hardening is given an explanation upon an atomic, 
molecular, or dislocation-theory basis, and therefore the funda- 
mental view referred to would equally apply to the combined re- 
sult of thermal action and creep action, which is manifested by 
creep as ordinarily understood. 

The foregoing tentative suggestion, if correct, has interesting 
It at once provides an explanation of the a found 
by creep tests upon the carbon, and 0.5 per cent molybdenum, 
steels being greater than the magnitude of this index for structural 
change alone, and suggests its general applicability, although it 
does not answer the question whether the @ for massive carbide 


ce mmsequences. 


spheroidization would apply to changes associated with dissolved 
the ferrite. It for normalized 
spheroidized carbon steels having the same index @ as given by 
A similarity is 
in the thermal softening of a 


carbides in can account and 
creep tests, although the creep rates are different. 
to be found 
strain-hardened metal, where the index @ is independent of the 
degree of strain hardening, but the rate of softening can vary 
widely, being greater the higher the degree of initial strain 
hardening. 

The circumstances of the problem of accelerating Procedure 4, 


and for a like reason 


and of reliable extrapolation of its test data, are aided by Fig. 12 
which shows a temperature (@), log time (7) diagram with two 
curves AB and AC drawn for values of @ of 33,000 and 50,000, 
respectively, and having the common poiat A marking the service 
temperature § = 500 deg C (932 deg F), and the service life 7 = 
100,000 hours. AB would represent well the temperature, log 
time relation for structural change of a normalized or annealed 
carbon steel, and AC the temperature, time relation.in an applica- 
tion of Procedure 4. The curves A’B’ and A’C’ are similar to AB 
and AC, respectively, but refer to A’ marking @ = 550 deg C 
(1022 deg F) and a life of 100,000 hours. Referring to AB and 
AC, the thermal-action effect present in the test data would al- 
ways be less than that corresponding with 100,000 hours at 500 
deg C (932 deg F) represented by the point A, but the lower the 
test temperature the larger is the proportion of the thermal-action 
effect represented by A which is present in the creep test and, 
therefore, referring to Fig. 1 for illustration, the greater would be 
the proportion of the abscissa of the curve equivalent to 100,000 
hours at 500 deg C (932 deg F). 

If thermal action caused little variation of creep resistance 
over the operating period, as represented by the time of heating 
in Fig. 1, there would be no counterpart evident in AC. But 
if, as the test temperatures are taken Icgver, thus, as pointed out, 
bringing into the tests a larger proportion of the ‘thermal action 
represented by the point A, a substantial decline in creep resist- 
ance were involved, then the time for a specific creep strain 
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would be less than that given by AC at the temperatures con- 
cerned, thereby increasing the slope of AC at the region and 
affecting extrapolation. Correspondingly, if the thermal-action 
effect increased creep resistance, the slope of AC would be de- 
creased. Clearly, therefore, the shape of Fig. 1, particularly the 
proportion that is embraced by the abscissa representing the 
which depends upon the working temperature and 
is a factor in the shape of AC as 


working life 
life as defined by the point A 
determined by the data of Procedure 4 and therefore also in its 
extrapolation. The values of @ given by Table 1, depending as 
they do upon the features of Fig. 1, would be subject to variation. 

The difficulties and uncertainties of Procedure 4 can now be 
seen, as well as ways of dealing with them. 

A fundamental and major problem is the determination of AB 
to represent the true thermal-action effect as it affects creep 
behavior, which may not be the same as for a particular struc- 
tural change. With carbon steels the evidence of the behavior 
of the 0.15 per cent carbon and 0.4 per cent carbon steels, normal- 
ized and spheroidized, suggests that for this case the behavior of 
the massive carbide does reflect the action of the carbide dissolved 
in the ferrite, since if they were different, the two thermal treat- 
ments chosen to produce the same degree of carbide spheroidiza- 
tion as determined by a@ = 33,000 would result in different creep 
behavior. But, taking the evidence of the two steels together, it 
may be concluded that the effect as shown by the creep test re- 
This justifies AB in Fig. 12 as 
As indicated 


sults was substantially the same. 
satisfactorily representing thermal-action effect. 
earlier, however, general sanction should not be assumed for struc- 
tural changesas a criterion of thermal-action effect upon creep. 
Reason was given, however, for believing that AB would generally 
be to the right of AC as in Fig. 12. The question is where AB 
should fall, or what the magnitude of the index @ should be. 


TEMPERATURE, 8—DEG 


2 3 
LOG TIME, T —HOURS 


Fic. 12 Temperature 6, Loc Time (rt) DiaGram 


If structural change as a criterion is uncertain, a more satis- 
factory one is needed, and as it is also necessary to foresee the 
probable influence of thermal action upon creep, as is shown, for 
example, by Fig. 1, a magnitude of @ can be found by determin- 
ing the effect of thermal action by heating at two or more tem- 
peratures, and by determining the a from the corresponding 
heating times and temperatures to produce the same change in 
the time ¢’ given by the creep test used to represent creep, be- 
This may appear to be a simple and direct method but 
its features need consideration. The creep test itself, at tem- 
perature 8 + 273 deg C, adds thermal-action effect to that of the 
prior heating, and it will be assumed that @ would be the same 
for both stages. The thermal action of the creep test can be ex- 


havior. 
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pressed as a corresponding time at each temperature 7; and 7 
used for heating, but as this addition varies between zero at the 
beginning of the test and the full value at the end, a mean value 
of one half may be taken for the test, or the time at the test tem- 
perature 6 + 273 deg C would be taken as '/st’. 

Let 


time at temperature 7, equivalent in thermal action to 
that of the creep test for time '/st’ at the temperature 
6 + 273 

time at temperature 7, equivalent in thermal action to 
that of the creep test for time '/st’ at the temperature 
A + 273 

time for the prior heating without stress at the 


T,;' = 


tem- 
perature 7), 

time for the prior heating without stress at the tem- 
perature 7, 

T, + 7’, total equivalent time of heating at the 
perature 7; 

T. + 7,’, total equivalent time of heating at the 


tem- 


tem- 
perature T: 


( ) 
al, — 
f _ ht'e T: @+ 273 


T 


: ; ; a (+ - h ) T + 7,’ T,’ 
T1'/T2' , ; 2=e , - eager 
T2 + Te T: 


and corresponding times are proportonal, or 
, p—4 , = 
Ti/T1 /T1 = T2/T2 /T2 


Therefore the value of a obtained for the preheating times 7; 
and 72 at temperatures 7 and 7; to produce the same time t’ by 
the creep test at temperature 8 + 273 deg C would not be modified 
by taking into account the thermal action added during the creep 
test. 
the validity of the assumption that the same magnivude of a 
would apply to the thermal-action process during the heating 
In the event of difference the 


The reliability of this conclusion depends, of course, upon 


period and during the creep test. 
error should be minimized by choosing the creep test to minimize 
the thermal-action effect during the creep test. The value of a 
obtained would determine AB in Fig. 12. 

As mentioned, it is desirable to accelerate the creep tests to 
minimize a possible error of an assumption, and also to shorten 
the times ¢’ of testing, determining the pattern of creep behavior 
shown by Fig. 1, as dependent upon thermal action. The ther- 
mal-action effect introduced by the creep test can be minimized 
by making the test temperature lower than the temperatures at 
which heating is applied, and also by increasing stress, or by 
The function of the test is that of a 
comparator to measure, with creep as the criterion, a specific 


employing both means. 


change produced by thermal action. 

Having arrived at a value of a for AB, and assumed an approxi- 
mate temperature for A, perhaps the most satisfactory way of in- 
corporating an appropriate measure of thermal-action effect into 
the procedure, because of the difference between AC and AB, 
would be to determine in the usual way the first point at the high- 
temperature end of AC and to repeat the test with material heated 
prior to testing to give it the thermal-action effect corresponding 
with the difference between the test time and the correspond- 
ing time given by AB. Thereby, the full thermal action would be 
reached ia the repeat test, approximately by the end of the test 
If there were appreciable weakeni 1g because of the added thermal 
action, the second test time would be less than the first and the 
total thermal-action effect would be less than the full service 
amount. On the other hand, the reduced test time would most 
probably be less than it would have been had the thermal-action 
effect been spread over the whole period of the test, and in this 
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respect the resulting time would most probably be on the safe 


side 

This preliminary testing would have given some idea of the 
importance of thermal-action effect for the case concerned. A 
second point in AB at a lower temperature could similarly be de- 
termined, and if it appeared to be of consequence an alteration 
could be made in the temperature of A and a corresponding ad- 
justment in the position of AB. A check test made at the first 
temperature, with preheating modified to correspond with the 
new position of AB, would show whether any significant change 
in the time had been caused by the change. The tests at the 
highest temperature might be chosen to occupy about 100 hours 
and the next, say, 500-1000 hours. Extrapolated time for the 
test at the next lower temperature could be used in conjunction 
with AB to determine the preheating to be applied, which for time 
saving would be made at a suitable high temperature, the time of 
heating being the same proportion of the time given by AB, as 
is suggested by the extrapolation of the test time. Obtaining 
corrected test points of AC in this way, a much more reliable 
extrapolation can be made where there is important thermal ac- 
tion present, which may produce its major effects over the period 
10,000-100,000 hours, and which may thus be inadequately 
represented by the test data of Procedure 4 without correction. 
But this correction depends upon a reliable and satisfactory cri- 
terion being found for measuring thermal-action effect to enable 
the position of AB in Fig. 12 to be determined. 

Experimental investigation of different alloys would probably 
establish approximate values of @ for different classes, just as it 
was found that @ = 33,000 applied to carbon steels generally, and 
to a 0.5 per cent molybdenum steel as judged by carbide sphe- 


roidization. It is most probable, however, that a@ would have 
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different values for ferritic and austenitic steels. But, having an 
approximate idea of a to determine AB, the higher temperature 
tests of Procedure 4, with time corrected as suggested in the fore- 
going, would provide a comparatively short-time procedure for 
assessing the potentialities of a material taking into account 
thermal-action effect. 
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Polyaxial Stress-Strain Relations of 
a Strain-Hardening Metal 


By S. B. BATDORF? anp BERNARD BUDIANSKY? 


The authors assess a plastic stress-strain law of aniso- 
tropic strain-hardening type which they previously de- 
veloped on the basis of explicit consideration of the poly- 
crystalline nature of metals and the mechanism of plastic 
deformation. The assumptions made are reviewed, to- 
gether with the successes and limitations of the theory. 
The authors indicate the lines along which they feel that 
improvement of the theory is to be sought. 


INTRODUCTION 


\ ‘ YITHIN the elastic range the stress-strain relations for 

isotropic structural materials are remarkably simple. 

The equations are linear, and the differences between 

various materials are completely characterized (to engineering 

accuracy) by two parameters, usually chosen to be Young’s 
modulus and Poisson’s ratio. 

Beyond the elastic limit, a wide variation in behavior is ex- 
hibited, and a number of different formulations approximating 
different types of physical behavior encountered in practice have 
been developed and explored analytically. The simplest of these 
formulations is the so-called ideal plasticity, which neglects not 
only viscous effects (as do also all other theories to be discussed in 
this paper) but also any strain-hardening effects. This theory 
is useful for the analysis of problems involving materials having a 
rather flat stress-strain curve and is so well developed as to have 
reached the textbook stage (1, 2).4 

Stress-strain laws for strain-hardening materials were investi- 
gated initially on the assumption of isotropic strain hardening. 
The theory underlying this type of stress-strain law was perfected 
during the 1940’s largely by Prager and his associates (see refer- 
ences 3 to 5 for review of this work). The approach used was to 
make assumptions regarding the general form of the stress-strain 
law and then extract as much information as possible about the 
specific form of the law by exploiting such fundamental concepts 
as the tensor character of stress and strain, continuity, work 
hardening, uniqueness, and so on. 

It was soon recognized that the existence of the Bauschinger 
effect implies that strain hardening must, in reality, be anisotropic 
(6) and, consequently, very general theories, admitting any kind 
of anisotropy, have been proposed (7, 8,9). Unfortunately, these 
general theories have not as yet been particularly fruitful from a 
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practical point of view, for when the assumption of isotropic 
strain hardening is relinquished, the stress-strain law becomes 
too vague to be of much use. For lack of something better, 
isotropic strain-hardening laws have continued to be used, 
especially since there was reason to feel that the actual anisotropy 
might not be sufficient to impair their accuracy seriously. Sup- 
port for this view could be found in the classic yield-point ex- 
periments of Taylor and Quinney (10) and in the more recent 
variable stress-ratio experiments reported by Morrison and 
Shepherd (11). The latter authors conclude, in fact, that the 
discrepancy between the simplest isotropic strain-hardening 
theory of incremental type (sometimes called Laning’s law) and 
experimental data was no greater than the discrepancy that 
reasonably might be expected to occur in data from different 
specimens of nominally identical material. 

On the other hand, experiments by Dow and his associates (12), 
Shaw and Wycherly (13), and Marin and Hu (14) tend to dis- 
credit the view that the assumption of isotropic strain hardening 
is an acceptable one. Without going into detail with respect to 
these various experiments, it may be noted in passing that those 
tending to support isotropic strain hardening were carried out at 
considerably higher values of plastic strain than those tending to 
discredit it. 
evident from the following discussion of the Bauschinger effect. 


The significance of this observation will become 


A small plastic tensile prestrain results in a decrease in com- 
pression yield stress; whereas a large plastic tensile prestrain 
results in an increase in compression yield (15). This suggests 
that the plastic behavior is different at low strain from what it 
is at high strain, and, in particular, that the assumption of iso- 
tropic strain hardening might prove to be quite satisfactory at 
high strain and yet not be acceptable at low strain. A clue is 
afforded for a fresh attempt to develop a stress-strain law for 
anisotropic strain hardening by the explanation generally given 
for the Bauschinger effect (see for example reference 16). Ac- 
cording to this explanation, at low plastic tensile strain some of 
the grains in the material suffer plastic extension while the rest 
remain elastic. When the external stress is removed, the 
extended grains are compressed and the remaining grains remain 
in tension. When external compression is applied, premature 
yielding occurs in those grains which already were in compression, 
resulting in a lowering of the compression yield stress for the 
material. 

Therefore it would appear reasonable to base a theory for the 


anisotropic strain-hardening behavior of structural metals in the 


low strain range on an explicit consideration of their poly- 
crystalline nature and of the differences in plastic response of the 
various grains to the applied stress. Such a theory was proposed 
by the authors in 1949 (17). The purpose of the present paper is 
to review the underlying assumptions of this theory, outline its 
principal successes and failures, and indicate the lines along 
which, in the opinion of the authors, improvement of the theory is 
to be sought. 


PuysicaL ASSUMPTIONS AND THEORETICAL ANALYSIS 


It is assumed, in the following, that a metal that is isotropic 
in the gross mechanical sense can be sufficiently approximated 
theoretically by an aggregation of randomly oriented crystals 
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which will be regarded as identical except for orientation; that is, 
effects of variations in grain size and shape will be ignored. 
Further, it will be assumed that the grain is the smallest structural 
unit requiring consideration so that local variations of stress 
within the grain can be neglected. It is felt that, without some 
such simplifications, the problem would be completely intractable. 
An additional simplifying assumption is that the material is 
elastically homogeneous, or alternatively that within the elastic 
range variations in stress from grain to grain can be neglected so 
This is not a 
bad assumption for metals having crystals which are fairly 


that the local stress is equal to the average stress. 


isotropic elastically, such as aluminum. 

Next, the nature of the plastic deformation must be considered. 
A number of different mechanisms of plastic deformation exist, 
and opinions differ as to their relative importance. It is generally 
felt, however, that for structural metals at room temperature and 
normal rates of straining, and for strains not exceeding a few per 
cent, slip is the principal mechanism. Moreover, slip is probably 
the only mechanism sufficiently understood to be made the basis 
of a quantitative analysis, and, consequently, it is the sole 
mechanism considered in what follows. 

In simple slip in single crystals, sliding occurs along certain 
parallel crystallographic planes in a crystallographically deter- 
mined direction of easy slip, resulting in a permanent shear 
deformation of the crystal as a whole. The amount of this de- 
formation depends upon the component in the slip direction of 
the shear stress on the slip plane. It is assumed that these same 
remarks apply to the slip in the grains of a polycrystal, but that 
the relation between resolved shear stress and resulting plastic 
shear strain differs in the polyerystal because of the impeding in- 
fluence of the neighboring grains. For this reason, the theory is 
not constructed around single-crystal data, but rather around the 
plastic strain produced in an element of volume as a whole by the 
slip which takes place in grains having a particular orientation 
within the element. 

Consider first a tiny sample of all the crystals in the volume, 
namely, those with slip planes having normals within the solid 
angle dQ. about the direction ng, and slip directions within the 
element of angle d8 about the direction ng, Fig. 1. The number 


\" 
Fic. 1 Surp-PLane anp Suip-Direction ORIENTATION 

of such grains per unit volume is proportional to the product 
dQdB. It is plausible that the strain produced in the volume 
element by the plastic yielding of these grains will be a shear 
strain of the same orientation as that in the yielding grains, that 
it will be proportional to the number of such grains, and that it 
will depend in some fashion on the component of stress causing the 
plastic deformation. These assumptions lead to the following 
equation for the plastic strain in the volume element as a whole 
due to slip in the grains under consideration 


dy’o3 = F(F93)dQdB 


Here, dy? gg is a differential element of plastic shear strain re- 
ferred to the axes ig and ng, Tagg is the corresponding shear stress 
and 79; is the largest value of Tg in the history of loading. F(1) 
is an odd, monotonically increasing function that is zero for 7 
less than the value at which yielding begins. The use in the 
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equation of 79g, rather than Tos, acts to preserve the plastic 
strain when Tg is decreased in absolute value. 

If each set of slipped grains makes an independent contribution 
to the deformation of the volume element as a whole, the total 
plastic strain in the 1,2,3-svstem of axes can be found by summing 
componentwise, just as in the case of resolution and addition of 


vectors. Thus 


‘ Q ¢ ay Pa ) ‘ 
4 2 J IBF (Fesligli 


Nn" ‘ dQ ‘ ABF (798) (ligles + loolis) 
where (see Fig. 1) H denotes a hemisphere swept by ng and S a 


semicircle swept out by ng. The 1 are direction cosines corre- 
sponding to the pairs of directions denoted by their subscripts. 
Analogous expressions can be written for the remaining strain 
components; in fact, the stress-strain law can be written com- 


pactly in tensor notation as 


a 
cul = 3 fi, 42 fi dBF Fasdlialis + Glia 3] 


It is evident that these equations furnish a basis for finding the 
strain in a volume element resulting from any stress history, pro- 
vided that the function F(r) is known for the material. For- 
tunately, this function can be determined readily from a simple 
tensile test. A simple approximate method for accomplishing this 
purpose is to expand F as a Taylor series, integrate the first of 
Equations [2], and determine the desired number of coefficients in 
the series by fitting a corresponding number of points in the 
stress-strain curve (17). A better method may be to solve an 
integrodifferential equation for F, which was derived by Cicala 
(18) as one of several elegant contributions to the theory. 

While it is evident that the stress-strain law written permits a 
unique calculation of strain at a point in terms of stress history at 
the same point, the questions arise whether our “slip theory’’ 
satisfies the various mathematical and physical requirements de- 
manded of all plasticity theories, and whether it constitutes a 
theory that is applicable to the solution of boundary-value prob- 
lems. These questions have been explored in detail (19) and it has 
turned out that the slip theory is indeed a bona fide mathematical 
theory in all respects, notwithstanding the fact that some of its 
mathematical features (such as nonlinearity between stress and 
strain increments) were decidedly unconventional at the time of 
its original promulgation. It has been shown further that, in con- 
nection with boundary-value problems, the slip theory obeys the 
Hodge-Prager minimum principle that holds (20) for a large class 
of linear incremental plasticity theories, of which the slip theory 
is not a member, 

It appears, then, that the development outlined leads to an 
anisotropic strain-hardening plasticity theory applicable in princi- 
ple, at least, to the solution of practical problems. It is not quite 
complete in that it does not predict explicitly the Bauschinger 
effect, and it rests upon a number of simplifying assumptions, 
some of which conform with the present state of knowledge while 
others are definitely limitations. These limitations constitute 
“dirt”’ in the theory. However, owing to the circumstance that 
the function F is determined empirically from a tensile test, the 
theory has considerable dirt-hiding capacity. The tensile stress- 
strain curve itself will be given correctly by the theory, of course, 
and if the actual behavior of the grains bears vhe same relation to 
the assumptions for other siress paths that it does for simple ten- 
sion, it is pessible that the theory may be reasonably accurate 
in spite of any limitations in its underlying assumptions. This 
possibility is best investigated by comparison with experiment. 





BATDORF, BUDIANSKY-—POLYAXIAL STRESS-STRAIN RELATIONS 


ComPaRIsSON Witu EXPERIMENTAL DaTA 


One of the simplest experiments to analyze is that of biaxial 
tension with stress ratios kept constant. One such experiment 
was conducted by Osgood (21) with ratios of circumferential to 
For isotropic material, 


axial stress equal to 0, '/2, 1, 2, and 
1/, and 2 are 


stress ratios 0 and © are equivalent, and similarly 
equivalent. Moreover, the case of stress ratio 1 differs from uni- 
axial compression only by a hydrostatic pressure. Thus, the 
data for ratios 0, 1, and © ideally should be equivalent and 
should serve as a basis for predicting the (ideally equivalent) data 
for stress ratios '/, and 2. 

As it turned out, the experimental! results for stress ratios 
and 2 were not equivalent, indicating either anisotropy or a dif- 
However, the 


1/, 


ference in material properties between specimens. 
data fell generally in between the results for maximum-shear 
theory and octahedral-shear theory, as did also the prediction of 
the slip theory. 
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4 comparison of these results is shown in Fig. 2, taken from 
reference (22). The plastic strain in the direction of the smaller 
stress is not shown because it was essentially zero in accord with 
the predictions of all the theories. The general conclusion to be 
drawn from the comparison is that, for constant stress-ratio bi- 
axial tension, the slip theory is rather satisfactory. Indeed, the 
theory illustrates its dirt-hiding capacity by giving good agree- 
ment with experiment at strains far above those for which the 
model employed reasonably could be expected to be valid. 

A more severe test of theory is provided by the case of variable- 
stress ratios. 

Consider the case in which the specimen is loaded in tension (or 
compression) into the plastic region and then shear stress is 
added. According to the slip theory, the elastic-plastic boundary 
before the addition of shear stress has a pointed corner, as shown 
in Fig. 3. (This feature, characteristic of the slip theory, is in 
sharp contrast to the smooth loading surfaces that, until recently, 
were the only kind assumed in other theories.) Cicala has shown 
that, at the stress o,,, according to the slip theory, the initial shear 


stiffness Ger deviates from the elastic value Gp in the following 


fashion, depending on the ratio (da /(dr) 


d Gy 

(a) For all = >m, Gar = 
1 + 3G ( 
E, 


—_— da 
(b) For all ‘ m, 


dtr 


Gea = G 


while in the intermediate region, for 


dg 


Ges varies continuously between these two extreme values. (Here 
E, is the secant modulus at the stress ozo.) In contrast, Drucker’'s 
work (9) shows that all consistent plasticity theories embodying a 
smooth elastic plastic boundary after loading to 0, imply that the 
initial Ger equals Go for all subsequent loading paths. 

In experiments conducted at the NACA (23), the initial shear 
stiffness and the subsequent plastic strains were explored sys- 
tematically throughout the intermediate region. The initial shear 
stiffnesses were found to be G throughout, in contradiction to the 
prediction of the slip theory. On the other hand, the subsequent 
plastic deformations themselves in the two tests performed with 
(da)/(dr) < O were in better accord with the slip theory than 
with other theories investigated. 

It appears then, that in spite of a number of successes, the slip 
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theory is not a satisfactory formulation of the polyaxial stress- 
strain relations of a polycrystalline aggregate. In the opinion of 
the authors, its limitations are due primarily to two causes: the 
neglect of the interaction between grains and the tacit assumption 
that only one slip system occurs in any one grain. 

In an effort to assess the validity of some of the assumptions of 
the slip theory, a tensile specimen of commercially pure aluminum 
was polished, etched, and stretched plastically (24). A statistical 
analysis was then made of the angular distribution of slip lines 
observed in the various grains and compared with the assump- 
tions of the slip theory (25). 

The results are shown in Fig. 4 taken from reference (26). In this 
figure, the probability that a slip line will make an angle with the 
normal to the direction of tensior equal to or less than @ is plotted 
against 6. The discrepancy between the experimental data and 
the prediction of the slip theory, labeled “single mode’’ in the 
figure, is quite large at high values of slip angle. The calculation 
of slip-angle distribution was revised in reference (26) to take into 
account the fact that aluminum has not one but 12 slip systems, 
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but the interaction between grains was still neglected. The 
angular distribution of slip lines found on this basis, labeled ‘‘face- 
centered cubic” in the figure, reduces the discrepancy between 
theory and experiment. The authors are inclined to feel that 
most of the discrepancy remaining probably could be eliminated 
by taking account of the interaction between grains, but a feasible 
method for accomplishing this result has not yet come to their 
attention. 
CONCLUSION 


The foregoing discussion shows that it is possible to develop 
a complete and self-consistent theory for the polyaxial stress- 
strain relations in the plastic range based on the physical mecha- 
In any theory of this type, a number 
Those used in the 


nism of plastic deformation. 
of simplifying assumptions are required. 
present paper have led to a theory (17) which is successful in a 
number of respects but unsatisfactory in others. It is felt that 
the principal sources of error are the neglect of the interaction 
between neighboring grains and the assumption that each grain 
has only a single slip system, At the present time, it is not clear 
whether a phenomenological theory such as some kind of gen- 
eralized incremental theory, or a physical theory, i.e., one based 
on a physical model of the plastically deforming material, will 
first achieve success in correlating polyaxial-flow phenomena 
properly. 

The authors do not wish to urge the merits of either type of 


approach as intrinsically superior. They do, however, wish to em- 


phasize that the partial success of the present attempt en- 


courages the view that reasonable prospects of success are 


associated with the physical approach. 
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The Existence and Stability of Ultrahar- 


monics 


and Subharmonics in Forced 


Nonlinear Oscillations 


By T. K. CAUGHEY,' PASADENA, CALIF. 


A study is made of the forced oscillations of a second- 
order system having a small cubic nonlinearity in the re- 
storing force. It is shown that under suitable conditions 
ultraharmonic or subharmonic motion exists in addition 
to the harmonic motion which a linearized theory would 
predict. By studying the stability of such motions it is 
shown that at points on the amplitude frequency-response 
curves having vertical tangents, instability and conse- 
quently “jumps” occur. A study of the dependence of the 
motion on the initial conditions reveals that while ultra- 
harmonic and harmonic motions are rather insensitive to 
initial conditions, the existence of subharmonic motion 
can be achieved only for a restricted set of initial condi- 
tions. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


A 
g 


amplitude of harmonic motion 

phase angle between harmonic motion and forcing 
function 

amplitude of predominant component of ultra- 
harmonic motion 

phase angle between ultraharmonic motion and 
harmonic motion 

amplitude of predominant component of sub- 
harmonic motion 

phase angle between subharmonic and harmonic 
motion 

amplitude of forcing function 

A,, ,, ete. steady-state values of A, @, etc. 

&7 small perturbations on the steady-state amplitude 
and phase 
AX = exponent of &, 7 in perturbation equations 
2’ 32 

1 

3 

a quantity of order u 

damping factor 

linear natural frequency of system 

small parameter indicating magnitude of non- 
linearity 


y 


P 
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ULTRAHARMONICS AND SUBHARMONICS IN ForcED NONLINEAR 


OSCILLATIONS 


In essence, all problems encountered in mechanics are nonlinear 
in nature, and the linearizations commonly used are only ap- 
proximations, though in many cases they are quite satisfactory 
for all practical purposes. However, there are also many cases 
in which a linearized theory fails completely to explain phenomena 
which occur in a nonlinear system. The aim of this paper is to 
focus attention on some features of the problem in which non- 
linearity results in essentially new phenomena; no attempt is 
made to improve on those phenomena which can be predicted by 
linear theory. Unfortunately, no exact method exists for solving 
nonlinear problems and recourse must be made to approximate 
techniques, and in using such techniques one must be guided by 
the physics of the problem. 

A differential equation of the following form occurs in many 
different physical problems 


dy 
dt 


d*y _ dy 
dt? +a dt 


) = P cos ((% + a)..[1] 


+ wy + pF (», 


Ply @) <oy, P<or K 
uF \y wy, P<w', K > 


<= wy 


where F[y, (dy)/(dt)] is a nonlinear function of y and (dy)/(dt). 
From the theory of differential equations it is known that an 
equation such as Equation [1] possesses solutions y(t) which are 
determined uniquely once the initial conditions are specified. In 
the case of a linear system, yu 0, there is only one periodic 
solution after transients have died out. Nonlinear systems possess 
the distinctive characteristic that various types of periodic solu- 
tions may exist depending on the initial conditions in the system 


and on the relative values of w and Q. 

If the discussion is restricted to force oscillations of a system 
having a nonlinear restoring force, then there are three essentially 
new phenomena which are introduced: 

(a) Predominantly harmonic solutions—such solutions have a 
period equal to that of the forcing function. Harmonic nonlinear 
solutions may exhibit jump phenomena—a feature which dis- 
tinguishes them from linear harmonic solutions. 

(b) Predominantly ultraharmonic motion—under suitable con- 
ditions a system may exhibit ultraharmonic solutions, in which 
the main component of the motion occurs at some integral multi- 
ple of the frequency of the forcing function. Ultraharmonic solu- 
tions exhibit jump phenomena similar to that which occurs in (a), 
the existence of such phenomena cannot be predicted on the 
basis of a linear theory. 

(c) Predominantly subhermonic motion 
under suitable conditions may exhibit subharmonic motion in 
which the main component of the motion has a frequency which 
is a rational fraction of the forcing frequency. 


-a nonlinear system 


The analysis which follows can be shown to hold for any anti- 


- 


é 
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symmetric nonlinearity, but for simplicity, only the cubic non- 
linearity will be considered. 


PREDOMINANTLY HARMONIC SOLUTIONS 


Predominantly harmonic motion has received considerable 
attention in the literature on nonlinear mechanics,? and there is 
little new that can be added to the first-order theory. However, 
it has been thought desirable to include the harmonic case both 
for the sake of completeness and for comparison with the other 
two causes, 

Consider the case in which u(y, (dy)/(dt)) of Equation [1] is 
given by wy’, then 


ay _ dy 
n 


. [2] 
dt? dt : 


+ wy + py? = P cos (Qt + a) 


In the case of predominantly harmonic motion, a solution of 


Equation [2) may be taken of the form* 


y= Acos(Q2t +o), a=0.. . one 


where A and @are slowly varying functions of time. Substituting 
Equation [3] into Equation [2] and separately equating the 


terms containing sin (Qt + @) and cos (Qy + @) to zero, gives 


,aA 


Q 
dt 


= QAK + Psing 


where all second-order terms have been neglected. 
Steady-State Conditions. The steady-state harmonic solutions 
corresponding to (dA)/(dt) = 0 and (d@)/(dt) = 0 are 


QA,K + P sind, = 0 


3 
vA? + P cos d, = 0 


(222 


Eliminating @, gives 


from which 
OAK 
sin d, = = .. [8] 


| 3 2 
\ (QK)?A ,? + g Q?2)A, + 4 ws] 


As later analysis will show that the points at which the amplitude / 
frequency-response curve possesses vertical tangents are points of 
instability, for this reason the loci of vertical tangency play an 


important role in determining the stability of the system. 
the loci of vertical tangency are readily ob- 


From Equation [7 
tained; they are 


(QK)? 4+ (a: 


if QK < w? the upper branch being given by 

? References (1, 2, 3) contain extensive bibliographies on harmonic 
solutions. Numbers in parentheses vefer to the Bibliography at the 
end of the paper. 

3K. Trefftz (4) points out that if a solution of Equation [2] is 
stable, it ultimately mus* lead to a periodic solution whose period is 
equal to that of the forcing function, or to some integral multiple of 
that period. 
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the lower branch by 


= 0 


From Equation [8} it will be observed that on the upper loci 


T 


. [10 
2° 2 


sind, = +1, @¢, + 


» Oba. 
Stability of Steady-State Solutions. Let A = A, + Eand¢@ = 


¢@, + 7; then writing perturbations on Equations [4] and [5 


dé 


= QKE + P cos on 


P sin $n | 


Assuming solutions of the form e™, and replacing P cos @, and F 


us] 7 | 


+ QE )n 


sin @, from Equation [6] 


(22X 


| 


From which, if A, 


[12 


#0 
(2QA)? + (2QA)((QK) + (QK)? 


r 3 9 
' (w? - ¢)?) - A? 2? — (2 + A2?/1=0 (13) 
+ | | + ¥ use] [ce ) Ht | I 


For stability, QA > 0, a condition which is always satisfied for 


K > 0, and 


(QK)? + | 


9 . 
ce OM) + 5 us| > 0 (14 


1, lie outside 


The last condition is simply the requirement that 
the region enclosed by the loci of vertical tangency, as defined by 
Equation [9]. 

Fig. 1 shows a typical amplitude /frequency-response curve for 
the case of predominantly harmonic motion; at points P and Q 
enters the region of instability, vertical jumps PR, 
The general features of Fig. 1 have been described 


where |A, 
QS occur. 
by many authors so there is no need to repeat them here. 

So far, it has been shown that in the region w’ << Q < w” two 
stable solutions may exist; the conditions which determine the 
existence of a particular solution will now be examined. 

Effect of Initial Conditions on Steady-State Solutions. In order 
to study the effect of initial conditions on the steady-state con- 
ditions, it is necessary to obtain the integral curves for the motion; 
this can be done by eliminating time between Equations [4] and 

5] 
dA (QK + P sin @)A 
do P 3 


A(Q? w?) 
i 


wbAs + P gos (oa) 


» simplest case to discuss is that in which K = 0, then 
‘ 
dA PA sin @ 


3 
uwAt + P cos od 


A(Q? 
( ! 
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ee 














ma .~ L «” 
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OSCILLATIONS 


Such an equation has singular points at 


PA sin @ = 0 


; pA’ + P cos d = 0 


from which 


[18] 


If w’ < 2 < w”, then Fig. 1 shows that there are three singular 


points (Table | 


ATION OF SINGULAR POINTS 


Phase 
do Classification 


CLASSIFIK 
Amplitude 


rABLE 1 


r center-stable 

a saddle point 
unstable 

0 center-stable 


In the case where A = 0, Equation [15] can be integrated to give 
the integral curve 


9 
° 


A‘ [19] 
8 A 


Ax (2 + 2PA cos od = const 


Fig. 2 shows some typical integral curves for the case of har- 
oscillations with three singular points. 

stable harmonic oscillations, the initial conditions must be 
inside region A-B-C-D. If the initial conditions lie inside region 
A-E-F-G, oscillation will be about center No. 1, and if inside 
A-B-C-D-G-F-E, the oscillations will be about center No. 3. 


monic 


For 


From this simple example it will be seen that the amplitude is 
determined completely once the initial conditions have been speci- 
fied. 

Effect of Damping. Qualitatively, the effect of introducing a 
small amount of damping into the system will be to convert the 
centers into stable focal points and to prevent closure of the 
separatrix. If the initial conditions lie within the region A-E-F-G, 
the oscillations will spiral down to focal point No. 1, and if they lie 


AmpuitupE /FREQUENCY RESPONSE FOR HarMONIC 
2 


$29 


within the other region the oscillations will spiral down to focal 
point No. 3. 


o 


INTEGRAL Curves ror Harmonic OsctLLaTor 


Wits Turee SINGULARITIES 


Fig, 2) Typicas 


Polar plot of amplitude and phase.) 


For a qualitative treatment of the effect of damping on a system 
with a cubic nonlinearity with w = 0, refer to (5). 


ULTRAHARMONIC OSCILLATIONS 


Under suitable conditions, a nonlinear system may exhibit 
marked ultraharmonic oscillations in which the main component 
of motion has a frequency which is an integral multiple of the 
frequency of the driving force. In the case of a cubic nonlinearity, 
marked ultraharmonic behavior has been observed experimentally 
when the frequency of the driving force is reduced to about one 
third of the natural frequency of the system. 


In the spirit of Trefftz, one is led to try a solution of the form 


Qt + U cos (8Qt + B) 
a #0 


4 = A cos 


[20] 


We may prescribe the phase of the harmonic oscillation since the 
phase of the forcing function was left undetermined. 
Substituting into Equation [1], equating separately to zero the 
coefficients of cos Q4, sin Qt, cos (8Qt + B), sin (80t + B), gives 
letting 82 = Q’, then Q’ 


dl 
» 
dt 


sin 2 


: , A 
t+ KO’U =p , 


"cos 8 
= P cosa 


QKA + pu A*U sin B P sin @ 


Considering Equations [24] and [25], eliminating a 


(A? 4 AU cos 8 t 
4 


; Sou. | 
+ {QK + yp , Al sin 2 


and using Equation [25 





3 
QK +p 4 AU sin B 
—— ==... [37] 


3 = 2 3 2 
(2?) + (A? + AU cosB + 20») | + | 2x +p ; AU sin 3 : 


3 As in the case of harmonic oscillations, it will be observed that 
OK AU ein | ' a 
OK + 4 4 AU sin B on the upper loci 
Of uw) 
(w? — 02?) + Ou - 39 
sin B, = +1; ie, . = 3 , ete. 


9 9 
— 


Thus the phase angle @ is a quantity of first order in yw at most. 
Considering Equation [26 Stability of Steady State. Let 
P? = A*{(w? — 2) + O(p))? 
P 
a: + OCH? 


w? Nr — ° . . 
Writing perturbations on Equations [22] and [23] 
Thus to the first order of small quantities it 
oy’ “5 4 KO't = 
22 02’ 
dt 


w? 


Steady-State Solutions. The steady-state ultraharmonic solu- 
tion corresponds with 


dg _ 7 sin 8. | 


hich lead Assuming solutions of the form e™, and substituting for cos B, and 
which leads to sin 8, from Equation [29] 


(20’. + KQ’)E = [co w2)U 


Eliminating 8, 
A3\2 : as i eee eo 
(1 o y- (KQ’)2U, , which leads to the characteristic equation 


4 
(22’X)? + (20’A)(KQ’) 


{ KQ’) ‘+[w—or4n(3 A, 


+ 
x [ot QQ’: + m (; A,? + ; va) > 


For stability K > 0 and 


and if U, = 0 


(KQ’)? + | ( Q’2) + 

Loci of Vertical Tangency. Viewed as a function of U,, the loci 

of vertical tangency can be obtained from Equation [30]; they 3 3 
x] @t— 2) + (Sart FU 


are I? ae 


(KQ’)? + E — 2 + p (; A? + le Comparison with Equation [32] shows that the second condi- 
‘4 tion is simply the requirement that U, lie outside the region en- 
x [. p : . closed by the loci of vertical tangency. If OK < w? it will be ob- 
‘ ine d served from Equation [33] that the system cannot have vertical 
tangents unless 
If VvK< w? 


the loci are given approximately by Q?>wt+yp 3 42 
— - 4ho 


1 3 
2 2 rs (w tus A.) a eae [39] 
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Thus marked ultraharmonic behavior cannot occur unless the 
frequency of the exciting force is slightly above one third of the 
natural frequency of the system. 


IUel 


LOC! OF VERTICAL TANGENCY 
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Typicat Ampiitupe/FrReqvuency RESPONSE 
HARMONIC Motion oF OrpeR THREE 


Fic. 3 FoR ULTRa- 


Fig. 3 shows a typical amplitude /frequency-response curve for 
The general features of ultra- 
As fre- 
quencies below one third of the natural linear frequency, the 


an ultraharmonic of order three. 
harmonics are similar to those for harmonie oscillations. 


amplitude is single-valued and small compared to A,, the ampli- 
tude of the 
third of the linear natural frequency the amplitude becomes triple- 


harmonic motion. In a small region close to one 
valued, two values being stable and one unstable; in this region 
the ultraharmonic becomes quite large compared with the har- 
At points P and Q where lv.| enters the un- 
stable region, vertical jumps occur, exactly as in the harmonic 
As the frequency is raised further, the amplitude again be- 
comes single-valued, and small compared with the harmonic 
Only in the neighborhood of one third of the linear 
natural frequency does the amplitude of the ultraharmonic be- 
come comparable with that of the harmonic motion and hence, 


monic motion. 
case 
amplitude. 
with the exception of this small region, ultraharmonic motion 
may be neglected in a first-order theory. 


The 


effect of the initial conditions on the ultraharmonic motion can 


Effect of Initial Conditions on Ultraharmonic Solutions. 


best be studied by means of the integral curves for the motion. 
To obtain the integral curves for the motion, time can be elimi- 
nated between Equations [22] and [23] giving 


A} 
U sin { rO’T? 
au Mm 4 in 8 K 


dg 


If damping is neglected Equation [40] becomes 


A} 
a’ mM 4 U sin 8 
5 


cos 8B 


; 3 ; 
a—or)U +n Ut +o F 
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Comparison of Equation [41] with Equation [34] shows that if 
U is replaced by A 


B is replaced by @ 


3 


A 
M ' is replaced by P 


w* + M A* is replaced by w? 


{)’? is replaced by 2 


then the two equations are identical in form, and the remarks 
made about harmonic motion will be equally true for ultrahar- 
monic motion. 


If the forcing frequency © lies in the range w’ < Q < w” (see 


Fig. 3) the amplitude Equation [30] has three solutions and if 
damping is neglected the singular points are as follows: 


Num- 


ber Amplitude Phase Classification 
LM T 


LN T 


center—stable 
saddle point 
unstable 


LO 0 center—stable 


Equation [41] can be integrated directly, to give 


[72 («* + 


0 = const [44 


Fig $ shows some typical integral curves for the case of ultra- 


harmonic motion with three singularities. 


SE PARATRIX 
* 


0 
Typicat IntTecrat Curves ror ULTRAHARMONIC MoTIoN 


Wits THree SINGULARITIES 


Fig. 4 
Polar plot of amplitude and phase 


For stable ultraharmonic oscillations, the initial conditions 
If the initial conditions lie in- 
side region A-E-F-G, oscillations will be about center No. 1, and 
if the initial conditions lie inside A-B-C-D-F-G-E, the oscillations 
will be about center No. 3. 
amount of damping into the problem will be to change the 


must lie inside region A-B-C-D. 


The effect of introducing a small 


centers into stable focal points and to prevent closure of the 
separatrix. It will still be true, however, that the separatrix will 
define two regions such that, if the inital conditions lie within one 
region the oscillations will spiral down to focal point No. 1, and if 
they lie inside the other region the oscillations will spiral down to 
focal poiat No. 3. 

Thus the particular value of the steady-state. ultraharmonic 
will be determined completely once the initial conditions have 
been specified. 
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SUBHARMONIC MoTION 


Under suitable conditions a nonlinear system may exhibit sub- 
harmonic oscillations, in which the main component of the mo- 
tion has a period which is an integral multiple of the period of the 
forcing function. In the case of a cubic nonlinearity, marked sub- 
harmonic behavior has been observed experimentally when the 
frequency of the forcing function is increased to about three 
times the linear natural frequency of the system. 

Following Mandelstam and Papalexi (6), one is led to try a 
solution of the form 


y = A cos Qt + S cos ( ; [45] 


a #0, S and ¥ are slowly varying functions of time. We may 
prescribe the phase of the harmonic solution since the phase of 


the exciting force is left undetermined. Let 
[46] 


Substituting Equations [45] and [46] into Equation [1] and 
equating separately to zero the coefficients of sin (Q”"t tT Y), cos 
(Q°t + y), sin Qt and cos Qt, gives the first-order terms 


S?A4 sin 3Y 


= Pecosa 


Ss 
KQA + p ; sin 3y = P sina 
Eliminating @ 


2 


mn 
4 


S' cos 3y E 
1KQ 


A 
+ (KQA)? + wp 8! 


(8A? + ast) 


Q? + (342 + ase) 


iJ 
4 : 


+2 


sin yf = P? 


Thus 


[50] 


and 
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sina = O(n) [51] 

From Equation [50] it will be observed that A, the amplitude of 
the harmonic motion, is a quantity of first order in w and hence 
the approximations made in deriving Equations [48] are justified 
on the grounds that the time derivative of A is a quantity of the 
second order in MK. In similar manner it can be shown that the 
variation of wA with respect to S(A # 0) is a quantity of at most 
second order in uw; hence, in the stability equations, such a varia- 
tion may be neglected. 

Steady-State 
monic motion will be obtained from Equation [47 
(dS)/(dt) = (dy )/(dt) = 0, whence 


Subharmonic Motion. The steady-state subhar- 


by setting 


Eliminating y, from Equations [52 


(: : i.) 
S,2. = 
Pe 


and if S, + 0 


sin 3, 


- 55] 


ne 3 3 2 
} ror . 9 »” L . 
\ (KQ”)? + | (w* + 2 BA, 2 :) + pu 4 s2| 


Viewed as a function of S,, the loci 
[54] by dif- 


Loci of Vertical Tangency. 
of vertical tangency are obtained from Equation 
ferentiation; they are 


or 


(KQ”)? + (a: 
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It will be observed that if S, lies on this locus then Equation [55} 


shows that 


[57] 


sin $y, = +1; Le, 3y, = 


Stability of Steady-State Solutions. Let S = S, + & and y = 


Y. + 7, then writing perturbations on Equation [47] 
dé 3 


">" -_ 
KQ’E = 


u = uS,A, sin 3y,& 


20” 


2 A, sin 3Y.n 


3 
+ p ‘ (38,2? + 2S,A, cos 3y,)& 59) 


Assuming solutions of the form e“ and substituting for sin 3, 
and cos 3, from Equations [48] leads to the characteristic equa- 


tion, S, ~ 0 


(22"A)? + (22"A\(2KQ") — 3(KQ")? 


[61] 


It will be observed that this condition is simply the requirement 
that S, lie outside the region enclosed by the loci of vertical tan- 
gency, as defined by Equation [56). 

and [59] it also can be shown that for 


[- 


From [-quations [58] 
stability A,S, cos 3y, < 
tive, it follows that cos 37, is positive. 
are admissible, for stable subharmonics, for which sin 3, is given 
by Equation [55] and for which cos 37, is positive. 

If the damping is small, then except close to points of instability 


0, but since A, is negative and S, is posi- 
Thus those values of , 


sin 3y 0, from which 


Fia. 5 (right) Trpicay Ampiitupe/FREQUENCY RESPONSE 
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Since cos 37, also must be positive, y, may take on only the 
values 
27 4dr 
s 3 


[62] 


Thus there exists three subharmonics with amplitude S, but dif- 


fering in phase by 120 deg 
From Equation [54] it will be observed that if S, = 0 


(3 +54) 


= (AQ")? 


from which, regarding A, as constant 


(2 w? 


For real values of S,, Equation [63] requires that 


This places both a lower and an upper bound on the frequency 


QK < w*, the lower bound is 


As the frequency increases beyond the value given by Equation 
[65], the denominator of Equation [64] decreases due to redue- 
tion of A,, arising both from the increase in S, and also from the 
rise in fre quency, until a point is reached at which the equation 
eannot be satisfied At this point S, enters the unstable region 
and a vertical jump downward occurs 

The general features of the amplitude /frequency response for 
subharmonics of order one third are indicated in Fig. 5. For fre- 
quencies between w’ and w” three solutions of the amplitude equa- 
tion exist, the two solutions corresponding to S,) equal to zero, 
and |S, equal to LN being stable, while the third solution |S 
equal to LM is unstable \t points 1 and B, where the upper 


branch of the amplitude curve intersects the upper locus of 


LOC! OF VERTICAL TANGENCY 
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vertical tangency, vertical jumps occur, both downward. It will 
be observed that the general nature of subharmonic motion differs 
considerably from either harmonic or ultraharmonic motion. 

Effect of Initial Conditions on Subharmonics of Order One Third. 
To get a more complete picture of subharmonics it is necessary to 
examine the dependence of the steady-state amplitude on the 
initial conditions. The easiest way to do this is by studying the 
integral curves for the motion; to this end time is eliminated be- 
tween Equations [47] giving 


S? A sin 3y — KQS? 


r ; dia 
an) S+ ; u(S? + AS? cos 37) 


[66] 
If K = 0, then 
” $34 sin 3 
dS B 4 Y 


dy 


3 ; 
pA? o") S+uy ; (S* + AS? cos 3y) 
[67] 
The singular points of Equation [67] are given by 


3 
S°A sin 3y = 0 
M 4 Y 


(S? + S? A cos 3y) = 0 


If w’ < 2 <w" in Fig. 5, then the amplitude S, has three solu- 


tions 0, LM, and LN, while yo has the values 0, 7/3, 22/3, 7, 42/3, 
5/3. The nature of the singular points can be determined from 
Equations [56] and [57] (Table 2). 


TABLE 2. CLASSIFICATION OF SINGULAR POINTS 


No Amplitude Phase 
l iN center-stable 
2 : ‘ saddle point- 
unstable 
3 3 K saddle point— 
unstable 
center-stable 
center—stable 
saddle point- 
instable 
indeterminate: center 


Classification 


Singularity No. 7 is phase unstable, but amplitude stable. If 
damping is neglected Equation [67] can be integrated to give 


3 S* A cos 37) = const . [69] 

Fig. 6 shows the general features of the integral curves for sub- 
harmonic of order one third, when damping is neglected. If the 
initial conditions lie inside the shaded regions, stable subhar- 
monic motion will result; outside these regions stable subharmonics 
cannot be obtained. This is quite different in nature from the 
case of harmonic and ultraharmonic motion in the fact that the 
second zone has shrurk down to zero. 

Effect of Damping. Qualitatively, the effect of adding a small 


JOURNAL OF APPLIED MECHANICS 


DECEMBER, 1954 


Typica. INTEGRAL CURVES FOR SUBHARMONIC OSCILLATION 
oF OrpER One THIRD 


(Polar plot of amplitude and phase.) 


Fia. 6 


amount of damping to the system will be to transform the centers 
into stable focal points and to prevent closure of the separatrix. 
However, it will still be true that the separatrix will divide the 
plane into four regions, inside three of which stable harmonics will 
be obtained. 
for subharmonic motion with damping, refer to (5) in which Dr. 


For a quantitative discussion of the integral curves 


Hayashi discusses a system with a cubic nonlinearity but with the 
linear term omitted. 


CONCLUSIONS 


1 By a simple approximate nonlinear theory one is able to 
predict or verify phenomena in nonlinear systems which have no 
parallel in linear systems. 

2 For the simple cubic nonlinearity considered here, the 
following conclusions can be made: 


(a) Close to the linear natural frequency, predominantly har- 
monic motion exists. 

(b) Slightly above one third of the linear natural frequency 
ultraharmonic motion of order three will predominate. 

(c) Under suitable conditions, at frequencies slightly greater 
than three times the natural frequency, subharmonic motion may 
exist, of order one third. 

(d) Cases (a), (b), and (c) exhibit jump phenomena, (a) and 
(6) being similar in behavior, case (c) being somewhat different 
in nature. 

(e) The theory of differential equations requires that solutions 
of Equations [1] be unique once the initial conditions are specified, 
the property of uniqueness being retained by even the simple ap- 
proximate method used in this paper. 

3 Although the analysis presented was restricted to a cubic 
nonlinearity it can be shown that the results are true for any odd 
order polynomial nonlinearity. Ifa nonlinearity y?" + | had been 
used in place of a cubic then it can be shown that stable ultra- 
harmonics of orders (2r_ + 1, 2,3 and that 
subharmonics of order 1/(2r + 1) also exist. 

The case of predominantly harmonic motion has been exam- 
ined in some detail by Klotter and Pinney (7) and they have 
shown that similar results to thosé presented in the foregoing are 
obtained for any small antisymmetrical nonlinear function of the 


™ 


l, r= exist 


displacement. 

The results of this analysis have been verified experimentally, 
using a simple analog computer. The dependence of the ampli- 
tude and phase on the various parameters was found to be in 
qualitative agreement with the theory. In particular, the occur- 
rence of ultraharmonic, harmonic, and subharmonic motion, their 
jump behavior, and their phase relationship to the forcing function 
were found to be exactly as predicted. 
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Rigid-Plastic Analysis of Symmetrically 
Loaded Cylindrical Shells 


By P. G. HODGE, JR,? BROOKLYN, N. Y. 


A general method is presented for finding the stress and 
incipient velocity distribution in a symmetrically loaded 
cylindrical shell at collapse. The results are based upon 
a linearized yield surface, and a method is given for ob- 
taining this linearized surface directly. The techniques 
are illustrated with reference to open and closed cylindrical 
shells under uniform external pressure. In each case the 
shell is specified completely by a single parameter c defined 
as the ratio of the half-length of the shell to the geometric 
mean of the radius and half-thickness; ¢c = 1/\ ‘a. It is 
found that for moderately large values of c, the limiting 
load is greater for the closed shell, while for small c the re- 
verse is true. 


INTRODUCTION 


LTHOUGH thin eylindrical shells now constitute a stand- 
ard chapter in the theory of elasticity, only recently 
have they been considered from a plastic viewpoint. 

Schischka (1)? and Kempner and Salerno (2) have considered 
shells loaded slightly beyond the elastic limit. More recently, 
Drucker (3) and Onat (4) have considered fully plastic shells. 

The present paper is concerned with a circular cylindrical shell 
under axially symmetric loading. The material of the shell is as- 
sumed to be rigid whenever the maximum shearing stress is less 
than the vield stress k in pure shear, and to flow plastically when- 
ever the maximum shear stress is equal to k. It is evident that 
any structure made of such a rigid-plastic material will be rigid 
for loads below the elastic limit. For loads slightly above the 
elastic limit, part of ‘the structure will carry stresses equal to the 
yield stress, but the structure may still remain rigid as a result of 
the rigid constraint of the remainder of the material. The load 
at which these rigid constraints are no longer sufficient to hold the 
rigidity of the structure is called the “collapse load.”’ 

The state of stress in a thin shell is specified by normal re- 
sultants V, and Ny, moment resultants MW, and My, and a shear 
resultant Q,. The shear can be eliminated trivially from the equi- 
librium equations, and it will be assumed that it may be neglected 
In the case of beams,‘ this 
The bending moment 


in formulating the yield condition. 
assumption is known to give good results. 
M, does not appear in the equilibrium equations and it is possible 

' The results contained in this paper were obtained in the course of 
research sponsored by the Office of Naval Research under contract 
Nonr 267(00) with the Polytechnic Institute of Brooklyn. 

* Associate Professor of Applied Mechanics, Polytechnic Institute of 
Brooklyn. Mem. ASME 

Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

* Reference (5), chapter 2. 

Presented at the West Coast Conference of the Applied Mechanics 
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ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1955, for publication at a later date. Discus- 
sion received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, February 11, 1954. This paper was not preprinted. 


to formulate the yield condition independently of My. There- 
fore, in the present problem, the state of stress in the shell is 
specified by the values of M,, N,, and V,. Combinations of these 
resultants which specify plastic behavior may be plotted in a 
three-dimensional stress space to form the “yield surface.’’ This 
surface is always closed and convex. Its equation will be found 
in the next section. In the following section various methods of 
approximating the yield surface by a convex polyhedron will be 
discussed. 

The defining equations of rigid-plastic cylindrical shells will be 
specified in the third section. In addition to the yield condition, 
these include the equilibrium equations and the flow rule, or 
stress-strain law. 

The second half of the paper will apply the theoretical results 
to some simple examples. The fourth and fifth sections are con- 
cerned with open-ended cylindrical cylinders clamped to rigid 
reinforcing rings and subjected to uniform external pressure. In 
the final section a similar problem is considered for a closed shell. 

Tue YIeLtp SurRFACE 

If shear stress is to be neglected in formulating the yield condi- 
tion, the state of stress at a point is specified by the values of a, 
and o,. According to the Tresca (maximum shearing stress) yield 
condition, these stresses must satisfy 


max [|¢,|, |oy!, |o, — oy|] — 2k <0 [1] 


¥ 


The stresses o, will give rise to a bending moment MV, and an 
axial force NV, while the stresses a, produce circumferential forces 
and moments Vy and 4, respectively. 

Let the total thickness of the shell be 2¢ and let z be measured 
At a fully plastic section of the shell, the 
(4254 


from the middle surface. 
Relation [1] will be satisfied as an equality for all - 
In the first octant of the stress-resultant space, the problem may 
be formulated as ‘“‘given values of any two of the stress resultants, 
distribute the stresses so as to maximize the third.” If positive 
bending moments are defined as those producing compression in 
the surface z = ¢, it follows that for a given V,, the maximum 
value of Vy will be independent of the particular arrangement of 
the positive and negative o, stresses, while W, will be maximized 
by concentrating the. negative o, stresses near the top surface 
= t, and positive stresses near the bottom surface. The critical 
The maximum value 


a, stress distribution is shown in Fig. 1(b). 
of Ny associated with this o, distribution is obtained for the a, 
distribution shown in Fig. 1(¢), and the minimum value of Vg is 
obtained when og is given by Fig. l(a). If reduced stress re- 
sultants are defined by 


m, = M,/Mb, n, = N,/No, 


z r 


[2a] 


[26] 


My = 2kt?, No = 4kt 
the following reduced stress resultants are then obtained from Figs. 
1 (a toc) 

l (u? 


= () 


+ p?)/2, 


+ u)/2, > = —vp)/2 }...[3] 
l<v 


The yield surface is then composed in part of the two quadric 
surfaces 
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Fiag. 1 Criricat Stress DistrisuTions 


m, = m,*, n, e No = no. [4a, b] 


The level curves corresponding to n, > 0 are shown in Fig. 2. 

The yield surface may be closed on “‘top’’ by observing that 
when v = u, the section is fully plastic due to the o, stresses alone, 
and ny may have any value between n~ and n*. Thus the para- 
bolic cylinder 


1 - 


+ u)/2 5) 


is part of the yield surface. To close it at the ends, one first ob- 
serves that the reflection of all stresses in the center plane will 
change the sign of m, but leave the membrane stresses unaffected 
so that the two surfaces 

[6a, b} 


mm, = m, 


are also part of the vield surface. The right-hand end is then ob- 
tained by setting u = 1 so that the section is fully plastic due to 


the a, stresses. The resulting plane section can be defined by 


2n (1 n.) Sm, S$ nl —n,)..... [7] 
The remaining section then can be closed by considering stress 
distributions of the type shown in Figs. 1 (f and g), leading to 

Sm, 


y 2 In __( IQ] 
{ + } 

< ’ of 
2(1 Ne to(1 + n,).. [8] 


Finally, the closure is completed by observing that if m,,n,, ny isa 
point on the yield surface, then the point m,, —n,, -—ng is also. 

The complete level curves for n, > 0 are shown in Fig. 2. The 
curves for n, < 0 are obtained by a reflection in the origin. This 
vield surface is the same as that obtained by Onat (4) by a dif- 
ferent method. 
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Yep Surract 


LINEAR YIELD SURFACES 


While some simple problems can be solved with the exact vield 
surface as obtained in the previous section by numerical integra- 
tions (3), it seems desirable to simplify the vield surface to obtain 
In (4) a 
specific problem first was considered and the pertinent plane sec- 
Here, the entire \ ield sur- 


closed-form approximations, at least as a first step 


tion of the yield surface was linearized 
face will be linearized. Although the resulting approximation 
will not be quite so accurate as that obtained in (4) it will be 
applicable to more general problems 

In order to fix clearly the processes involved without complicat- 
ing the algebra unduly, a related two-dimensional stress problem 
will be considered in detail, namely, the cylindrical shell without 
end pressure. The axial force n, then vanishes identically, and 
the yield curve is the section n, = 0 of the vield surface considered 
previously. It consists of straight-line segments and parabolic 
arcs as indicated in Fig. 3. Various polygonal approximations are 
indicated by dashed lines in Figs. 3 (a to ¢) 
iNis 


In each case the 


curve is symmetric with respect to the ny- 


Actual Approximate 


Fic. 3) Two-Dimenstonar Yieip Curves 

The particular polygonal approximation indicated in Fig. 3(a 
may be obtained directly by considering an ideal sandwich shell 
consisting of two faces which can carry only membrane stresses 
and a core which can carry Let 2H represent the 
thickness of the entire shell and 7’ the thickness of one face. If 
and those in 


only shear. 


the stresses in the top face are denoted by ¢@,', a,' 
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the bottom face by o,?, 7,7, the resulting forces and moments 
for the entire shell are 


N, = T(e,' + @,7), Ne = 


M, = HT(¢c,?—<,'), Mey = 


T(a,' + o,*) 


HT(o,?— a,') 


The dimensions of the given constant-thickness shell and the 
idealized sandwich shell are chosen so that the limit moment in 
pure bending and limit force in pure tension are the same in each 


case. Thus, in view of Equations [25] 


No = 4kT = 4kt, My = 4kHT = 2kt? 


hence 


In view of Equations [10], dimensionless stress resultants are still 
defined by Equations [2a]. 

For the particular problem under consideration, V, vanishes 
If Equations [9] are solved for a,', ¢,%, o,', and o,? 
and substituted into Equations [1] for both the top and bottom 


surfaces, the resulting twelve inequalities may be written 


identically. 


l<s—m, $1, [12] 


l + ny 
1+ny, +m, ( cme < 
l— ft, | 

snail a 


— Ne + M, J 


rm [13] 


} 
+ m, |) 


Since my, does not enter into the further calculations, it is only re- 
quired that there exist some my satisfying the eight Inequalities 
[13]. A necessary and sufficient condition that this be so is that 
each left-hand side be less than each right-hand side. If the 
duplications in the resulting sixteen inequalities are omitted, the 
following set is obtained 


[14] 
. [15] 
[16] 
[17] 


[18] 


2n, + m, 


2ng — m, < 2. 
To these must be adjoined the Inequalities [12]. It is readily 
verified that all of these inequalities are satisfied provided [12], 
[17], and [18] all hold. But these define precisely the domain 
included in the dashed curve in Fig. 3(a). 

The same technique may now be used to find a polygonal ap- 
proximation to the three-dimensional yield surface derived in the 
previous section. The final result is a convex polyhedron 
bounded by the twelve plane faces which are listed in the first two 


TABLE 1 YIELD POLYHEDRON 


Strain-rate vector Trace in 
Equation (U', —W, —W%/2c?) 
=] (0, 1,0) 

(0, 1, 
A(l, 
A(—1, 
A(1, - 
u—Ii, 
(1, 
A(—1, 1, 0) ; 
m, = 1 A(1, 0, —1) EF 
+m, = A(—1, 0, 1) BC 
aA(—1, 0, —1) EF 
A(1, O, 1) BC 


plane n- = 0 


~ Ng = 
-Mz- 


1 
2 


AB 
DE 
FA 
cD 


ng + Mm = 


..——nzg + 2ng — m, 
-Ng— 2ng — m, = 
—nz + 2ng + mr 

ne = 1 
+ ng = 1 


i vo tt to 
to 


— — a to to to 
a om ' 
= 

~ 


“Rg=" Hig © 


nmr +m, = 1 


columns of Table 1. The next column of Table 1 will be ex- 
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plained in the next section. The final column relates the general 
yield polyhedron to the particular case n, = 0 as shown in Fig. 
3(a). 

The level curves of the yield polyhedron for positive n, are given 
in Fig. 4. These may be compared with the actual level curves in 


a™, 











Fie. 4 Levert Curves or Yretp PoLYHEDRON 


Am, 























F E 


Fic. 5 Surraces or YIELD PoLYHEDRON 


Fig. 2. Fig. 5(a) shows the plane surfaces corresponding to posi- 
tive n,, and Fig. 5(b) those for negative n,. Another convenient 
representation of the yield polyhedron is given in Fig. 6. The 
plane faces, boundary lines, and vertices are all shown in their 
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Fic. 6 Topo.togicaL Representation OF YieELD PoLYHEDRON 
proper topological relationship by projecting the polyhedron 
onto a circumscribed cylinder, unrolling the cylinder, and then 
straightening the curved ares. This figure proves quite useful in 


discussing particular problems. 


EQUILIBRIUM AND FLow RvuLe 
The equations of equilibrium for a cylindrical shell are well 
In terms of the present 


r 


known [see, for instance, reference (6)]. 


reduced variables they may be written 


n, = const 


P= 


’ 


m”,/2c? + ng 


gq, = (L/2ac?)m, 
where c, P, and y are defined by 


c= L/¥V at, z/L.. {20} 


P = pa/Ak y = 


an | primes indicate differentiation with respect to y. 

An ideal rigid plastic material often is forced to admit certain 
discontinuities which represent narrow regions of rapid change in 
real materials. Considering the equilibrium of a small element, 
Fig. 8, it is evident that the shear, axial moment, and axial force 
that the circumferential force and 
Thus, in view of the third 


must be continuous but 


moment be discontinuous. 


Equation [19] 


i 


may 


m,] = m,'] = n,] 


=0 (21) 


at each surface of discontinuity where the symbol | denotes the 
jump in the quantity preceding. 

In general, some of the boundary conditions will involve veloci- 
ties so that it is necessary to consider the associated flow rule. 
The plastic potential-flow law can be interpreted directly in terms 
of the stress resultants and the extensions and curvatures of the 
middle surface to show that a certain strain-rate vector is normal 
to the yield polyhedron [4]. In terms of dimensionless veloci- 
ties 

u/L 
this vector is 


W, —W’” /2c*). 


For each face of the yield polyhedron, the vector E must be 
normal to the yield polyhedron, and directed outward. Thus, if 


l,, m,, nm, represent direction numbers of the kth face 


E = Xl, my, n,) 


(24) 
where A is an arbitrary positive function. These vectors are 
listed for each face in the third column of Table 1; At the inter- 
section of two faces the direction of the vector is partially inde- 
terminate, but E must be given by 

E = X(1,, m, nm) + u(L,, m,, Ny) [25} 


where A and uw are both nonnegative. 
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As regards continuity, W must be continuous since a discon- 
tinuity would correspond to an infinite shear, and the shear is 
The slope Ww’ 
remain finite, since an infinite W’ would imply a discontinuous 
W. If W’ is discontinuous, then W” is infinite. U 
continuous and U”’ infinite. In fact, it will be shown in an exam- 
ple that if W’ is discontinuous then the discontinuity in U’ is pre- 


assumed small. may be discontinuous but must 


may be dis- 


scribed. 
Suort SHevt Wrrnovutr Exp Loap 


The general method of solution will be to use certain heuristic 
arguments to deduce the general nature of the stress distribution 
in the shell at the instant of collapse. Let the mapping of the 
various states of stress onto the stress resultant space be defined 
" and the various faces and edges of the 


as the “stress profile,”’ 


yield polyhedron identified as plastic regime 1, plastic regime 
A-B, and so on (7). Then the first step is to make reasonable as- 
sumptions as to which plastic regimes® contain the stress profile. 
With this information as a starting point, all equations, boundary 
conditions, Jump conditions, and inequalities will be utilized to 
find the complete solution. If such a solution exists, it will of 
necessity be the desired solution of the problem and the heuristic 
arguments will have been justified. If no solution exists, then the 
original argument as to the proper plastic regimes was unjustified 
and another combination must be attempted. It should be 


pointed out that the original heuristic argument is unnecessary in 


that the exhibition of the complete mathematical solution is 


2t f 2u 








CYLINDRICAL SHELI 


ht S (left Stress DiscontTinulttripes 


sufficient. However, in view of the large number of possibl 
plastic regime combinations, a trial-and-error procedure with no 
physical basis would be prohibitively lengthy 

The first example to be considered is that of an on shell, su] 
ported by rigid rings at either end, and subjected to uniform ex 
ternal pressure, Fig. 7. It may be observed that the solution to 
this problem would apply to a typical bay of a long shell with 
several equally spaced reinforcing rings 

Since there is no axial load, it follows immediately from the 
first Equation [19] that n, = 0; hence the stress problem may be 
discussed in relation to the two-dimensional yield polygon, Fig 
3(a). If the shell is very short, it would be expected to fail in a 
manner similar to a uniformly loaded built-in beam, i.e., with dis- 
continuous slopes at either end and at the center. Such a cirel 


with discontinuous slope will be called a “hinge circle’ (7). At 
5 In general, part of the stress profile may be interior to the vield 


polyhedron, and hence rigid, but in the examples considered the 
stresses are everywhere plastic. 
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the end rz = 0, then, the curvature must tend to — ~, while the 


displacement is zero. Therefore 


W/W" =0, W’>0 


at this end. It follows from Table 1 that faces 9 and 11 of the 
yield surface are the only ones admitting such a velocity vector, 
and for n, = 0 these faces both reduce to the line E-F in Fig. 3(a). 

A similar analysis applied to the center y = 1 shows that this 
point must correspond to the line B-C if there is to be a hinge circle 
at the center. Finally, at all points of the shell the circumferen- 
tial stress will be negative so that these points are connected 
along sides F-A and A-B in Fig. 3(a). 

It is easily shown that no finite portion of the shell can be in 
plastic regime E-F. Indeed, from Table 1 


(U', —W, —W’"/2c?) = X\(—1, 0, 1) + w(1, 0, 1) 


along E-F. Thus 


U'=-—rA+4p W =O, W’/2? =X +p 

Since A and uw are both nonnegative, the second and third of these 
equations can both be satisfied only if \ = uw = 0; i.e., there is no 
A similar argument shows that no portion of the 
Therefore, as y increases from zero to 1, 


plastic flow. 
shell is in regime B-C. 
the stress profile in Fig. 3(a) extends from F to A to B. 

In plastic regime F-A, it follows from Table 1 and Equation 
[19] that 


ny = C cosh cy + D sinh cy P 


m, = —2C cosh cy — 2D sinh cy + 2P 2 


The elimination of \ from the expression for the strain-rate vector 
on F-A from Table 1 leads to differential equations which are 


easily solved to yield 


W = Geosh cy + H sinhey, U = W/2>0 [27] 


Similarly, along A-B, the solution is found to be 


no = A cos cy + B sin cy r 
|28a] 


m, = 2A cos cy + 2B sin cy 2P +2 


W = + Fsincy, U = W/2 > 0...[28)] 


E cos cy 
Equations [27] will hold forO0 < y < ™, and Equations [28] for 

“wu <y <1, where x, is to be determined. The stress-boundary 

conditions for the assumed profile are easily seen to be 

m'(1) = 0 


m0) = 1, m(l) = +1, 


my) = 0, miy*) = 0, m(y7-) = m'(m*) 


:quations [29a, b, ¢, d] are sufficient to determine the four arbi- 


trary constants in Equations [27a] and [28a], the collapse load P, 


and the transition point y»,. The resulting solution is 


sinh e( Y— y) 
O<y<n, (2P — 1) : 
sinh cy; 


(P 1 if —_ cy a | 
sinh cy; 


a= (P—1/2) ae 


sinh cy; 


+(P—1) sinh cy - 


sinh cy; 
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Y¥w<y<il,m = (2P — 1) cos c(1 


[305] 
- 1/2) cos e(1 y) P 


+ cos c(l y1)/2|1 — cos e(1 ")]) [31] 


P=1 


cos c(1 v1) cosh cy, + sin (1 4“) sinh cy, = 1. . [32] 


Fig. 9 shows y; as a function of ¢ as determined by Equation [32] 
and also shows 7 as given by Equation [31]. 
10 -+7— 


cee aes r ——s 


| | TT 
| | | | | | | } 
p++ - 6 4 a i on rl 

| | j | | 


}—4+ +--+ + 4 — 4+ +-- - -4+ — +— 
| ] 

















Fic. 9 AssumMep So_ution Witn Taree Yievp Circies 

From Fig. 9 it appears that the collapse load P becomes less 
than 1 for ¢ greater than about 2.5. This result is unreasonable, 
since for an infinitely long shell plastic flow will take place with no 
bending at a load P = 1. In order to see why the solution just 
given is incorrect for large c, it is necessary to consider the velocity 
field. If W, represents the velocity of the point y,, then W must 
be given by Equation [27b] for 0 < y < m, by Equation [28] for 
y: <y <1, and must satisfy the boundary conditions 


W(0) =0 Winm-) = W, 


Wiy,*) = Wi, W'm*) = Wn 


The resulting velocity field is 


W = W, esch cy sinh cy, 0 < y < [34] 


W = W, esch cy,[cos e(y — y) sinh em 


+ sin c(y — y:) cosh ey], wn < y < 1. . [35] 


It will be observed that the velocity fteld is determined only to 
within the arbitrary positive multiplier W, as must necessarily be 
the case for a perfectly plastic-rigid material. 

Since the limit moment of the hinge circle at y = 0 is positive 
the discontinuity in slope (which is twice the slope, when account 
is taken of the other half of the shell) also must be positive. This 
condition can be shown to lead to the restriction 


0 <¢ < 1.65 


for the solution of this section to be valid. 


Lone SHeii Wrrnovur Enp Loap 


For any length shell, the solution near the clamped end must be 
the same as in the previous section. Indeed, since the clamped end 
can suffer no displacement, it must be in a state of pure negative 
bending under the limit load. Therefore, at least for y sufficiently 
small, the stress point is in plastic regime A-F, and the solution is 
still given by Equation [27]. However, it is easy to see that this 
solution cannot be valid for all y, since at y = 1 either the slope 
must vanish or the moment must equal +1. Therefore there will 
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continue to be a transition point y = 
will move from regime A-F to A-B. 


y, at which the stress point 


For short shells it was shown that the stress point moved all the 
1, but for ¢ larger than 1.65 this led to a negative 


way to Bfgry = 
slope discontinuity. Therefore for larger values of ¢ it is evident 
that the stress point for y = 
A-B. This being the case, Equations [28] are still applicable for 


vi < y <1, but the proper boundary conditions are now 


W, 


W'(m,*) = 


my*) =0, Wiyt) = 
m'(awy,*) = m"(m7), 


W%1) =0 


W'(m~) 


136] 


m'(1) = 0, 


The complete solution is seen to be Equations [27] for0 < y < m, 
and 


cos c(1 y) 
m = 2(P 1) 


cos c(l Ww) 


n= (P 1) cos c(1 


y)/cos cf l . 


W = W, cos c(1 — y)/cos c(1 — y;) 


for y; < y < 1, where 
tan c(1 4) = 


coth cy [37b]) 


P = 1 + (1/2)/(2 cosh cy; 1) [37¢ 


It is interesting to observe that, whereas for the short shell the 


entire solution could be obtained from the stress equations, Equa- 
tions [37] are based on both stress and velocity. 

Salient features of the complete solutions are shown in Fig. 10 as 
functions of the parameter c. 
transition point y,, the center moment m(1), and the center and 


These include the pressure P, the 


end slopes W'(1) and W’(0). For 0 < ¢ < 1.65 the data are ob- 
tained from the preceding section, and for 1.65 < c¢ from, the 
present section. 

SHeiis Wirn Enp Loap 


If a hell which is closed at the end by rigid plates is submersed 


1 is some interior point of regime 


5 6 


in a hydrostatic pressure field p, there will be a compressive axial 
force of magnitude ma?p. 19] 


and 


Therefore, in view of Equations 
20), the axial resultant will have the constant value 
-P/2 


nr, = 


38] 
throughout the shell. It follows that the stress point will always 
lie in the intersection of the plane [38] with the yield polyhedron, 
the height of the plane depending upon the value of P. 

For very short shells, collapse will be due essentially to pure 
axial compression so that P ~ 2. Therefore, at least for ¢ suf- 
ficiently small the stress point will be in a plane —'/: <n, <—I, 


Fig. 11. From Fig. 6 it is immediately evident that only the 














s 


Fie.11) Typicat Section or Yre_tp Po_yHepron (—1 < ne < 


plastic regimes which need be considered are 8, 11, 1, 10. Fig. 5 
then shows that plastic regime 8 corresponds to a tensile circum- 
ferential force, hence is not likely. Further, by the same argu- 
ment used previously it can be shown that neither of regimes 10 
nor 11 can support a strain-rate vector so the stress profile lies 
in regime 1. 
Integration of the strain-rate vector for regime 1 from Table 1, 
together with the condition W(0) = 0 leads to 
W= Wy, U=C [39] 
where W, is the velocity at the center. 
ously produces hinge circles at y = O and y = 


This velocity field obvi- 
1 so that the stress 
profile comprises the entire line S-7 in regime 1, Fig. 11, with y = 
lto 7. 

1 from Table 1 into Equation [19] 


0 corresponding to S and y = 
The substitution of n, = - 
together with the conditions 
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1 + P/2, 


l+n, = 1 


n, = 


m,(0) 
m (1) = - P/2, m’(1) = 0.. 

leads to the stress field 

- PXy* — 2y)— (1 — P/2), 

n, = —P/2, ng os [41] 


z 


m, = c*%(1 


where the collapse load P is given by 


P = (c? + 2)/(c? + 1).. [42] 
The strain-rate vector at the intersection of regimes 1 and 11 is 
obtained from Table 1 and Equation [25] and elimination of u 
then furnishes 


-W" /2c? [43] 


Equation [43] is to be interpreted as holding in a vanishingly 
narrow region, hence in the limit the Jump condition 


U] = —(1/2c?)W’| [44] 


is obtained. Similarly, at y = 1 


U] = (1/2c?)W"] . [45] 
If the rigid ring at y = 0 is arbitrarily assigned the value U = 
0, it follows from Equations [39] and [40] that 


U = —W)/2c? e<s< 4... .... [46] 
In the other half of the shell it then follows from Equation [45] 
that U = —3W,/2c?. 

The heuristic thinking which led to the consideration of plastic 
regime 1 was based on a short shell. However, the resulting 
solution satisfies all conditions for any value of c and hence repre- 
sents the correct solution. Fig. 12 shows the collapse pressure as 
a function of ¢ for a closed shell according to Equation [42] and 
also shows the open shell values according to the two preceding 
sections. The fact that the closed shell has a higher collapse 
pressure than the open shell for moderately long shells may seem 
surprising at first glance. However, it may be explained by the 
following heuristic argument. 

An open unsupported shell would collapse when the cireum- 
ferential stress reached yield, i.e., for P = 1. The effect of the 
rigid reinforcing rings is to provide an end moment which re- 
duces this stress slightly. For the open-end shell, the condition 
of zero axial force means that this moment can be produced only 
by equal tensile and compressive axial stresses across the height 
of the shell. 
compressive radial stress necessary to produce yield, see Fig. 1. 
Therefore the improvement due to the reinforcing ring is 
limited. 

However, the presence of a net axial compressive force for the 


However, the axial tensile force present reduces the 
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Fic. 12 CoLiapse Pressures ror OPEN anv CLosEp SHELLS 
closed shell means that a moment up to half the yield moment 
can be present at the end due solely to the distribution of com- 
pressive stress with no tensile stress at all. Therefore the im- 
provement should be greater in this case, as has been found. 

Of course, for a very short shell, the open collapse load tends to 
infinity while the closed shell cannot support a load greater than 
P = 2 without failing in axial compression. 

In conclusion it should be pointed out that no account has 
been taken of the so called beam-column effect due to the end 
load. For the ideal material here considered there is no such 
effect, since there are no deformations at all until the collapse load 
is reached. However, in applying these results to & real ma- 
terial, great caution should be used if the predicted collapse load 
approaches the Euler buckling load of the shell. 
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Boundary-Value Problems of the Thin- 
Walled Circular Cylinder’ 


By N. J. HOFF,? BROOKLYN, N. Y. 


The homogeneous differential equations of Donnell’s 
theory of thin cylindrical shells are integrated. Expres- 
sions are obtained in closed form for the displacements, 
membrane stresses, moments, and shear forces. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


real number 

radius of cylinder 

constant of integration 

real number 

constant of integration 

constant of integration 

differential sign 

Eh*/({12(1 — v?)] 

Young’s modulus of elasticity 

thickness of shell 

imaginary unit 

12(1 — v*)(a/h)? 

length of shell 

axial bending moment per unit length 

circumferential bending moment per unit 
length 


Mz, = torque per unit length 


M,,M:,M,',M,’ constants (see Equations [93, 94]) 
n = integer 
N,,N2,N1',N9’ constants (see Equations [95, 96]) 
p complex number 
Q, = shear force per unit length in axial section 
Qe, shear force per unit length in section per- 
pendicular to axis 
R,,R2,R,',R2’ = constants (see Equations [97, 98]) 
S,,S:,S:',S2’ = constants (see Equations [99, 100]) 
T:,T2,T:',T2’ = constants (see Equations [101, 102]) 
= u*/a 
axial displacement 
v*/a 
circumferential displacement 
w*/a 

! This work was performed under a consulting contract with the 
Knolls Atomic Power Laboratory, Schenectady, N. Y., operated by 
the General Electric Company for the United States Atomic Energy 
Commission. The author is indebted to the company, to the AEC, 
and to Mr. Daniel R. Miller, the project supervisor, for their per- 
mission to publish this article. 

?Head of the Department of Aeronautical 
Applied Mechanics of the Polytechnic Institute of Brooklyn. 
ASME. 

Presented at the West Coast Meeting of the Applied Mechanics 
Division, Berkeley, Calif., June 21-23, 1954, of THe American 
Soctety or MEcHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1955, for publ’cation at a later date. Discus- 
sion received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, June 23, 1953. Paper No. 54—APM-4. 
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radial displacement 
= zr*/a 
= axial co-ordinate 
a real part of p 
i8 = imaginary part of p 
Yee shear strain 
r,,T.,T,’,T:’ = constants (see Equations [103, 104)}) 
re) sign of partial differentiation 
v? Laplace’s operator 
€, axial strain 
ey circumferential strain 
0;,02,0;',02’ ) constants (see Equations [105, 106, 107, 
0,'’,0,"",0;'"",02""" i 108}) 
K, = curvature in axial section 
Ky = curvature in section perpendicular to axis 
Ay’, A:’ constants (see Equation [109]) 
v Poisson’s ratio 
Or axial stress 
Cy circumferential stress 
Tso shear stress 
¢g circumferential angle 
P, P,P,’ PD,’ constants (see Equations [110, 111]) 
WV, V2, Vi’, Ve’ constants (see Equations [112, 113]) 
2 constant (see Equation [24]) 


INTRODUCTION 


When a thin-walled cylindrical shell is subjected to arbitrary 
distributed surface or inertia loads, it is generally not difficult to 
find a particular solution satisfying the inhomogeneous equations 
that govern the displacements of the shell. It is much more 
time-consuming to solve the homogeneous equations and to 
adapt these solutions to the boundary conditions when the 
particular solution does not automatically satisfy these condi- 
tions. This statement is particularly true when the calculations 
are carried out with the aid of the classical theory of thin shells. 

The basic equations of thin-shell theory originally were derived 
by Love (1)? in 1888 and were presented in the form most fre- 
quently used today by Fliigge (2) in 1932; in this latter form they 
appear in the textbooks by Fliigge (3), Biezeno and Grammel (4), 
and Timoshenko (5). A considerably simplified set of equa- 
tions was derived by Donnell (6) in 1933; there are indications 
that, under most conditions of loading, the deformations and 
stresses calculated from these equations differ little from those 
deducible from the generally accepted set. There is even some 
doubt whether the classical equations are always more accurate 
than Donnell’s equations. Eric Reissner (7) showed in two re- 
cent papers that some of the terms missing from the classical dif- 
ferential equations in consequence of the assumption that stresses 
and strains in the direction of the surface normal are small, are of 
the same order of magnitude as those appearing in them because 
the ratio of the wall thickness to the radius is not considered 
negligibly small as compared to unity. 

The classical homogeneous equations have been solved by 
various authors in a form suitable for the investigation of edge 


effects along generators. These solutions are important in ap- 


3 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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plications to reinforced-concrete shell roof structures. A de- 
tailed presentation of the problems involved can be found in a 
recent ASCE manual (8). A closed-form solution of the homo- 
geneous Donnell equations was given recently in a paper pub- 
lished jointly by the author, Joseph Kempner, and Frederick V. 
Pohle (9); this solution can be employed when displacements or 
The solutions given by 


stresses de prescribed along generators. 
Miesel (10) and Aas Jakobsen (11) are useful when the shell is a 
complete cylinder of finite length and thus the free edges are circu- 


lar. Such structural elements are common in mechanical-en- 
gineering practice. As the roots of the classical equations cannot 
be given explicitly, the Miesel and Aas Jakobsen solutions are 
implicit and leave a considerable amount of work to the com- 
puter. 

The purpose of the present paper is to remedy this situation. 
Through the use of the Donnell equations all the displacement and 
stress quantities are given in a relatively simple explicit form. 
These results can be used in solving problems involving pre- 
scribed boundary conditions along circular boundaries, such as 
line loads and concentrated loads. 


Basic EQUATIONS 


In the absence of surface and body forces Donnell’s equilibrium 
conditions of an element of a thin-walled circular cylindrical shell 
can be stated in the following form 


Viw + 4K‘w,,,,. = 0... 
Vu = PW, 222 — Wegy--- 
Viv = (2 + v)w,s2y + Wege-- 
where the subscripts following a comma indicate differentiation 
4K* = 12(1 — v*)(a/h)?.. . [4] 
and Y? is Laplace’s operator 
V2? = (07/dzx?) + (07/d0¢"). ee |) | 


The nondimensional distances and displacements are defined by 


the equations 


z= (z*/a) u = (u*/a) v = (v*/a) w = (w*/a)...... [6] 


and x* is the distance measured in the axial direction along a 
generator, ag that measured around the circumference, and 
u*,v*, and w* are the displacements in the axial, circumferential, 
and radial direction, respectively, as shown in Fig. 1(a). The re- 
maining geometrical and physical quantities are a, the mean 


Qu 
Oy 


Fic. 1 (a and b) Sign ConventIoN FOR 
Co-Orpb1NATES, DISPLACEMENTS, 
STRESSES, AND Stress RESULTANTS 
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radius of the shell; h, the thickness of the shell; L, the length of 
the shell; £, Young’s modulus of elasticity; and v, Poisson’s ratio. 

In Donnell’s approximation and with the present sign conven- 
tion the strains € and the curvatures « of the median surface of the 
shell are defined as 


= u K, = (l/a)w,,, 
(1/a)w, gy 


(1/a)w,,» 


‘Zz 


=V.9— Ww Ke 


= te + U5 Kiy 
The membrane stresses can be given 
= [E/(1 v*)}(€, + ve.) 


= [E/(1 — v*)](u, 


v?)] (ve, + €,) 


= [E/(1 — v*)] (vu, 


Tig = [E/2(1 +») Yep = [E/2U + v)] (ue + 0.) 


The moment-resultants per unit length are indicated as right- 
hand vectors in Fig. 1(6). They are 
= —D(k, + vky) = —(D/a)(u,,, + Vw, gy) 
My, = —D(vx, + ky) = —(D/a)(w, 99 + vw,,,) 
Mig = —My, = (1 — »)Dn,, = [((1 — »)D/alu,,, 


with 


D = Eh'/{12(1 — v?)). [9a] 


The shear forces per unit length which accompany these 
moments and act in the radial direction are 


(D/a*)(w,..- - W, sy) 
—(D/a*)(w, pee + Were) } 


Q, = (1 a)(M,,, a M oz.) - 


} 
Qe = (1/a)(Mo.g — Myy.2) [10] 


b+ L/2 











HOFF—BOUNDARY-VALUE PROBLEMS OF 


If the equivalent shear (1/a)M,y,,, corresponding to the dis- 
tributed torque is added to Q, in agreement with Kirchhoff’s 
suggestion‘ the total effective shear force per unit length is 


Qo.etr = —(D/a*)[w, gee + (2 — »)v,22¢1 [11] 
If the equivalent shear (1/a)M,,,, corresponding to the dis- 
tributed torque is subtracted from Q, one obtains 


Q:-et = —(D/a*)[w,,., + (2 v)W,, ge! [12] 


SOLUTION OF THE EQUATIONS 
The solution is assumed in the form 
[13a] 


w= 


Ae?™ cos ng 


[130] 


u = Be? cos ng 


v = Ce? sinng [13¢] 


and n are assumed real and B, C, and p are complex 


Substitution of these expressions into Equation [2] 


where A 
quantities. 
vields 


vp? + n? 
B= pA 
(p? - n*)? 


Substitution into Equation [3] leads to 


n? (2 + v)p? 
C = ew [15] 
(p? n?)2 


The assumption contained in Equation [13a] is correct if upon 
substitution in Equation [1] an identity is obtained. The condi- 
tion of this is 

(p? — n?)‘ = 1A ‘p*.. [16] 
This e 


dividual! 


juation has eight roots for p which have to be treated in- 
One root is characterized by the following choices 
(p? — n*)? = +72K2p?... [17a] 


p* . (1 + d)Kp.. [176] 


If p is represented as 

p=artip... [18] 
where @ and @ are real quantities, Equation [176] is equivalent to 
the following two equations containing only real quantities 


ab n?— Kb =0.. [19a] 


a? — b?— 2Ka = 0 [19d] 
where 
a=a+8s e* [20] 
From Equation [19a] 
= K + (n*/b).. (21) 
and substitution into Equation [19] yields the biquadratic 
b4 + K%?— nt = 0O.. 


The solution is 


—(K?/2) + [(K2/2)? + n‘]'/*... [23] 
where the square root must be taken with the positive sign in 
order to obtain a real quantity for b. The positive square root of 


the right-hand member is designated by Q 


+ {—(K2/2) + [(K2/2)? + ns] '/s}'/2 [24] 


7. 


4 See, for instance, reference (5), p. 90. 
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Both +2 and —Q correspond to solutions of Equation [1]. If 
one chooses the negative sign 


a becomes 
— (n?/Q2)... 
and from 
(1/2)(a — b) 


a = (1/2)(a + b) B= 


the real and the imaginary parts of the root are obtained as 
a= Qe B nS B: [28] 

where 
2)(2 — K + (n*/Q)] 
B: = (1/2)[2 + K — (n*/Q)] 


Hence the root of Equation [1] corresponding to the choice made 


is 


[29a] 


[29d] 


p = —az + ip, [30] 


In evaluating the axial and the circumferential displacements 


the following expressions must be determined 
p* = n*— K[(az + 82) + i(a2 — 8:)) 
1 _ 2K) ,, 
~ n? ry a? + B,% I(as 
(1/2K%) 


[3la} 


i 


+ B.) — i(aez B2)]. . . [316] 


[2axB, i(a,? B3*)].. [31e] 
Pp? 1 


(p?—n2)? 2K? a 


aur | 


Q@, cos Box Bs sin Bor 
+ i(8; cos Bar — az sin Br)} 


pe’? =e 
[3le] 


Substitution of these expressions in Equations [136] and [14] 


sciiaes L -] j n? 
Fcos ng) = OK? {| + B) — | B, cos Bax 
n® ( 1 j n? 
+ 28 B + + p 
® E + B:) ac in Pat + OKs {lic + B:*) | 


9 
x Q@, COs Box . FE , 3 2) r|a By sin B, af [32] 


Equation [13c] together with Equations [31] and [15] yields 


results in 


u/[Ae 


2a. 
2 cos Bex 


nj 
~ 9K?" (as? + B:*)* 


(a? — B,") 
si | (a;? + 8")? 
in ‘ee (a,* — B;*) 
~ 2K?) . a? + B,%)? 
2a2Be 
(a? + B;*)? 


v/[Ae—*™ sin ng] 


-(2 + » |i Bast 


sin act [33] 


— (2+ 1) |oo Box — n? 


Finally the radial displacement can be given as 
w/[Ae—** cos ng] = cos Br + i sin Sor [34] 


In Equations [32] to [34] the symbol A designates an integration 
constant. 
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If Equations [17] are replaced by the relationships 


(p? — n?)? = —i2K*p?... [35a] 


+(1 —1)Kp [355] 


p?—n? = 


and Equation [18] is maintained unchanged, Equation [21] is 
replaced by 


b = K + (n?/a).. [36] 


and Equation [23] by 


(K2/2) + [(K2/2)? + n‘]'/2. [37] 


a? = 


Leta = —Q, where 2 is defined in Equation [24]; then the root 
of Equation [1] is 

p= - iB2.. [38] 
with a, and 8, defined in Equations [29]. This is the conjugate of 
the root obtained earlier. Similarly the expressions resulting for 
u, v, and w are conjugate to those given in the foregoing. Hence 
the real and the imaginary parts of the solution presented are in- 
dependent solutions of the system of equations. 

If Equations [17] (or Equations [35]) are replaced by 


(p? — n*)? = i2K*%p?... [39a] 


p?—n? = —(1 + i)Kp [39b] 


again Equation [23] is obtained for 6%. If b is chosen as —Q as 
in Equation [25], with Q defined in Equation [24), the root of the 
eighth-order equation becomes 


p = —a, + ifi.. [40] 


where 


a = (1/2)[2 + K + (n*/Q)] [41a] 


8, = (1/2){2 — K —(n?/Q)) [41d] 
Equations [31] remain unchanged except for the substitution of 
—K for K and the subscript 1 for the subscript 2. Similarly, the 
new expressions for the displacements can be obtained from those 
presented in Equations [32] to [34] by substituting 1 for 2 in the 
subscripts. 

Finally the choice 


(p? — n?)? = —i 2K%p? [42a} 


(l— 1)Kp [426] 


pi—n? = 
-() . ’ [42c] 


yields 


p = —m — tf... [43] 


and a set of expressions for the deflections which are conjugate to 
the preceding ones. Hence both the real and the imaginary parts 
of the solutions containing a and @; are solutions of Equations 
[1] to [3]. 

This takes care of all the solutions in which the real part of the 
root is negative. Those for which the real part of the root is 
positive are obtained when the foregoing calculations are modified 
by using +2 in place of —Q. This change will now be carried 
out for the first set of calculations. Oue obtains in place of 
Equation [30] 

— iB; [44] 


y= 


Equations [31] are replaced by 


p? = n? + K[(a; + B:) + i(a, — B,)}...... . [45a] 
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1 (1/2K 
p? eer n? = a? re x, [(ay + B:) — (a, — B,)] 
1 


l (1/2K?) 
~ (ay? + B,*)? (Banfi 


[456] 


1(a,? — B,?)].. [45ce] 


(p? —n?*)? 
p? * i 
(p? — n?*)? ~ 2K" 
pe?? = e™* [a, cos Bix — B; sin Biz 
i (8; cos Biz + a sin 8,r)} 


[45d] 


[45e] 


Finally the displacements become 


n? 
v | 8, cos Bix = ~+y 
a? + B,? 


i J n? 
2K? iF + Bt” 4 seein 
n? B, ein B ( 
+ a? +B v ) sin od 


nj 2af; 
~  n? 
2k? | (a? + B,?)? 
a? B,? : { 
~<a (2 + v) | sin Bix ¢ 
(a? + 8,2)? 
a? B? 


2 9 208 
n ao (2 + v) cos Biz 
(a,? + B,?)? | 


2a,8 
+n? ni — sin Bir ¢ 
(a;? + B,?)? 


u/[Ae™* cos ng} 


aoe J n 
~ 2K? UL a? + B;? 


x a, sin Burt 


v/|Ae*™* sin ng] = cos Bir 


[47] 


w/|Ae™* cos ng| = cos Bir isin Or {48} 


If a similar change is made in the second set of calculations. the 
root becomes 
p= a + tf. [49] 


and the expressions for u, v, and w become the conjugates of those 
given in Equations [46] to [48]. This proves that the real and 
the imaginary parts of the right-hand members of Equations [46] 
to [48] are individual solutions of Equations [1] to [3}. 

Replacement of —Q by +Q in the remaining two sets of calcu- 
lations shows that both the real and the imaginary parts of the 
solutions obtainable from Equations [46] to [48] through re- 
placement of the subscript 1 by subscript 2 are individually solu- 
tions of Equations [1] to [3]. 


MEMBRANE STRESSES AND MOMENT AND SHEAR 
RESULTANTS 


If the expressions given for the deflections in Equations [13] 
are substituted in Equations [8] to [12], the following equations 
are obtained 


2y2 
p?n (50) 


= £ —- Ae’? cos ng . 
o,=E he Ae”? c ¢ 


(p? — n?) 


p4 
wll Ae’? cosng... 


-E - . [51] 
(p? — n*)? 


Cy= 


3 
—E ~ Ae” sinng... 
(p? — n?)* 


-(D/a)(p* 
M, = —(D/a)\(vp* 


- pn*)Ae?* cos no.. 


— n*)Ae?* cos ng 
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Me = —(1 — v)(D/a)npAe* sin ng.. (55) 


z:¢ 


Q, = —(D/a*)\(p? n?)pAe’® cos ng [56 | 


Q, = 


(D/a*){p? 2 


(D/a?)(p? n?)nAe’* sin ng [57 


Q:-etf = v)n?|pAe® cos ng [58] 


< 


Qp-ett = D/a?)|n? — (2 —- v)p?|nAe”™ sin ne [59] 


When p = —ae + i; these expressions become 


o,/|AE e~* cos ng] = (n?/2K?)(sin 6,2 -— i cos Bz)... [60] 


cosng)] = —(n?/2K?*)(sin Bar i cos Bar) 


) COs Box + (Qe + B) sin Box 
82) sin B.r)} 


Ty {4A EE é aor 
+ (1/2K) } (az By 


t\( Qe + B:) cos Box ( Ms {61} 


[AEe~** sinng] = —(n/2K?)[B: cos Box 
Q@ sin Bor + i(az cos Bor + Bz sin Bxr)] 


{62} 


[A(D/a)e~** cosng] = —(1 v)n? (cos Box + 7 sin B2r) 
+ K { (a + 8.) cos Box B:) sin Box 
B>) cos Bor + (a2 + Bz) sin Bar]}.... 


(Qe 


+ i[(ae [63] 


[A(D/a)e = (1 v)n*(cos Bor + i sin B2r) 
+ vK{(a2 + B2) cos Box ( Qe B.) sin Box 


B2) cos Box + (a2 + Be) sin Bz}}.... [64] 


“=F cos ng} 


+ a[( ae - 


{|A(D/a)e~* sin ng] = (1 v)n[az cos Bex 


+ By sin Bor i( B82 cos Box 


M,¢ 


a, sin Boxr)]..... [65] 


Q,/{A(D/a*)e~* cos ng} 
= K{ 

2a.8. 

X cos Box 


B27) cos Box 
(a? 2a.8 8,*) 
82") sin Bax}}.. . [66] 


(a.? + 2ar8, 
B2*) sin Box + 2[ 


(a? + 2a.8. 


+( a2? 


“=? sin ng] = nK { (a + B,) cos Box 
(a Bz) sin Bor + if(ae B.) cos Box 


+ B:) sin B.r]} 


Qy [A(D a* ye 


+ (Qe 


v)n?|—ae cos Box 

a sin Br)] + K{—(a.? 

) cos Box + (ay? 2a. 8.7) sin Bor 
B.?) cos Box (a2? + 2arBr 


B2*) sin Bor}}....... . [68] 


Q,.ett/ [AC D/a?)e~% cos ng] = (1 
Be sin Box T 1 B cos Box 
+ 2a. 8,? 


i{[—(az? 2a.8. 


—@z sinng] = (1 v)n3 (cos Bx 
v)Kn { (a + B.) cos Box 
Bz) cos Bor + (a2 + Be) 


< sin B,r}} 


Qy-ett/[A(D/a*)e 
+ isin Br) — (2 


B:) sin Box + i{( ay, 


(ae 


169] 


When p = a iB; one obtains 


o,/|AEe™? cos ng] = —(n?/2K*)(sin Biz + i cos Bix). . . [70] 


a,/|AEe™* cos ng) = (n?/2K*)(sin Biz + i cos B,x) 
(1/2K){(a: — B;) cos Biz — (a, + B;) sin Bix 
— if(a; + B:) cos Biz + (a, — B;) sin B:x)}} 


(n/2K*)(8; cos Biz + ay sin Bix 
- 3, sin B,r)]. . 


T,¢/(|AEe** sin ng] = 


+ i(a, cos Biz oa 


M,/|A(D/a)e*™* cos ng) = —(1 — v)n* (cos Bz — i sin Bx) 
K{(a + B:) cos Biz + (a, — f;) sin Byz 
- B;) cos Biz — (a + B;) sin B,x}} 


| 
+ (a 


M,/|A(D/a)e* cos ng} = (1 v)n*(cos 6,2 — 1 sin 6,2) 
vK { (a + B;) cos Bix + (a B,) sin Bix 
B,) cos Byx (a; + B;) sin B,2)} 


+ tl(ay 
M,,¢/\|A(D/a)e* sinng|] = —(1 v)n{[a, cos Bix 
8; sin Bx i(B, cos Bix 

K } (a? + 2a8; 8)? 
2,8; 8,2) sin Byr + ila? 
(a,;? T 2a,8, B,? 


+ a sin B,xr)} 


Q,/{A(D/a*)e*” cos ng} = 
X cos Bix + (a? 
. 20,8, B,?) cos Biz 


sin B,xr}] 


Q,/{[A(D/a?)e* sin ng} = nK}{(a: + B:) cos Bix 
(a B,) sin Bix + tl(a B,) cos Bix 
(a + B, ) sin B,r}} 


Q, eff [A(D a* je™? cos ng} = (1 v)n® lay cos Byx 

B, sin Bye (8, cos Bir + ay sin Bix 

K |(a,? + 2a,8, B,?) cos Bit + (a? 
2a; B,?) sin Bix 2a,8; B,? 


xX cos Bix (a? + 20,8; By? 


+ i[(a,? 


sin B,xr}} |78] 


v)n? (cos Byx isin Pz 


+ (a B;) 
(a, + B,) sin B;2]} 


Qo.ett/[A(D/a?)e* sin ng] = (1 
v nK { (a + B,) cos Bix 
+ if(a, B,) cos Biz - 


+ (2 sin B\r 


79] 


The expressions corresponding to the remaining six roots need 
not be written because they follow from those given and from the 
remarks made earlier regarding the roots 
Final Expressions FOR DisPpLACEMENTS, MEMBRANE STRESSES, 

MoMENTs, AND SHEAR Forces 

When the solutions corresponding to the eight roots are multi- 
plied by integration constants A; to As and added up, the follow- 
ing final expressions result 


u = (1/2K*){e—™7[—A,(Nj’ cos Biz + N, sin Ba 
+ AN, cos Biz N,’ sin §,2)] 
+ e~@7|—A,(N2’ cos Baz + Nz sin Byx 
+ Ay( N2 cos Box N2’ sin Box) | 
e™7 ASN,’ cos Bix N, sin Bix) 
Ay(N, cos Bix + Ny’ sin B,x)] 
+ e™™[4,(N,’ Ne sin B22) 


— As(N2 cos 62x + No’ sin Bz)]} cos ng 


cos Box 
80] 


e~™7[4,(M,' cos Bix + M;, sin Bz) ‘ 
AM, cos Bx M,’ sin 8,2) 
+ e~@*/A;(M,' cos Bar + Mz sin Bor) 
Aq M, cos Bor M,’ sin Br) 
+ e™7[4;(M,' cos Bix M, sin Bz) 
A,(.M, cos Biz + M,’ sin B,r))} 
+ e7/ 4,(M,' cos Bor Mz sin Bar) 
- Ay(M, cos Bx + M;’ sin Bor)|}sin ng 


{e-™(A, cos Bz + A: sin §,2) 
+ e~**(A, cos Bat + A, sin Ayr) 
+ e™*(A, cos Biz — Ag sin B;2) 
+ e™*(A, cos Br — Ay sin B,r)}cos ng 


w= 


o, = (En?/2K*){e—™ (A, sin Bx — Az cos Br) 
+ e~™( A; sin Bz — A, cos B22) 
— e™7(A, sin Biz + A¢ cos B27) 
— e™*( A, sin Bax + As, cos B.r)} cos n¢ 
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R,’ 
mz E (= cos B,r + S,’ sin az) 
Ry’ 
S:' cos Bix + 4 sin a) 
R,’ 
ea E ( cos Byxr + S,’ sin aux) 
me 
a sin a) 


+ mi S,’ cos Bar + - 


R,’ 
} paz E ( —y cos Bix + S, sin az) 
mi. 
+ Ag (s cos Bix + a4 sin 2.) 
1 par! 4, = 
| ( 2K 


cos B.r + S, sin ase) 


R;’ 
A. (: cos Bux + Ee sin a.t) eo ng 


*) {eau A,(B,; cos Bix 
Axa, cos Biz + 8; sin B,r)} 
1! __4.(B, cos Br 
B, sin B.r)] 
e™*14.(8; cos Bix + a sin Biz) 
8; sin 8,2)] 


+ e™/4,(8, cos Bax + az sin Br) 


a sin Br) 


- @ sin Bzr) 


- A,(a; cos Box 4 
+ Agi a, cos Bix 


+ A.(a cos Bx — B: sin Boxr)|}sin ng 


VU, = (D/ajfe~™7(A\(V,' cos B.2—KR,' sin Bz) 
+ A KR,’ cos Biz + WV,’ sin B,x)} 

+ e~™/ 4,(V,' cos Bux KR,’ sin 8.2) 
+ A, KR,’ cos Br + WV,’ sin B.2)] 

+ e™*(4;,(—W, cos 8.x — KR,’ sin 8,2) 
+ As(—KR,’ cos Bz + WV, sin B,2)] 

+ e™2/ 4,(—W, cos B.x — KR,’ sin Br) 

+ Ad —KR,’ cos B.x + V2 sin B,r)|}cos ng 


M, = (D/a){e—**[A(T; cos Biz — vKR,’ sin Biz) 
+ A(vKR,’ cos Biz + T; sin 8,2) 

+ e~ (A(T, cos 8.2 — vKR,' sin B:r) 

+ A(vKR,' cos Byx + Ts sin B2r)] 

+ e™2(4—T)’ cos Bz — vKR;,' sin Bx) 
+ As(—vKR,' cos Bix + Ty’ sin Biz) 

+ »™2( 4.(—T,’ cos Bex — vKR;’ sin Br) 

+ A(—vKR,' cos Bar + T2’ sin B:r)|}cos ng... . [87] 
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M,, = (D/a)(1 — v)n{e~**[Ai(a cos Biz + 8; sin 8.x) 
— AB, cos Biz - 
+ e—*[A;(az cos Bot + B2 sin 8.2) 
— A,(B: cos B.r — ae sin Br) |} 
+ e™*/ B, sin Bz) 
+ Ag(B, cos Bix + a sin B,r)] 
+ e®*|—A,(a2 cos Box — Bz sin B27) 


+ As(B2 cos Box + a» sin B.r)}}sin ng... 


a, sin §,2)] 


As( a cos Biz 
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Q. = K(D/a?) {e— [Ail T, cos Bix + T;’ sin Biz) 
— A(T,’ cos Bix + T) sin B:r)] 
+ e~%*[4;(—T. cos B.r + T’ sin B.r) 
— A,(T>2’ cos 8,2 + T2 sin B.2)] 
— e™7(4,(7 cos Bz + 7,’ sin Br) 
+ A,(T;,' cos Bx — T; sin B,2r)] 
- e™7(4,(T, cos 8.x + T2’ sin B22) 
+ A,(T2’ cos Box 


T: sin B.x)}}cosng..... [89] 


Q, = nK(D/a*){e~™* [Ax 
- AR,’ cos Bx + R, sin B,xr)} 


+ e~@2/ Ay 


R, cos Bix + R,’ sin Br) 


R, cos Bx + R,' sin Par) 
— A(R.’ cos Br + Re sin B.r)} 

+ e™7/A4;(R, cos Bix + R,’ sin Biz) 
+ A,(R,;’ cos Biz — R, sin B,x))} 

+ e™*[4,(R; cos Box + R,’ sin Bx) 


+ As(R,' cos Ber — Rz sin Bor) |}sinng..... [90] 


(D/a®){e-™* [A,\(O, cos Bz — O,’” sin Biz) 
+ A,(O,'"’ cos 8,2 + O, sin B,z)] 
+ e-* [4,(O, cos Bar — O,'”’ sin B22) 
+ A,(O,’" cos Bor + O2 sin 8.27) ] . 
+ e®* [4,(0,’ cos Biz + O,” sin 8,2) 
+ A,(9,"’ cos Bix — 0,’ sin Biz)] 
+ e™ [A,(O2’ cos Bax + 0," sin Bax) 
+ A,(O,"’ cos Bax 


QQ) s-etf = 


@,’ sin B,x)}}cos ng 


Qy.ett = (D/a*){e—*7[A,(%,' cos Biz + Ay’ sin Biz) 
ad Ail —A,’ cos Biz + ®,’ sin B,x)) 
+ e~™/4,(@,’ cos 8,2 + A,’ sin 6.x) 


+ A,(—Az,’ cos Bax + D,’ sin B.r)]} 
+ e™7[4,(, cos Bix + A,’ sin Bix) 
+ A,(A;’ cos 8,2 — ®, sin §,2)] 
+ e@*[ 4A, cos 8,2 + Az’ sin 82x) 
+ AA,’ cos Bx — &, sin Brr)}}sinng..... {92] 
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In Equations [80] to [92] the symbols used are defined in the u = BeP* sin ng.. . {1145} 


following manner v = Ce cosng [114e] 
q 2)|'/* (a/h)'/? D = Eh*/{12(1 , : : ; — 
K = v*)|“* (a/h) : The expression derived for B in terms of A, Equation [14], re- 
(K2/2) + [(K2/2)? + n‘]'/*} "72 mains unchanged but the right-hand member of Equation [15] 
must be multiplied by l All the equa- 
. > ions representing deflections, stresses, and 
+ (n?/Q)] 3, tions representing de lection ‘ 
moment and shear-force resultants retain 
their validity if cos ng is replaced by sin 
ng, and sin ng is replaced by —cos n¢. 


CHart OF Roots 


For the convenience of the analyst two 
plots of the roots have been prepared. Fig. 2 
contains a, and 8;, and Fig. 3, a» and By. 
All these quantities are plotted against the 
ratio (a/h). 
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ANTISYMMETRIC LOADING 


The derivations presented refer to conditions symmetric with 
respect to ¢ = 0. When the system is antisymmetric with re- 





The Anticlastic Curvature of a Strip With 
Lateral Thickness Variation 


By Y. C. FUNG! ano W. H. WITTRICK,? PASADENA, CALIF. 


The large deflection equations of von Karman have been 
extended to apply to plates of variable thickness with 
initial deviationsof the middle surface froma plane. These 
are used to determine the distortion of the cross section of 
a strip with lateral thickness variation, when bent uni- 
formly in the longitudinal direction. Numerical calcula- 
tions are made for the case of a strip whose cross section is 
of double-wedge shape and it is shown that when the 
longitudinal curvature becomes large the distortion of the 
cross section is quite different from that of a strip of uni- 


form thickness. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


semiwidth of plate 

a parameter specifying initial deflection wo, de- 
fined in Equation [34] 

plate thickness 

average thickness 

rectangular Cartesian co-ordinates 

final deviation of middle surface from z-y plane 

initial deviation of middle surface from z-y 
plane 

w- Wy 

flexural rigidity = Et*/12(1 — yu?) 

stress function defined by Equation [8] 

bending and twisting moments per unit length 
in plate 

tensions and shearing force per unit length in 
the plate 

longitudinal radius of curvature 

A/b 

y/b 


, anondimensional parame- 


Poisson’s ratio, taken as 0.32 in numerical ex- 
amples 

t/ty 

l 

distortion of the middle line of a cross section 

1 Assistant Professor of Aeronautical Engineering, California In- 
stitute of Technology. 

? Visiting Research Fellow, California Institute of Technology, 
on leave from the University of Sydney, Australia. 

Presented at the West Coast Meeting of the Applied Mechanics 
Division, University of California, Berkeley, Calif., June 21-23, 1954, 
of Tae AMERICAN Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1955, for publication at a later date. Discus- 
sion received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, February 8, 1954. Paper No. 54—APM-7. 


351 


INTRODUCTION 


Consider the problem of a long flat strip of uniform thickness 
bent uniformly in the longitudinal direction. The simple theory of 
bending predicts that, if the longitudinal curvature is 1/R, the 
cross section assumes a constant anticlastie curvature equal to 

-u/R, where uw is Poisson’s ratio. It has long been known, how- 
ever, that if the width 26 of the strip is large in comparison with 
its thickness /, simple bending theory does not give a true picture 
and that, in fact, the cross section appears to be quite flat. This 
problem was recognized by Searle (1)* in 1908, who concluded 
that the cross-sectional distortion depends upon the value of a 
parameter }?/Rt, This conclusion recently has been confirmed by 
Ashwell (2) who, in 1950, gave a complete solution to the prob- 
He showed that if b?/Rt< 1 the picture given by simple 
If however b*/Rt is large (> 100, say) 


narrow 


lem 
bending theory is correct. 
the cross-sectional distortion is confined to regions, 
or boundary layers, near the two edges of the strip and over 
the remainder the cross section is substantially flat. It is evident 
from plate theory that over this flat portion of the cross 
section a lateral bending moment equal to uw times the longitudinal 
hending moment must exist in the plate. At the edges, this 
lateral bending moment is obviously zero so that the function of 
the boundary layer is to build up the lateral bending moment 
from zero at the edge to its value in the middle of the plate. The 
mechanism by which the boundary layer fulfills this function is 
quite clear. Because of the distortion in the boundary layer there 
exist longitudinal stresses in the middle surface of the plate which 
are confined to the boundary layer. These membrane stresses, 
combined with the longitudinal curvature, effectively 


forces normal to the surface of the plate and it is easy to show 


provide 


that, when integrated through the boundary layer, their resultant 
is a pure couple equal to uw times the longitudinal bending moment 

This paper is concerned with the effect of lateral-thickness 
variation on the problem described. In order to include this 
effect it is first necessary to extend the large deflection equations 
of von K4érmdén to apply to plates of variable thickness with 
initial deviations of the middle surface from a plane. The equa- 
tions for uniform bending of a strip with arbitrary lateral-thick- 
ness variation are then derived and numerical solutions worked 
out for the particular case of a strip whose cross section is of sym- 
metrical double-wedge shape. These solutions show that the type 
of cross-sectional distortion which appears is dependent upon a 
parameter b?/Rt), where again 2b is the width and 1/F the longi- 
tudinal curvature, but f) is now the mean thickness of the plate 
If b?/Rtp < 1, the lateral curvature is constant and equal to 
—p/R, as given by simple bending theory. 

As b?/Rt, becomes large, however, the asymptotic behavior is 
exactly the reverse of that of a corresponding uniform plate. The 
cross section is now very nearly flat except for a region near the 
middle of the plate. There is, however, another essential dif- 
ference between the flat regions in the two cases, namely, that in 
a plate of uniform thickness the membrane stress is zero in the 
flat region, whereas in the tapered plate the longitudinal membrane 
stress is finite and constant. This result is explainable by a con- 


’ Numbers in parentheses refer to the Bibliography at the end of 
the paper. 





sideration of the lateral bending moment required to eliminate 
the lateral curvature produced by the longitudinal bending 


moment.‘ 


LARGE DerLecTION EQUATIONS FOR PLATES OF VARIABLE THICK- 
Ness Wiri Init1aL CURVATURES 


Consider a thin plate of variable thickness whose middle surface 
initially deviates from the z-y plane by a small amount wy»(z, y) 
and that the plate is then free from internal stresses. Suppose 
that the plate is bent by means of forces applied on its edges and 
by a lateral pressure g(r, y) applied on its surface in a direction 
r, y)-plane. Let w(z, y) represent the final 


pe rpendicular to the 
It will be assumed that the deflec- 


shape of the middle surface. 
tions wv) and w are everywhere small enough to satisfy the follow- 
ing inequalities 


72 


(Ow / Or)? <K 1, (Ow) /Oy)? <K 1, (Ow/dx)? K 1, (Ow/dy)? K 1. . [1] 
Further, let u and v be the movements in the z and y-directions of 
a point on the middle surface during the application of the load. 
Then the strains e,, e,, and e,, at a point (z, y, z) where z is the dis- 
tance from the middle surface are given to our order of approxi- 
mation by 

0*w* 


oz? 


: o |" 0*w* 
oy 2 \ oy "Oy? 


07w* 
9 


~~ Qardy 


OW) OW 
Or OY 


Ow OW 
Or OV 


where w* = u Uy. 
If the corresponding stresses are o,, 0,, and 7,, the stress-strain 


relations give 
Ee, = 0 uo 
Ee, = 0, — ue, 
Ee , = 2(1 + L)T,, 


[3] 


where EF is Young’s modulus and yu is Poisson's ratio. Let the 
tensions and shearing force per unit length in the plate be V,, Vy, 
and \V_,, so that 


where ¢(z, y) is the thickness of the plate. 
Also, let the bending moments and twisting moment per unit 
length be M,, M,, and M,, so that 


9 


o,2 dz, 
9 Tv 


rt/2 
M,, = ] 9 Tv? dz. 


—t 


(5) 


The equations of equilibrium of an element of the plate in the z, 
y, and z-directions, respectively, are 


ON, , O,, a 
or sal oy 
ON,, , OW, 


oo 
or oy 


* Upon completion of the present paper the authors were informed 
that the same problem was solved by Flagge (7) and by Murray and 
Niles (8) in 1949. Their derivations of the basic differential equation 
are different from that of the present paper. Their attention was 
drawn to relatively small values of the parameter b?/Rto. The asymp- 
totic behavior of the anticlastic curvature at large values of b?/Rto 
was not investigated by them. 


oO, 
oy? 


eM, | oM,, 


2 +qtN, 
or? oxroy 


Or? 
c O*w O*w 
+ 2N,, + N, = 0 
Oxroy oy? 


Equations [6] are satisfied by a stress function F defined so that 


oF 
Ox? 


oF 
drdy 


oF 


N, = . 
oy? 


z 


Now, using Equations [2], [3], [4], and [8] we obtain the equa- 


tions 
ou lf Ow . ] 
ry = 
Or 2\ or 
ou l ( dw \? 1 [ Ow» wl oF 
r - " “ 
oy 2\ oy 2 \ oy ) oy? 
2(1 + w) OF 
Et Oroy 


Ow» OW 
or OY 


ow 
oy 


ow 
or 


Ou Ov 
+ ss 
oy or 


Also, from Equations [2], [3], and [5| we have 
O*w* O*w* 
D — + ps 
Or? oy? 


O*w* O*w* 

D i 

ov" Ox? 
O*w* 


= —D(1— 
u) Oxroy 


M, 


where 


D = Et*/12(1 bh’) [11] 


On eliminating u andv between Equations [9] we obtain the 


4 a t ve ) 3 (: or 
Or? ~ Ordy \ t oxrdy Oy? \ t Oy? 
I | oe (1 =) 
2 
drdy \ t drdy 
oF [12] 
Ox? 
tw \? otw 
agi ( u ) ‘ u 
Oxroy oy? 


equation 


a? ( 
Or? \ 
a? ( 1 
4 
oy? \ 
ou \* 
L \ Oxroy 


O*w 
ox? 


O72w) OF w | 
Ox? Oy? 


Also, substitution of Equations [8] and [10] into Equation [7] 


gives 


or? 
°? 
D 
si 2 


OF dw 
oy? Ox? 


O*w* o 0? w* o? 0*w* 
+2 D art to 
Ox? oxdy Oxdy oy? oy? 
0*w* o? O*w* 
—2 D 
oy? oroy Oxrdy 
o? O*w* | 
-| D 
: 2 ( Ox? )| 
e } 
OF Ow OF Ow 
Oxrdu Ody oa? Oy? 
If t, and therefore D, is constant the left-hand sides of Equations 


[12] and [13] become V‘F'/t and DV ‘w*, respectively, where V‘ 
is the biharmonic operator. If, in addition, the middle surface is 
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initially flat so that wo = 0 and w* = w the equations become 
identical with those derived by von Karmén in 1910. 


UnirorM BENDING oF A LONG Srrip 


Consider a long strip, Fig. 1, which is uniform in the z-direction 
but of variable thickness ¢(y) in the y-direction. Suppose also 
that the initial deviation w» of the middle surface from a plane is a 


function of y only, so that the strip is initially straight in the z- 
direction but the middle line of the cross section is cambered. In 
order to simplify the problem we shall also assume that the strip 
is symmetrical about the z-axis so that t(y) and wo(y) are even 
functions of y. Now suppose that the strip is bent longitudinally 
by bending moments applied at its ends so that the curvature in 
the x-direction is 1/R. It is clear that every cross section of the 
strip will distort identically so that we may write 
+ woly) + F(y).. [14] 


x 
w= 
2R 
where ¢(y) represents the distortion of the middle line of the cross 
section. In order to satisfy the inequality (Ow/dr)*< 1, Equation 
[14] is valid only if z?< R*. However, this is no restriction on the 
subsequent analysis since all sections behave identically and we 
therefore can confine our attention to the section rx = 0. 

Because of the identical conditions at all sections it is also evi- 
dent that the stress function F is a function of y only. Hence, on 
substituting Equation [14] into the large deflection Equations 
[12] and [13], we obtain 


d? 1 dF E d 

dy?\t dy?] — R dy? 

d? pts “i a @D “ 1 Ov 

dy? dy? R dy? R dy? 
Equation [15] can be integrated to give 


i = = |] = n+ +en+ 
= = % 1 
- dy R Wo 4 ay +e 


Since N,, t, wo, and ¢ are even functions of y it follows that 
a = 0. Furthermore, since the total tension in the z-direction is 


zero we have 


7 b b 
E 7 

(wo + O)tdy +c ldy = 0 
R —b —b 


We shall now define the position of the z-y plane in such a way 
that 


[17] 


b 
| isk (wo + o)tdy = 0 


This means that at the section z = 0 the y-axis passes through the 


CURVATURE OF A STRIP WITH LATERAL THICKNESS VARIATION 


centroid of the distorted cross section. It now follows that 


and therefore 
; eF Et 2 
N, = =— (wo + £) 18] 
dy? R 
The membrane stress V,/t is therefore proportional to the dis- 
tance of the middle line from the axis through the centroid of the 
distorted cross section. 
Without loss of generality we may stipulate that 


b 
f ; wildy = 0 119) 


which is to say that the z-y plane initially passes through the 
This ean be don by Living 
the whole strip a rigid body movement in a direction perpendicu- 


centroid of the cross section z = 0. 


lar to the z-y plane while the bending moment is applied, so that at 
every instant the centroid of the cross section at z = 0 lies on the 
It then follows from Equations [17] and [19] that 


eh 
Cidy = 0 
f , $y 


We now substitute Equations [11] and [18] 
[16] giving 


d? ae 12(1 w*)t uw ad? 
i + (C + wo) + (44) = O 
dy? dy? R? R dy? 


It is now convenient to transform the variables / and y into non- 
dimensional form p and ¢ by the equations 


y-axis. 
(20) 


into Equations 


p=t/b, & = y/b (21) 


where ¢ is the mean thickness. The equations of the edges of the 
strip are now given by @ = +1. The foregoing differential equa- 
tion then becomes 


d? det 
2 OS) Lane = 
dg? (» *r) 


where A is a nondimensional constant defined by 


pb? d? 


—4X‘pw - (p*). . [22] 


Nt = [301 — p?)]'” [23] 


Rly 
Cross Section WHEN LONGITUDINAL 
CurvVATuRE Is SMALL 


DIsTORTION OF THE 


Using Equations [22] we can investigate how the cross section 
distorts when the longitudinal curvature is small enough to 
satisfy the inequality A?< 1. 

The second term on the right-hand side of Equation [22] is 
equal to 

d? 


N2u[3(1 78 te 
B[3( de 


*)) , (P”) 
Hence if A4?7<_ 1 we may neglect the two terms involving A‘ in 
Equation [22], giving 


d? ( dt pb? d? 
ave? Ale (p*) 
dg? dq? Rk dd? 


On integrating twice we obtain the equation 
ay “1 Co pb? 
— = — +, 24) 
dg? p? p? R 
But p and ¢ are even functions of @ so that c, = 0. 
At the edges @ = +1 the lateral bending moment M, must be 
zero, so that 
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O*w* 
D - 
oy? 


On using Equations [11], [14], and [21] this condition-becomes 


,(# 
Pl ig? 


Hence from Equation [24] we have c; = 0. It therefore follows 
that, whatever the variation of thickness, the distortion of the 
cross section involves a constant curvature in the y-direction 
given by 


ae m 
dy? R 
This agrees exactly with the anticlastic curvature given by simple 
bending theory, which is valid if A?< 1. 
Srrip or Constant THICKNESS 
Although the case of a strip of constant thickness has been fully 
worked out by Ashwell (2) it will be convenient, for comparison 
with the tapered case, to derive the results again here. 
If p is constant Equation [22] becomes 
dit 


dg’ 


Suppose that initially the strip has a constant lateral curvature, so 


that 
1 
wo = keto (: - #) 


which satisfies Equation [19]. The constant k defines the central 
rise of the plate relative to the two edges. 
Then the solution of the foregoing differential equation which 


+ 4M = —4A ‘uy 


is an even function of @ is 
¢ = —w) + A sin A@ sinh Ad + B cos Ag cosh AP 


The conditions for determining the constants A and B are that 
M, = 0 at the edge and that Equation [20] is satisfied. These 


1 
ae pb? 
tip = 0; (— = — 
4 sop ; (<: s R 


It is easy to see from the differential equation for ¢ that if the 
first of these two conditions is satisfied, then so is the condition 


reduce to 


that the shear force is zero on the edges. 
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On solving for A and B we obtain 


A| ; mM + k \ cos A sinh A + sin A cosh A 
Bi : V12(1—p?) A* / sin A cos A + sinh A cosh A 
The behavior when AJ is small has already been discussed and we 
now consider the asymptotic behavior as \ becomes large. In 
this case we have approximately 


sinh A = cosh A = 


so that 


Quty 
A . : . e~* (eos X + sin A) 
B Vv 12(1 — pv?) 
Now the /otal distorted shape of the cross section (not the de- 
parture from the initial shape) is defined by (¢ + wo). At the 
middle of the plate, @ = 0, we have 
f(+wu=B8B 
which goes to zero like e~>. 
Near the edge @ = 1, where A¢@ is large enough to make the 
approximation 
. , 
sinh A@ = cosh Ad = 2 eX? 


we have 


1 
= e* (4 sin Ad + B cos AP) 


— 


—+ uw = 
On substituting the asymptotic expressions for A and B and 
collecting terms together this becomes 
a bl 
¢ + uw =— ——— e 
V 12(1 — yu) 


where Y = b(1 — @) is the distance from the edge, and a = \/b 
so that 


«Y (cos a¥Y — sin a). . [25] 


9 


ac = 


V3(1 — pv) 
Rty 


[26] 


The shape represented by Equation [25] is shown plotted in Fig. 2, 
where uw has been taken as 0.32. It will be seen that if the curva- 
ture is large, so that J is also large, the ultimate shape of the sec- 
tion only deviates from the flat form near the edges. The maxi- 
mum deviation occurs at the edges and is about one tenth of the 
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thickness. Once this stage is reached, increasing the longitudinal 
curvature has no effect on the maximum deviation from flatness; 
its only effect is to decrease the width of the “boundary layer” in 
which the deviation occurs. Furthermore, the shape of the cross 
section in this boundary layer is quite independent of the width 
of the cross section; the only effect of increasing the width is to 
increase the portion which remains flat while the boundary layers 
remain unchanged. 
Srrip Wire Linear THICKNESS VARIATION 
We now consider the case of a strip in which the thickness 
tapers linearly from a maximum of 2¢ at y = 0 to zero at y = +6. 
We still admit the possibility of having a middle line of the cross 
section which is not straight so that the term in wy is still included 
in the differential Equation [22]. If we now substitute 
-@.. 27) 
so that £ = 0 at one edge and € = 1 at the middle of the cross sec- 
tion the thickness ratio is given by p = 2£. Then Equation [22] 
becomes 
ee 


d? 
g + MEE = 
dg? ( me) ss 


Let ¢) be the particular integral of this equation corresponding to 


; 6b? ¢ 


es (28) 


AtEw 


the term in w» so that 


d? do 
t3 $ » 'e = 
ie (® Ger) +8 


— AtEwo. . [29] 


Further, let 


Then 


Now put 


Then 
a*t* ; 6 
+ 


dn* n 


ag* 3 dye 
dy® — dn? 


The solution of this equation is 
(S ber’ » + T' bei’ n + U ker’ » + V kei’ n) 
n 


where a prime denotes differentiation with respect to 7 and the 
ber, bei, ker, and kei functions are defined in terms of Bessel func- 
tions of complex argument (4) by the equations 
ber 9 + t bei 7 = Jo(ni’*) 
ker 9 + ikei 9 = Jo(ni’/*) 
The ker’ and kei’ functions are infinite at the edge 7 = 0 so 
that we must have 1’ = V =0. Hence we are left with 
6ub? 


l . _ 
¢ = — (S ber’ 9 + T bei’ 9) + fo —- 
Ui 


ap? BI 


The series expansions for ber 7 and bei 7 are 


1 (1\' 5 (2 
ie(3} * ay \2 


bern = 1— 
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n \? l n \° 1 x)" 
be = 
el 7 (7) ams (2) tan (? 


On differentiating these we obtain 


n\?f 1 
ber’ = —\ 9) Liv aut 
2) L'~ 2 \2 


It is easy to verify that 
1 ” 
n bei 7 dn 
” Jo 
1 " 
7 ber n dn 
7 Jo 


ber’ 7 
n 


ber’ 7 = 


bei’ 
Hence, on differentiating, 


ber” » = — bei 7- 


bei’ 7 = ber oo bei’ n 
n 


Tables of the ber, bei, and ber’ and bei’ functions are to be found 
in reference (5). 

To determine the constants of integration S and 7 we have 
Equation [20] and the condition that d{/dy is zero at y = 0 
These conditions become 


l 
f, Etd—E = 0 
(#) 0 
dé} ¢=1 


On using these two conditions in conjunction with Equation 
[30] and the relations between the ber and bet functions just 
given, we finally obtain the expressions 
bei’ 2A) + Q(A bei 2A + ber’ 2A) 

(A ber 2A — bei’ 2A)? + (A bei 2A + ber’ 2A)? | 


ae P(A bei 2A + ber’ 2A) Q(A ber 2\ — bei’ 2A) 
(A ber 2A bei’ 2A)? + (A bei 2A + ber’ 2A)? 


P(A ber 20 
S = 


[32] 


where 


6ptor 


1 
p= a fata 
Vv 3(1 — pw?) 0 


r= @) =1 | 


Thus the solution is now complete in so far as it is only necessary 
to determine the particular integral [) of Equation [29] corre- 
sponding to any particular initial shape wo. 

The particular section in which we shall be interested is shown 
in Fig. 3 where the middle line consists initially of two straight 


s) 


the constant 2/3 being introduced in order to satisfy Equation 
[19]. It is easy to see that the particular integral of Equation [29] 
is simply {) = —tw. Equations [33] then give 


lines. In this case 


[34] 
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burl ( kN of k considered, the computation showed that when A = 10 the 
» VQ = aa displacement of the edge from the £-axis (which passes through 
the centroid of the distorted cross section) is given by 


P 


~ 4/301 — uw?) 


The shape of the middle line has been computed for five dif- (wo + Hen1 = —O.0117% 
ferent cases, corresponding to k = 0, +1, and +5. In each case 
values of \ equal to 1, 2, 3, 5, 7.5, and 10 were considered and the It is easy to derive this value directly from Equation [28] since 
over the flat region we must have d?¢/d&? = 0 approximately. 
Equation [28] then gives 
( as) 6ub? Ou t 
Uo =— = — 
hls MR V 3(1 — pw?) 2 
If uw = 0.32 this becomes 
1.17% 
Tae 


When A = 10 this agrees with the value computed from the 
analytical expressions involving the ber and bei functions. 


w+ f= [35] 


It is interesting to note the reason for the difference between the 


results are shown plotted in 
Figs. 4, 5, 6, 7, and 8. The 
value of uw was assumed to be 
0.32. Fig. 4 corresponds to k 
= ( so that the section is ini- 
tially of symmetrical double- 
wedge shape. It will be seen 
that as A increases from zero 
the middle line first of all dis- 
torts in the manner predicted 
by simple bending theory. 
This, however, induces mem- 
brane stresses in the plate 
which tend to straighten the 
middle line, and by the time 
that A reaches the value 10 
about half the cross section is 
quite flat. In contrast to the 
plate of uniform thickness, this 
flat region develops first at the 
two edges of the plate and INITIAL SHAPE OF CROSS SECTION 
spreads inward toward the 
center as A increases. 

An exactly similar behavior 
is shown by Figs. 5, 6, 7, and 8. 
In these cases, because of the 
initial shape of the section, 
membrane stresses are induced 
immediately after bending 
starts so that there is a pro- 
gressive tendency for the mid- 
dle line to straighten as X in- 














creases. In each case a consid- 











erable portion of the cross sec- 
tion has become flat when A = 
10. Because of the different 
seales to which Figs. 4 to 8 are 
drawn it is difficult to compare 
the shapes corresponding to a 
given value of A but varying 
values of k. Consequently, 
Fig. 9 has been included to 
show the shape of the various 
cross sections when A = 10. It 
is impossible to distinguish be- 
tween them in the region of the 
edge; in fact, for all the values 
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asymptotic behavior of a tapered 
plate and that of a uniform plate. 
In both the membrane 
stresses tend to straighten the 
middle line of the cross section. 
In the case of a uniform plate it 
is clear that in a region where the 
middle line has become straight 
the lateral bending moment WV, 
is constant and equal to —ywD/R. 
This constant bending moment 
is provided by the membrane 
stresses which exist in the bound- 
ary layers along the edges of the 
plate; and over the straight cen- 


cases 


tral portion of the cross section 
no membrane stresses are re- 
quired, The 
then coincides, to a high order of 
axis 


straight portion 


approximation, with the 
through the centroid of the dis- 
torted cross section. It is easy 
to see from Equation [25] that 
the displacement of the straight 
portion from the centroidal axis 
is of the order of Ke ~>. 





In the case of the linearly 
tapered plate, however, the very fact that it is tapered means 
that in a region where the middle line has become straight the 
lateral bending moment WW, must be varying continuously and 
this demands a membrane stress in the straight portion. This is 


provided by a displacement between the straight portion and the 


centroidal axis of the order t/A?, given by Equation [35]. 

It should be pointed out that some of the equilibrium states 
shown in Figs. 5 to 8 may not be stable. The type of instability 
envisaged is exactly similar to that of a steel tape measure which 
has an initial lateral curvature. If the tape is bent the cross sec- 
tion progressively flattens and its moment of inertia therefore de- 
creases as the bending moment increases. For the case of uniform 
thickness this phenomenon was investigated by Ashwell (6) who 
showed that if the initial lateral curvature is sufficiently large 
the relation between longitudinal bending moment and curvature 
is of the type shown in Fig. 10. The initial slope of the curve 
corresponds to the flexural rigidity associated with the initial cross 
section while the asymptotic value when the curvature is large 
corresponds to the flexural rigidity of a flat cross section. As the 
bending moment is increased from zero a sudden jump occurs from 
A to B, the cross section suddenly flattening and the longitudinal 
curvature suddenly increasing. 

For the tapered cross sections with which we are concerned 
here this phenomenon could be investigated in a similar way. 
The total longitudinal bending moment V7 required to produce s 


b , - 
2 . N, (wo + Ody 
ag 
~ | (dy 
dy? 


’ b 
_- 
_ (wo + [)*%tdy 
R 0 


Using the expressions derived previously this integral could be 
evaluated, and it is to be expected that if k is large enough, the 
relation between bending moment and curvature would be similar 
to that shown in Fig. 10. 


curvature 1/R is given by 
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Steady-State Vibrations of Beam on Elastic 
Foundation for Moving Load 


By J. T. KENNEY, JR.,1 PASADENA, CALIF 


This paper presents an analytic solution and resonance 
diagrams for a constant-velocity moving load on a beam on 
an elastic foundation including the effect of viscous damp- 
ing. The limiting cases of no damping and critical 
damping are investigated. The possible velocities for the 
propagation of free bending waves are found and their 
relation to the critical velocity of the beam is studied. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


E = modulus of elasticity of beam, psi 
I moment of inertia of beam, in.‘ 
M = bending moment, in-lb 
r applied loads, Ib 
characteristic length of a free wave, 1 /in. 
coefficient of viscous damping/unit length, Ib- 
sec /sq in. 
coefficient of critical damping 
coefficient of viscous damping for which wave 
length is infinite 
spring constant per unit length of beam, lb /in.* 
velocity of load, in/sec 
critical velocity, in/sec 
load per unit length of beam, lb/in. 
distance along beam, in. 
vertical displacement of beam, in 
ratio of damping coefficients 
critical damping coefficient 
static wave characteristic, 1/in. 
numerical coefficient 
0 = v/ver velocity ratio 
mass per unit length of beam, Ib sec?/in.? 
Primes denote differentiation with respect to distance 
Dots denote differentiation with respect to time 


INTRODUCTION 


In the design of modern rocket test tracks it has become de- 
sirable to learn something of the dynamics of a rapidly moving 
load on beam on an elastic foundation. This problem has been 
treated previously by several authors, (1, 2, 3, 4)? but only the 
solution of the undamped case has been attempted analytically. 
Except for reference (4) this investigation has been restricted to 
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determination of critical velocity and amplification factors at 
speeds less than critical. A recent paper (5) has shown the re- 
sults obtained with an analog computer which verify some of the 
results set forth here. This paper will develop further the theory 
to include the effect of damping and to provide amplification fac- 
tors for use in designing actual beams. 

Since the solutions for the static case are well known, it is pre- 
sumed that interested readers may verify statements made here 
about the static case in one of the pertinent books, for instance, 
reference (6). 

The differential equation of a moving load on a beam may be 
obtained by considering the bending of an elemental segment 

~y O*Y 


M = EI [la] 
Ox? 


Differentiating twice 
o? o*y OM 
El ) = 
oz? ox? ox? 


where w is load intensity. 
The loads applied if the beam rests on an elastic foundation are 


[1b] 


Inerti = 
nertia: 
p ot? 
oy 
Viscous damping: c 
F at 
Spring force: ky 


Applied forces: P(z, t) 


Substituting the loading [1c] into [1b] produces the differential 


equation of the beam with uniform cross section 


_, Oty o*y oy 
EI — 4+ p +¢ 
ox ot? ol 


+ ky P(z, t) 


Vevocity or Free Waves 


Before proceeding with the solution of Equation [1] let us di- 
gress and consider the possibility of traveling-wave shapes in the 


beam. For this purpose consider an undamped beam 


Oty O*y 
or‘ p or 


EI 


From the form of the equation it can be seen that any waves 


traveling in the beam must be harmonic functions, As a simple 


example assume a traveling-wave train 
y = sin a(x — vt) 
Substituting this into the differential equation 
Fla‘ pay’? +k = 0 ‘ 2) 


Examination of this equation shows that the simplest form the 
terms can have is 


nk \'/* mkEI\‘/* 
a= FI v= r - ts ee 
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Fic. l(a) Wave SHapes Versus VELocITY Fic. 1(b) 

FOR A CONCENTRATED LOAD AT ORIGIN 

Movine WitH Constant VeLocity OVER 

AN INFINITE BEAM ON AN UNDAMPED ELas- 
Tic FOUNDATION 


Movina WITH 


Utilizing these definitions and doing some rearrangement in 
Equation [2} 


By elementary differentiation it is easy to see that the minimum 
value of mis 4forn = 1 (negative values of n are excluded since a 
is then complex and the wave train disappears). 

The meaning of this minimum n is that the lowest velocity at 
which a free wave might propagate is 


- (s) ‘ 
er p? 


This velocity has been given the name ‘critical velocity.”” Fur- 
ther, it is possible to find two particular wave trains that will 
propagate with any arbitrary velocity providing that this velocity 
is greater than critical velocity. Define 6 as the ratio of velocity to 
critical velocity and X as the coefficient defining static wave 
length. Then as a direct result of Equations [2], [3], [5] these 
wave trains may be written 


y = sin A [(02 + 1)'/? + (62? — 1)'"] (xz — vt) 
with a wave length 
2r 
h{(O2 + i)? + (6? — 1)'7] 
where 


0 = v/ver 


k \'/ 
A (+) 


The wave length of these waves as a ratio with static wave length 
(2r/X) has been plotted in Fig. 2. 

From the foregoing behavior it would be expected that the 
system will reach a point of resonance when a load traveling at 
critical velocity passes over it. In fact, it might well be expected 
that the amplitude will be very large for all velocities equal to or 
greater than critical. It will be shown later, however, that the 


Wave SuHapes Versus VELocITy 
FOR A CONCENTRATED Loap aT ORIGIN 
ConsTANT VELOCITY 
AN INFINITE BEAM ON AN ELastic FounpDa- 

TIon With 10 Per Cent or CRITICAL 
DAMPING 
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Fic. l(c) Wave SHapes Versus VELocITY 
FOR A CONCENTRATED LOAD AT THE ORIGIN 
MovinG WitxH Constant VeELocity OveR 
.N INFINITE BEAM ON AN ELastic Founpa- 
TION WitH 110 Per Cent or CritIcaL 
DAMPING 
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4 | 
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ae a 
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| 


‘20 ~TW---4 
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taTIO OF Dynamic To Static Wave Lenotu Versvs VE- 
LocITY FOR VARIOUS VALUES oF DAMPING 


(In region of @ = 1} dotted line represents both possible free wave lengths and 
undamped forced wave lengths 
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amplitude will be defined for all velocities except critical velocity 
If an observer were to stand at a station z = const and watch the 
wave train pass, it would appear to have a circular frequency 


+ 2) (k/p) 


Inspection of this equation will show that 


lim w = (k/p)'? 
n— 0 
In other words, the system vibrates with a higher frequency than 
a simple spring-mass system except in the limit of infinite wave 
length. 


Constant-VeLocity Movine Loap 


Return now to a consideration of a damped beam on an elastic 
foundation carrying a moving load, i.e., Equation [1]. Solution 
to this equation may be found without further manipulation. 
However, for the purpose of comparison of the solutions with the 
static solution it is more desirable to transpose the co-ordinate 





system so that it is attached to the moving load. Analytically 


the change may be accomplished by letting 
z=z—vil wy = y(xz—vt) = (x) 
Then Equation [1] becomes 


+, Of” oy oy 
E! + pv? —aw— + ky 

or oz? or 

o'r + 07, oY 
v - +c 
oxrol p 


2 : 
» ol? of 


= 2 } 
= P(z, t {9} 
Since the remainder of the paper will be concerned with the load 
and velocity invariant in time, all partia] derivatives with respect 
to time become equal to zero and the homogeneous form of 
Equation [9] simplifies to 


Ely + pvty” — evy’ + ky = 0 [9a] 
It is convenient to define the following terms: The coefficient de- 
fining the wave length for the static case is 


X = (k/4EI)'*.. {10} 


Just as in the simple spring mass system critical damping may be 
defined by 
Cer = 2(kp) 


For economy of writing let 


6 = v/v B = C/Cer 


Substituting Equations [10] and [12] into [9a] gives 


y' + 4(OX 24” SOB\Fy' T ity = 0. 113! 

If a concentrated load is assumed at the origin, Equation [13 
mav be solved by use of Green's function with assumed zero 
deflection and slope at infinity and zero change in deflection, slope, 
and moment across the origin. A discontinuity in shear across the 
> 


origin of value — is used as the last boundary condition. 


The solution to Equation [13] is developed in the Appendix with 
the aid of these boundary conditions and found to be 


z<0O 


PX ne \ (08 


2k (20? + 9? 
n' 4 (9)? 4 (6B n)? | n ” 


n nAr \ 


1 
9 (68 /n)? } 


ni + (8)? + 


where 7 is the positive real root of 


nt + 26m 1)n? — 028° 
No DaMPING 


For the particular case of no damping and velocity less than 
critical, Equation [15] simplifies to 
n = (1 — 6) (15a) 
and Equation [14] may be written 


z<0 B=0 6: 
Pr EF ” 0?) 
2k (1 : (1 + 62)? 


0 B=0 6<1 


Pr = E — oy" . 1 + 62)'/* 62)' 
2k (1 — @) ‘2 (1 + 62)'* sin ( , z + cos (1 + 6)'"Azr 


+ n*) sin (20% + n? 
208 7 


From this it is obvious that as @ — 1 the amplitude increases with- 
out bound. Hence the assumed point of resonance at critical 
velocity actually exists. 

This solution for the undamped case could have been obtained 
as easily by direct appeal to the differential equation with the 
damping terms set equal to zero. When the velocity is greater 
than critical, an essential difficulty develops in this method since 
the roots become wholly imaginary (i.e., sums of undamped sines) 
This invalidates the four boundary conditions which state that the 
deflections are zero at + ©. Hence the result cannot be evaluated 
by this method. A similar difficulty develops if the solution found 
in Equation [15a] for 7 is used. 

To solve this problem let us maintain the form of the solution 
with which the damped case was successfully solved and pass to 
the limit from small 8. If this is to be done it is seen that the 
applicable real positive roots of 9 are 0 (for 8 = 0). Hence we 
may write the following series solution for 7 


> 68 f, (eer) +... 


, [15d 
(6 1) | 8 \{@2— 1]? ( [15d] 


Retaining only the terms linear in #8 the characteristic length 
immediately reduces to 


lim (26? + n? + 20B/n) * = (0° 1) * + (@ * [16] 


8-0 
which is precisely the characteristic of the “free wave.”’ 
Directly from Equation [14] the amplitude of the front and 
rear waves is then 
z<0 B=0 6>1 
PX §—2 sin A[(0? + 1) (#2 
"2k (08 — 1)'* (68 + 1)'*# 


A> 1 


2 sin A[(O2 + 1)'/2 + (62 
1)'/*((@2 + 1)'/2 + (@ 


z>0 B=0 
Pr J 
2k (0° 


y= 


We now have the startling result of a wave train of seemingly 
infinite length but finite amplitude. This is shown in Fig. 1(a). 


268 ) Ar 
” + cos (20% + 9? — 208/n)'*rzl 


208 /n) rzrl 


The present method gives no information as to whether this re- 
sult might violate energy conditions. Actually it does not as was 
shown in the Fourier integra] solution of J. Dérr (4). He 
showed that the solution reaches a steady amplitude, but that the 
length of the front and rear wave trains each increases at a definite 
rate 

CriticaL DAMPING 


The general solution given in Equation [14] does not contain 
all the possible solutions, since the wave length of the solution for 


sin (1 + 62)’ "Az + cos (1 4: @ 


! 


| 
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z < 0 may become infinite or imaginary. This will happen for 8B 
sufficiently large and represents the critically damped solution. 
The value of this critical damping may be found as follows: The 
condition for infinite wave length is 

(262 + ? — 208/n)'* = 0 
from which 


68 = (26? + n*)n/2 


Substituting this into the characteristic equation for 7, i.e., 
Equation [15], and simplifying 

ni+4 302n? 
whence 


+ (04 + 3)'4] 


Finally, from the second of the foregoing expressions 


1 1+(1 + 3/0)” 
«eee eee 


Ba = 


1 _| 


+ I + (1 + 3/04) | 
9 


Returning now to the definition of 8 it is easy to see that Cor may 
be written 


eo. « 2(kp) 4 j2[ 2 +3 9)! ] ’ 
3 2 
] 
3 ] 


” k + (1 + 3/01)? 
2 


where (cr is the coefficient of viscous damping for which the rear 
running first has infinite wave length. The explanation of this 
velocity dependence is fairly easy. At @ = 0 or the static case 
there is no possible solution with an infinite wave length if k is 
finite. Hence the solution must be underdamped for all values of 
c. As the velocity increases the value of the critical damping 
approaches that for a simple spring-mass system. The important 
thing to note is that the underdamped region is everywhere more 
extensive than might be expected. 

To demonstrate further this relationship of damping and 
velocity, Fig. 2 has been drawn showing wave length versus ve- 
locity. 

Finally, solution for the overdamped case may be written by 
noting that 


sin iz = sinh z 
Hence for 
B “ Ber 
PX ner 
2k 


z<0 


1 
m + Ont + -, (68/n) 


The usual resonance diagrams may now be drawn [see Figs. 3(a) 
and (b) for deflection amplification factors]. In both diagrams the 
defining static amplitude has been taken as the static deflection 
under the concentrated load. The resonance curves are similar 
except that the amplitude of the front running wave is never as 
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(6B/n + n*) sinh ( 20° + n?—208/n )'*Axr 
n( | 20? + * — 268/n))'* 
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+ cosh ( 20? + 7? 20B8/n ) ’Axr....[14e] 


large as that of the rear running wave. Moment amplification 
factors are presented in Figs. 4(a) and (b). Like the deflection dia- 
grams the defining static moment is taken as the static moment 
under the concentrated load. The amplification factor for the 
maximum point ahead of the load is quite similar to the usual 





KENNEY—STEADY-STATE VIBRATIONS OF BEAM, ELASTIC FOUNDATION, MOVING LOAD 





i] 








~ 




















MOMENT AMPLIFICATION FACTOR M/Mer 











_ = | 

%% i 3 
VELOCITY RATIO 6=V/Vea 

Fic. 4(a) Ratio or Maximum Moment AnEAD OF Loap To Static 


Moment UnpER A CONCENTRATED Loap VERSUS VELOCITY FOR A 
ConceNTRATED Loap Movine at Constant VELOCITY 














M/Mer 





a 
o 
e 
oO 
a 
uw 
a 
° 
— 
a 
° 
> 
a 
a 
= 
a 
— 
z 
Ww 
= 
o 
= 


VELOCITY RATIO O*WVer 


Ratio or Maximum Moment Unper Loap To Stati 
4 CoNncENTRATED Loap VERSUS VELOCITY FOR A 
VELocITY 


Fig. 4(b 
Moment UNDER 
CONCENTRATED Loap Movine at CONSTANT 


resonance diagram. The maximum point one-half wave behind 
the load is identical with this except that the amplitudes are much 
smaller. At the load the amplification of moment for all veloci- 
ties above critical is zero, and the damped waves give greater 
amplification than the undamped waves. 
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Appendix 


The details of the solution of Equation [13] are as follows: 
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™*; then Equation [13] becomes 


SOBA8m + 4A\4 = O.. 


Assume the solution y = ¢ 


192A2m? [19] 


m* + 


By Descartes’s rule there is not more than one pair of real roots to 
this equation. Since, for design purposes, interest is concentrated 
in the underdamped portion of the solution let us assume the 
following four complex roots and demand that the imaginary parts 


be nonzero 


[20] 
m =a + 
m =a 
Since these are assumed to be roots they must satisfy the following 
identity 
Me) m m,) = 0 


(m m,)(m ms (Cm 


Combining Equations [20] and [21] 


- 2a(b.? b,2)m 


+ (a? + b,?) (a? + b,*) 0 


2a? + b,? + b.?)m? 


m* + ( 


Equating coefficients of Equations [19] and [22] 


2a? + b,? + b.? = 46°X?2 
2a( bo? b,?) = SOBA 
(a? + b,?)(a? + bo?) = 44 


From the first two of these equations 
b,? = 262A? + a? — 26BA3/a 
b.2 = 267A? + a? + 20BA3/a 
Hence from the foregoing expression 


a’ + 26°\2a* + AYO 1a? 62B2r* = 0 


Finally, the coefficient may be written as a = An where 7 is posi- 
tive real root of 
n® + 262! + (04 1)n? 6282 = (0 
b, = A(262+ n*? — 20B8/n) 
bo = (262 + n? + 208/n) 


The positive real root of the auxiliary equation for 7 was chosen 
to keep the form of answers the same as assumed in Equation 
[20]. When written in rea! form the solution of the homogeneous 
differential equation becomes 


[24] 


y= é “TC. sin box T C's cos box) 


+ e77(C sin hz + (, cos Oz) [25] 


It is 
reasonable to assume that the deflection and slope of the beam are 


Now consiler a concentrated load at the origin (x = 0), 


zero at infinity. This assumption requires 


*7((", sin box + Cy cos bor) z>v0 


ar(. [26] 


y= e"( sin hx + Cy cos x zx 0 


The boundary conditions to determine the unknown coefficients 
are 


(a) lim [y(0 + €) (0 
«0 

(6) lim [y'(0 + € y'(0 
e-O 

(c) lim [y"(0 + € 


e-—0 


(d) lim [y’’’(0 + 
«> 0 
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The solution for the constants then gives 


EI }.a(4a* a 


h,?)(4a? + b? + be?) 
' f 


C3 —— 

Jab, 

' b.? — 4a? 

( 1 
tab, 


These last equations together with Equations [24] give the final equations presented as Equations [14]. 
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Vibration of Triangular Cantilever Plates 


by the Ritz Method 


By B. W. ANDERSEN,' DOWNEY, CALIF. 


Using the method published by Ritz in 1909, natural 
frequencies and corresponding node lines have been deter- 
mined for two symmetric and two antisymmetric modes of 
vibration of isosceles triangular plates clamped at the base 
and having length-to-base ratios of 1, 2, 4, and 7 and for 
the two lowest modes of right triangular plates clamped 
along one leg and having ratios of the length of the free 
leg to that of the clamped one of 2, 4,and 7. A nonorthogo- 
nal co-ordinate system was used which gave constant 
limits of integration over the area of the triangle. The 
co-ordinate transformation made it necessary to modify 
the functions used by Ritz in approximating deflections 
and to consider cross products in the integration. The 
integration was done numerically, using tables compiled 
by Young and Felgar in 1949. To check the accuracy of 
results, a solution was obtained to the problem of a vibrat- 
ing cantilever beam of uniform depth and triangular plan 
view. The results obtained were found to be consistent 
with those obtained for the plates by using an eight-term 
series to approximate the deflections of the symmetric 
plates (isosceles triangles) and a six-term series to approxi- 
mate the deflections of the unsymmetric plates (right 
triangles). 


NOMENCLATURE 
The following nomenclature is used in the paper: 


(z, y) rectangular co-ordinates 


(u, v) dimensionless co-ordinates related to (z, y) 
z 
by u = 
a 
k = adimensionless constant 
a length of plate in z-direction 
w(u, v) or w(x, y) transverse amplitude of vibration 
E Young’s modulus 
h constant plate thickness 
ao = Poisson’s ratio 


plate stiffness 


maximum potential or strain energy of 
plate 
maximum kinetic energy of plate 
w natural angular frequency of vibration 
p = mass density of plate per unit area 
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Coast Me- 
June 


ENGI- 


I Jiscussion 


\ = a dimensionless constant depending upon 
shape (not size) of plate 

¢1, Cr, Gs characteristic functions representing nor- 

mal modes of vibration of a free-clamped 

beam 


pa‘ 
D 


y= 
‘ 


W,, Ve, ... characteristic functions representing nor- 
mal modes of vibration of a free-free 


beam 


INTRODUCTION 

Solutions to the boundary-value problem for small-amplitude 
vibrations of an isotropic uniform plate are known for a circular 
plate either free or clamped at the boundary (12)? and for a 
rectangular panel simply supported along two parallel edges with 
any conditions at the other two edges (simply supported, free, or 
In 1951 Roberson (3) obtained solutions for a 
circular plate carrying concentrated mass and either free or 


clamped ) (2). 


clamped at the boundary. 

To obtain values for the natural frequencies and mode shapes 
for boundary conditions which could not be handled by exact 
methods, approximate methods have been used. In 1909 Ritz 
(4, 5) published such a method which he applied to the study of a 
rectangular plate free at all boundaries. 

In 1938 Iguchi (6) published natural frequencies for rectangular 
plates with a variety of boundary conditions some of which were 
for the known solutions mentioned previously. 

Some recent investigators have been concerned with vibrations 
of cantilever plates which approximate short wings or missile fins. 

In 1950 Young (7) applied the Ritz method to the study of 
vibrations of square plates with various combinations of free and 
In 1951 
Barton (8) extended Young’s work on cantilever plates by work- 
ing out some natural modes of vibration of rectangular cantilever 
He also 
studied skew cantilever plates which were in the form of parallelo- 


fixed boundaries including the square cantilever plate. 


plates with length-to-width ratios of '/,, 2, and 5. 


grams with equal sides. 

The results of Iguchi, Young, and Barton are summarized in a 
paper by Hearmon (1) (1952). 

The present paper extends the work on cantilever plates to the 
study of both trapezoidal and triangular plates, although numeri- 
cal results are given for triangular plates only 


Tue Rrrz Metuop 


It is assumed that the plate is vibrating with harmonic motion 
so that the deflection we may be expressed as 


wo(zr, y, t) = wir, uv) cos wl 1} 
The maximum potential and kinetic energies of the plate will then 


be given by (9) 
_.bdFr j /d%w\? Otw\? 3. Ow dw 
V= ‘ 4 +- Qo 
2 '\or? oy? or? Oy? 
ow \2 
2(1 o drdy 
Oroy { 


* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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Py _—* ‘ 
5° f widrdy...... [3] 


the integration being extended over the entire area of the plate. 
By equating Expressions [2] and [3] the square of the frequency is 


determined as 
2 V 
Fj p SS wdrdy 


It can be shown that minimizing the left side of Equation [4] 
subject to the boundary conditions is equivalent to solving the 


w? 


[4] 


equation of motion for plate vibrations. When no exact solution 


ean be found, w may be determined approximately as follows 


Let w = ayy, + Ag2 + Asg3 + +t G9.- [5] 


in which each g satisfies the geometric boundary conditions of the 
problem and the constant coefficients are to be determined so 
that the left side of Equation [4] is a minimum. 
differentiate Equation [4] with respect to each a and equate to 


To do this we 


zero. This yields 


OV _ 2 
J w'drdy | 
0*w? 2 Oa, 2 Ce es 


_ sa | 
Oa, p JSS wrdrdy p(S S wdrdy)? 


o {2 
V —w? wey 
Oa; \p J. 


= 7 = 0 
SS widrdy 


Equating the numerator of Equation [6] to zero, substituting 
for V from Equation [2], and multiplying through by p,'D gives 


O° [ J (2): 4 (2) aii 
da; . Vor dy? 


( dew ) wp | 
a) — w? > 
ordy Df 


Equation [6a] will be a set of n linear homogeneous equations in 


Ow O2w 
Or? Oy? 
- 21 


drdy = (0 [6a] 


the n-coefficients and containing the as yet undetermined fre- 
quency. In order that these equations have nontrivial solutions 
it is necessary that the determinant of coefficients be zero. In 
general, there will be n-values of w for which this determinant 
is zero. These will be the approximate values of the natural fre- 
quency in the problem being considered. 

It should be noted that the functions used by Ritz, Young, and 
Barton, and in this paper, do not exactly satisfy the natural plate- 
(In terms of second and third derivative of 
w on free boundaries.) However, in the case of rectangular 
plates in which the variation in co-ordinates was normal to the 
boundaries, this failing was not serious since the so-called geo- 


boundary conditions. 


metric conditions were satisfied and good agreement with experi- 
mental results was obtained. In the case of skew plates the 
approximation became increasingly inaccurate as the skew angle 
increased. Barton (8) concluded, frém comparison with experi- 
mental data, that the Ritz method should not be used with skew 
angles larger than about 30 deg. 


APPLICATION TO TRIANGULAR CANTILEVER PLATES 


In order to obtain constant limits of integration over the area of 
a triangular plate we make the co-ordinate transformation (see 
Fig. 1) 


DECEMBER, 1954 


the Jacobian of which is 


In the co-ordinates u and v Equations [6] become 


ra) O*w \? 
u : 
Ou, ou? 
9 


= d roy + kX1 — o)} (2) 
“ if Oudv 


Ow wv 
» 
Ou? Oud: 


O*w O*w 
) ns 
Ou? ov? 


. Ow o*w| 
Dy , 
Ov du?f 
Ow 
~ Oudr yn 


ow 
- 4 [2v? + k2(1 — @) 
u ' 


O*w 
+ (p3 + ky) 


Oudv 


ow] 
ov? ( 


Ow \? 
oi (e) 
or 
ow 
+ (vo? + &*) *) 
ov? { 


y7u vs dudv = 0 


Ow O'w 
v) 
Ov Ov? 


in which w is now a function of u and v and 


Ipa ‘ 


( 
D 
It is noted that in changing co-ordinates to obtain simple 
boundaries the expression to be integrated has become quite com- 
plex. Furthermore, the co-ordinate transformation is not single- 
valued at the origin. It was necessary to multiply the free-free 


beam functions in v by the factor u? in order to obtain single- 


% 
teu 
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valued deflections, slopes, and moments at this point (see the next 
two sections). The integration is made tedious by the nonorthogo- 
nal co-ordinate system and the complex functions used to ap- 
proximate w. This difficulty was resolved by integrating numeri- 
cally, using Simpson’s rule with eleven stations. Values for the 
beam functions were obtained from tables compiled by Young and 
Felgar (10). R 


First CaseE—SyMMETrEIC TRIANGLE 


A symmetric triangle with apex at the origin and of length a and 
base 2a/k is obtained by taking the limits 
0<u<1,—1 <v < +1.. [10] 
The following eight-term series was used for w 


w =[an + anu?¥,(v)] g(u) + [are + as2.u?¥3(r)] go(u). . [11] 


for the symmetric modes and 
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w = [aqv + ag¥(v)]u2gi(u) + [av + ag¥a(v)] ur ge(u)... [12] 


for the antisymmetric modes. g; and ¢» represent the first two 
modes of a cantilever beam free at u = 0 and clamped at u = 1. 
WV; and V, represent the first symmetric and antisymmetric modes 
of a beam free at v = +1. Substitution of Expressions [11] and 
[12] into Equation [9] and performance of the indicated integra- 
tion and differentiation yielded two sets of four homogeneous 
The two lowest values of y were determined in each 
case for k = 2, 4, 8, and 14. These values of y together with the 
corresponding values of the coefficients are shown in Tables 1, 2, 


equations. 


3, and 4. 


VALUES O! AND CORRESPONDING VALUES 


TO 4 Y 
OF COEFFICIENTS 


TABLES 1 


TABLE 1 - 


Piret Mode 
Symmetric Plate 


Seconp Case—UNSYMMETRIC TRIANGLE 


An unsymmetric triangle having apex at the origin, length a 
and base a/k is obtained by taking the limits 
{13} 


O<u<l, O<r<1 


The following six-term series was used for w 


w = fay + au + anu?®;(r)] g(a) 


[14] 


+ [ay + anu’y + asyu?V3(v)} gon) 


Substitution into Equation [9] yielded six equations from which 
the two lowest frequencies and corresponding coefficients wer¢ 
determined for values of k of 2, 4, and 7. 


in Tables 5 and 6. 
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These values are shown 


RITZ METHOD 367 


VALUES OF k AND CORRESPONDING VALUES 


TABLES5AND6 
OF COEFFICIENTS 


TABLE 5 - First Mode 
Unsymmetric Plate 





2 
5.887 
#1,00000 
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CoMPARISON OF IsT AND 2Np Beam anv PLate-BenpiIne- 
Mope FREQUENCIES FOR TRIANGULAR PLANPORM 

Length over base is &/2 for symmetric plates, k for 

Test values taken from reference 1! 


Fig. 2 


unsymmetric plates 


In the Appendix a solution is given for the free vibration of a 

triangular cantilever beam of thickness this 
. . . 

solution the first two values of y were determined as a basis of 


uniform yrom 
comparison with those of the syrametric modes of vibrating 
plates. These values of y are plotted in Fig. 2. Fig. 2 also shows 
test values obtained from reference (11) which was called to the 
author’s attention after the present paper had been submitted 
for publication. To indicate the relation between beam and 
plate frequencies, the values of y obtained by Barton (8) for 
rectangular cantilever plates are plotted against those for uni- 
form cantilever beams in Fig. 3. Fig. 4 shows the variation of 4 
with the length-to-base ratio for the two lowest antisymmetric 


modes of triangular plates. 
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(Length over base equals k/2.) 


Details of the foregoing work are given in a PhD thesis by the 
author in Theoretical and Applied Mechanics at the University of 
Illinois in 1953. 


Discussion OF RESULTS 


It is generally known that the Ritz method yields frequencies 
that are higher than the actual natural frequencies. Considera- 
tion of the beam theory as compared to the plate theory indicates 
that the beam frequencies should be higher than the correspond- 
ing plate frequencies since the restraint of bending in one direction 
would tend to increase the natural frequencies. Qualitatively, the 
data plotted in Fig. 1 bear out this conclusion. ,Fig. 1 also bears 
out the intuitive conclusion that the behavior of very short 
cantilever plates should correspond closely to beam theory. It 
gives also an indication of the accuracy of the plate frequencies 
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determined because if they were much in error for short plates 
they would be higher than the beam frequencies. 

Fig. 2, which shows the magnitude of differences between the 
frequencies of beams and those of corresponding plates (which 
have been verified by tests), compares favorably with the data for 
symmetric triangular plates shown in Fig. 1. Again, the indication 
is that the frequenciesdetermined for triangular plates are reasona- 
ble. It should be mentioned that the largest difference in the 
frequency of the fundamental mode between the triangular plates 
and the triangular beam was found to be only 1.3 per cent. 

An indication of the accuracy of the frequencies obtained for 
unsymmetric plates is obtained from the fact that for long plates, 
in which the twisting is small, the frequency differs only slightly 
from that of the symmetric plates. Fig. 1 also shows that twist- 
ing has a marked effect upon the frequency of a short unsym- 
metric plate. The test values obtained by Gustafson, Stokey, and 
Zorowski (11) are seen to compare favorably with those obtained 
by the Ritz method. For long plates the test frequencies are 
about 5 per cent below the theoretical frequencies. 


CONCLUSIONS 


From the results presented and the considerations indicate 1 in 
the discussion the following conclusions seem warranted: 


1 The eight and six-term series used and the eleven-station 
numerical integration give reasonable accuracy for the frequencies 
of the vibration modes considered. It should be pointed out that 
in no case was the angle between either side of the triangle and 
the base less than 60 deg. This was done purposely in view of the 
afore-mentioned conclusion of Barton that good agreement with 
experiment could not be attained where the skew angle was greater 
than about 30 deg. More terms would be needed in the series for 
w if higher modes than here considered were desired. 

2 The frequency of the fundamental mode of vibration of a 
symmetric triangular plate may be determined within 1 or 2 per 
cent by considering the plate as a beam, i.e., by neglecting varia- 
tions in deflection across the width of the plate. 

3 In short unsymmetric triangular cantilever plates, twisting 
is much more important than anticlastic curvature in determining 
the natural frequencies of vibration. The frequencies of such 
plates probably could be determined with sufficient accuracy by 
considering twisting and spanwise bending only. 

4 The Ritz method as applied to triangular plates would give 
equally good results for trapezoidal plates which are intermediate 
between triangular and rectangular plates. Only changes in the 
integration limits in Equation [9] and in the boundaries of the 
approximating functions would be needed. 
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Appendix 


BENDING VIBRATIONS OF A TRIANGULAR CANTILEVER BEAM OF 
Unirorm Deptu 


Consider a beam free at the origin and clamped at r = L. Let 
L and 


the width for the beam be zero at the origin and b at z = 
in between expressed by the equation 


The ordinary beam formula 


7; 
EI —" =o M 
Or? 


tons 
9 16) 
in which E is Young’s modulus, 7 the moment of inertia, y the 
vertical deflection, and M, the bending moment at a distance 
x from the origin, is valid in this case. In view of Equation [15 
the moment of inertia J may be expressed 


It is known that the second derivative of bending moment with 
respect to r is equal to the intensity of loading. The loading may 
be considered inertial for the purpose of writing the equation of 
motion. We then have 


eM 
or? 


'18 


= 1 + 6 In n} a l 
| 
+ ain 


“= 
sa 
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Substituting Equation [17] in [16] and differentiating twice with 
respect to x and then substituting from Equation [18], we have 


Oty 


» oy l2pzr 0*y 
z ar! 


+. 9 = © 
or? , 


: 19 
Eh*® ot? 


Making the substitution n = r/L, Equation [19] becomes 


12pL4 o*y 
T ( ? ) n = (0) 


Eh? ol? 
We now make the harmonic substitution y = f(n) 


Ooty 


d% 
u 2 : 
On* 


r « 
on? 


4. 


19a] 
cos wt. The 
cos wt cancels out of each term leaving the equation in f(n 
12pL* 


‘(n) + 2f''"(n) w'nf(n) = 0 


Eh? 


— 


The four boundary conditions for a cantilever beam will be 


r’'"(0) = f’(0) = 0 


f(l) = 


fl) =0 


The solution is assumed in the form of an infinite power series 


f(n) = an"? 21) 


0 


Substitution into the differential equation and setting the co- 
efficients of each power of n equal to zero give the results: For 
s = 0, ao, a), and a, are arbitrary, and a; = 0 
m>4 


For arbitrary s and 


for the beam 


12pL* 
YO’ en 


and p is mass per unit volume. Since only three constants are 
arbitrary, only three terms of the general solution of Equation 
[20] have been found. 

To obtain the fourth term the three terms already obtained are 
differentiated with respect to s and multiplied by the arbitrary 
constant 6. (sis then taken as 0.) The resulting complete solu- 


tion is 
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The first two boundary conditions are satisfied if we take is ; 
id Te a = Poe 
h=a,=0 32 x 3 x (3 X x 2x6 | 


The third and fourth boundary conditions become ro E 4 ‘ie ae ] =0 
427 xX 3 


By setting the determinant of coefficients of this pair of equations 
equal to zero, we obtain a transcendental equation in y? the roots 
of which determine the natural frequencies of vibration. By 
neglecting powers of y? higher than fourth the first two roots were 
found to be y, = 7.157, and ye = 31.04. 





Prediction and Evaluation of Sensitivity 


to Transient Accelerations 


By M. KORNHAUSER,' WHITE OAK, MD. 


The determination, presentation, and interpretation of 
inertia-sensitivity data are discussed with application 
to inertia devices and to shock-resistant structures. 
Theoretical analysis of the single-degree-of-freedom sys- 
tem for response to acceleration-time pulses, amplifica- 
tion factors, and inertia sensitivity are used as a basis for 
discussion of actual devices. Effects of deviations from 
the ideal mass-spring system are considered. Practical 
use of sensitivity data is discussed with regard to the 
reliability of laboratory methods, the accuracy of field 
measurements, and variability of service conditions. 
Criteria are suggested for design of inertia mechanisms 
and design of structures for resistance to shock. 


NOMENCLATURE 
The following nomenclature is used in the paper: 
A = cross-sectional area of uniform beam 
speed of sound in beam material = Y E/+¥ 
constants which depend upon beam geometry 
modulus of elasticity 
acceleration of gravity 
steady acceleration required to produce 2» or € 
half-depth of uniform beam 
moment of inertia of beam cross section 
spring constant 
length of beam or rod 
free length of spring 
mass 
time 
duration of acceleration-time pulse 
time at maximum amplitude of response 
natural period = 2rY M/k 
= impulsive velocity change required to produce zo or € 
= velocity change of applied acceleration-time pulse 
deflection of mass on spring 
= specified travel of mass to actuate inertia mechanism, 
measured from initial position 
maximum deflection 
preset deflection of mass, measured from neutral posi- 
tion 
= deflection of free end of spring from fixed reference axis 
peak value of applied acceleration 
dummy variable of integration 
= pulse “form factor,” equal to average acceleration di- 
vided by peak acceleration 
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= unit strain 
strain required for damage or failure 
density of beam material 


natural circular frequency = 27/T = ¥V k 


INTRODUCTION 


The concepts of transient analysis, although frequently ap- 
plied to electrical problems, seldom are used in the discussion 
“shocks.”” The result has been that 
prone to make statements such as, “This 
with complete lack of regard for the 
Although 
those familiar with the jargon of transient analysis are apt to be 


of mechanical transients or 
the uninitiated are 
structure will stand 50 g,”’ 
fact that time is a variable in a dynamic problem. 


more cautious in their language, there does exist a general state 
of confusion regarding the role of duration of acceleration and 
natural frequency of the structure undergoing acceleration. 

This paper discusses the factors which influence the response 
of the mechanism being subjected to shock, introduces a method 
of presentation of transient data which leads to a more complete 
description of the applied transient and the resulting response, 
and suggests rational criteria for design for shock resistance 
or for actuation of inertia mechanisms. Although the nature of 
the problem is such that exact design formulas may not be de- 
veloped, it is possible to recommend the most probable design 
factors and to indicate the possible spread of performance under 
varied service conditions. 

The mechanism or structure considered herein must move a 
prescribed distance against a restraining force in order to per- 
form its function, in response to a transient forcing function 
This forcing function is an acceleration-time pulse acting on a 
mass, and the restraining force is exerted by some elastic mem- 
ber. By defining the system as moving a fixed distance one not 
ynly may include many inertia-operated devices such as are com- 
mon in ordnance applications (firing switches, and so on), but 
ilso shock-resistant structures, since failure is characterized by 
elastic or plastic strain, and strain is a travel phenomenon, 
Since the simplest system which fulfills the foregoing conditions 
is the mass-spring system, Fig. 1, the following analyses will be 














Fic. 1 A Stmpce Mass-Sprine System 


made only for the single-degree-of-freedom system. However, 
many of the conclusions reached for the behavior of the mass- 
spring system (mass-spring system will be used interchangeably 
with single-degree-of-freedom system hereafter) will be valid 
for more complex devices and structures. 

When the mass-spring system of Fig. 1 is subjected to ac- 
celeration-time pulses of varying amplitude and duration, it 
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is found (experimentally and theoretically) that the minimum 
shock values required to effect actuation (or prescribed travel) 
follow a curve such as Fig. 2, a typical sensitivity curve. 


L 
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Fig. 2. A Typicat Sensitivity Curve 


The parameters of velocity change and average acceleration 
describe the input pulse, while the sensitivity curve defines re- 
gions of actuation or no actuation. Taking, for example, a rod 
with a damage level arbitrarily defined at 5 per cent elongation, 
its damage-sensitivity curve would predict that all pulses in the 
region above and to the right of the sensitivity curve produce 
5 per cent or more elongation, while the pulses below and to the 
left are not sufficient to cause 5 per cent elongation. 

In order to justify a single curve such as Fig. 2, it will be neces- 
sary to define rigidly all the conditions of impact, one of the 
most important being the shape of the acceleration-time pulse. 
These “field” conditions will be discussed further, with the aim 
of arriving at a single sensitivity curve which can, with reasona- 
ble accuracy, represent the behavior of a mechanism or struc- 
ture in response to any single? acceleration transient likely to be 
encountered. Assuming for the moment that Fig. 2 is valid, 
within limits of accuracy, one can observe that it represents far 
more than a single number, such as 50 g. Without now going 
into a discussion of the full meaning or use of a sensitivity curve, 
one may note briefly that it predicts the minimum acceleration, 
at any duration, required for actuation. In other words, the 
curve represents sensitivity to any acceleration-time pulse. 

It may be considered superfluous experimentally or analytically 
to obtain such extensive data on the performance of a mechanism 
being considered for only a single application. There are severs:l 
reasons for obtaining the ‘“‘whole storv” on an inertia mechanism, 
not the least being the human tendency to employ a device in 
many ways other than that for which it was designed originally. 
Another, and overwhelmingly powerful, reason is that field con- 
ditions rarely can be defined narrowly (or if they are, it generally 
means that the person specifying these conditions is an optimist), 
laboratory methods are never exact, and there is considerable 
variability in manufactured products; all of which inaccuracies 
place the burden on the designer to,determine what these varia- 
tions mean in terms of performance. 

The sensitivity curve will indicate whether the design will 
operate well with quite a spread of service conditions, or whether 
small variations will lead to failure-—a stability criterion, as it 
were. For these, and many other reasons, it is worth while to 
consider performance under a wide range of circumstances, and 
experience has shown the sensitivity curve to be extremely valua- 
ble in work on mechanical transients. 


? Multiple pulses are mentioned briefly, but this subject is ex- 
tensive enough to deserve a separate treatment. 
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APPLICABILITY OF THE THEORY 


Unfortunately, there are phenomena other than acceleration 
and duration which affect the performance of inertia devices, 
and which tend to shift or distort the sensitivity curve. One 
factor which makes difficult any attempt to employ a single 
sensitivity curve, (or narrow band) for all service conditions is 
the shape of the acceleration-time pulse; that is, a square pulse, 
a half-sine pulse, and a triangular pulse, will all produce sensi- 
tivity curves different in some regions, even though the velocity 
changes and average accelerations are identical. This problem 
represents an inherent difficulty in the accurate presentation 
and application of inertia-sensitivity data and is considered in 
detail later in this paper. 

Some factors which make theoretical prediction of sensitivity 
curves difficult, but which do not render laboratory-determined 
sensitivity curves invalid, are as follows: 


1 Some systems require a certain amount of kinetic energy 
at the end of their travel in order to perform their function. 
In contrast to an electrical switch which merely must make con- 
tact, many practical devices must perform mechanical work 
other than moving their prescribed distance against spring force. 
Some mechanisms are required to move mechanical parts such as 
detents or cams, while some firing switches must penetrate the 
surface of an explosive with sufficient energy to initiate detona- 
tion. In the latter case it is generally found that mere pene- 
tration of an explosive does not necessarily cause detonation and 
that a minimum striking velocity is needed. 

2 Many systems are more complex than the single mass-spring 
For example, consider the distributed-mass system, 
In this case, 


svstem. 
which has an infinite number of natural periods. 
many of the higher modes of vibration may be excited by an in- 
put pulse and the resulting motion is far more complex and diffi- 
cult to analyze than that of the mass-spring svstem. Compare 
(Fig. 3) the motions (relative to its base) of the tip of a uniform 
cantilever beam with those of a mass-spring system, both re- 
sponding to an excitation consisting of an impulsive velocity of 
the base or fixed end (1).4 
with simple harmonic motion; whereas the cantilever tip remains 
motionless until the disturbance traverses the length of the can- 
tilever, begins to move in a direction opposite from that of the 
motion of the base, and finally executes a vibration which con- 


The mass-spring system responds 


tains all its higher modes. Apparently, an analysis of the inertia 
sensitivity of the uniform cantilever would be rather difficult and 
laborious. However, under certain conditions of loading,‘ the 
cantilever will respond as a single-degree-of-freedom system, an | 
the results of a mass-spring analysis will be directly applicable. 

3. There are miscellaneous divergences from the ideal mass- 
spring system which influence the behavior of the mechanism or 
structure. Effects such as nonlinearity of the “spring,” friction, 
preset of the spring or internal stresses in the structure, and 
damping may be of considerable importance in altering the shape 
of the sensitivity curve. 

t In complex structures there may be the possibility of in- 
ternal collision of structural members, with resulting accelerations 
far greater than the applied loading. 


It must be emphasized at this point that only when absolutely 
necessary should quantitative theoretical predictions be used in 


’ Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

* Frankland (2) suggests the following restrictions 

(a) The duration of impact must exceed 0.1 or more of the funda- 
mental period. (hb) The impact load must be distributed over the 
structure fairly uniformly. (c) The fundamental mode of the struc- 
ture must be uncoupled with the higher modes; in other words, the 
momentary deflection profile of the structure in its extreme position 
must agree with its profile under static load. 
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lieu of actual performance. The sources of discrepancy men- 
tioned and possibly many others indicate that any calculated 
sensitivity curve should be checked in the laboratory or in the 
field. How closely the theoretical predictions conform to test 
results will depend on the skill and experience of the estimator, 
but even the veteran theorist occasionally will miss some “bug” 
However, despite the foregoing pitfalls, the 
that is, the 
general shape of the curve will be correct, and the general con- 
clusions as to the action of the device or structure in response to 
shocks of short or of long duration will also be valid. 


in the system. 
qualitative theoretical conclusions will be valid; 


INTERPRETATION OF A THEORETICAL 


SENSITIVITY CURVE 


DETERMINATION AND 


In order to avoid being sidetracked by mathematics, it appears 
profitable to discuss qualitatively the response of a mass-spring 
system to a pulse of simple shape. After an understanding of 
the physical problem has been attained, the mathematical de- 
tails may be examined by reference to the Appendix. 
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Fic. 4 Mass-Sprinc System Sussectep To RecTANGULAR PULSE 

Consider Fig. 4 the free end of the spring of a mass-spring 
system subjected to a rectangular acceleration pulse. Because 
of the flexibility of the spring, the mass does not follow this fore- 
ing function, but instead executes some erratic vibration, Fig. 5. 
The peak deflection attained by the mass is different from the 
deflection which could have been achieved by very slowly apply- 
ing the maximum value of acceleration of the rectangular pulse 
The ratio of maximum dynamic deflection to maximum static 
deflection is termed the amplification factor. Had the ratio of 
pulse duration to natural period of the mass-spring system been 
different, the amplification factor would have been different. A 
plot, Fig. 6, of amplification factors for a mass-spring system sub- 
jected to rectangular pulses shows this dependence on duration 
(2). 

Since the mass must move a fixed distance, and a fixed deflec- 
tion is equivalent to a fixed acceleration (the peak response in 
Fig. 5), the higher the amplification factor the lower the required 


FORCING FUNCTION 





ACCELERATION 
OR 
DEFLECTION 





Mass-Sprinc System To a REcTANGULAR 


PULSE 


5 RESPONSE OF 


FACTOR 


N 





AMPLIFICATION 





a r 


os Lo 





RaTiO — 
aTio T 


FICATION Factors FoR Mass-Sprino 
JECTED TO RECTANGULAR PULSES 


AMPI System Sups- 


VELOCITY CHANGE 








AVERAGE ACCELERATION 


INERTIA-SENSITIVITY CURVE FOR Mass-Sprinc 
SUBJECTED TO RECTANGULAR PULSES 
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applied acceleration. For a rectangular pulse, the amplification 
factor increases as duration increases, soon becoming constant 
With regard to velocity change, which is equal to average ac- 
celeration times duration, it appears that longer duration (higher 
than 0.5 in Fig. 6) signifies higher velocity change. A grapnical 
presentation of these statements is the inertia-sensitivity curve 
of Fig. 7. 

Exception could be taken to the choice of co-ordinates of Fig. 
How- 


prac tical, 


7 since the basic parameters are acceleration and duration 
ever, the use of velocity change is found to be more 
since it leads to a curve which quickly approaches two asymp- 
totes (the word asymptote is used loosely here. since for some 
shape pulses the curve crosses the “asymptote,” and the ree- 


for the choice of average acceleration instead of peak accelera- 


tangular pulse actually reaches its asvmptote) reason 
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tion, aside from the fact that duration may be determined read- 
ily as velocity change divided by average acceleration, is that 
most service pulses have high-frequency ‘“‘hash” superimposed 
on the main pulse. The high acceleration spikes associated with 
the hash have little effect on the inertia mechanism, and a plot of 
peak acceleration would produce very erratic and unreliable sen- 
sitivity curves. 

Fig. 7 represents the inertia sensitivity of a mass-spring sys- 
tem to any pulse of rectangular shape. In general, for a given 
velocity change, it predicts the minimum acceleration necessary 
to actuate the mechanism. Also, for a given acceleration, it pre- 
dicts the minimum velocity change necessary to actuate the 


mechanism. 
Other conclusions may be drawn from this curve owing to the 
presence of the asymptotes (which also exist for other pulse 


shapes). Take, for example, the left-hand portion of the curve. 
In this region of relatively long pulse durations, the velocity 
change or duration may increase considerably without changing 
the acceleration appreciably. 

The value of this fact may be illustrated by the example of 
the designer of an inertia mechanism which must be actuated by 
a catapult which attains a peak acceleration of 10 gravitational 
units. If he designs the mechanism with too long a natural 
period, the catapult pulse will act effectively as an impulsive 
velocity change, and the operation of the mechanism will de- 
pend on the velocity delivered by the catapult. However, by 
examination of the inertia-sensitivity curve, he may note that 
so long as the natural period of the mechanism is about '/2 or less 
of the duration of the catapult pulse, the mechanism operation 
is virtually independent of velocity. Thus, as long as he keeps 
that restriction on natural period in mind, he may design the 
mechanism solely on the basis of static deflection under 10 gravi- 
tational units. 

Similar considerations apply to the right-hand portion of Fig. 
7. In this region, as long as the duration of the pulse is about 
'/, or less of the natural period, the velocity change remains rela- 
tively constant. Therefore the designer who is dealing with 
short durations (relative, of course, to the natural period of the 
structure or mechanism) has merely to stay below a certain dura- 
tion in order to achieve a constant result. Within this region 
the peak acceleration may be unknown or highly variable with- 
out affecting the result. 

The foregoing remarks on asymptotes apply to any sensi- 
tivity curve for a mass-spring system, The quantitative results, 
however, are different for different pulse shapes; that is, the 
asvmptotes exist, but are parallel, Fig. 8. In the following para- 
graphs a comparison will be made of sensitivity curves for sev- 
eral types of pulses, in an attempt to reach some quantitative 
conclusions which may apply to a large number of cases. 

Errect or Putse SHAPE ON THEORETICAL SENsITIVITY CURVES 
sensitivity curves for the response of a mass- 


Fig. 8 presents 


spring system to several pulse shapes. For purposes of com- 
parison, the sensitivity curve for the rectangular pulse is re- 


peated on each plot as a dashed curve. Fig. 8(f) is composed 


TABLE 1 


Peak acceleration, g 
2000-25000 
10-1000 


Equipment 
steel on steel 
lead pads 


Drop testers 
Drop testers 


20-200 
0-60 
5-100000 


Sine-wave tester 
Square-wave tester 
Air guns 


Rotary accelerator. . 10-650 


Centrifuges 


JOURNAL OF APPLIED MECHANICS 


EQUIPMENT AT NAV: 


DECEMBER, 1954 


It would 
be extremely advantageous to be able to employ a single curve, 


of all the sensitivity curves superimposed on one plot. 


or narrow band which would be reasonably accurate in many 
applications, Unfortunately, Fig. 8(f) reveals that the low- 
acceleration asymptotes are spread over a considerable range. 
The variations, for the single pulses shown (systems which can 
move in either direction from the neutral position show behavior 
less desirable than Fig. 8, when subjected to multiple, reference 
(3), or complex, reference (4), pulses) is from 2/2 for the triangle 
with very short build-up time to 4 for the half-sine pulse. Since 
either of these pulses is likely to be encountered in practice, it 
appears that the use of a single sensitivity curve should be sub- 
ject to serious error. 

On the brighter side of the picture, Fig. 8 shows that the high 
acceleration (short-duration) asymptote exhibits negligible de- 
pendence upon pulse shape. This means that any shock of dura- 
tion shorter than '/; or '/, of the natural period, regardless of 
pulse shape, will require the same velocity change, or energy, to 
actuate the inertia mechanism. 

Without going into the questions of which pulse shapes are pro- 
duced in the laboratory, and which may be expected in the field, 
the following general conclusions may be drawn: 


1 The high-acceleration asymptote is quite independent of 
pulse shape and therefore very reliable. 

2 The low-acceleration asymptote depends a good deal upon 
pulse shape and is therefore unreliable for general use. Unless 
the use of the sensitivity curve is restricted narrowly, this asymp- 


tote is suitable for only rough estimates. 


LABORATORY DETERMINATION OF INERTIA SENSITIVITY 


The obvious answer to the problem of pulse shape is a labora- 
tory-determined sensitivity curve for each shape likely to be 
encountered with the inertia device. This, however, would lead 
to prohibitive expense, both in testing time and in machinery. 
The practical approach is to use the best equipment available 
and make the best attempt at interpretation. 

Table 1 gives a general picture of the equipment in current 
use at the Naval Ordnance Laboratory for producing simple 
pulses, 

The full practical ranges of duration, acceleration, and ve- 
locity change are covered by this equipment with some variation 
in pulse shape. 

The general procedure in testing a specific mechanism is first 
to make a rough estimate of the natural frequency of the device 
and of the minimum velocity change to effect actuation or dam- 
age. 
used, 
of 30 millisee and a minimum velocity change of 5 fps (see sec- 
tion on design applications for formulas for calculation of these 
quantities), then any machine with a duration of less than about 
10 millisee would give test points out on the high-acceleration 


At this stage, one may select the machines which will be 
For example, if an inertia mechanism has a natural period 


asymptote, Fig. 7. Therefore the equipment to be chosen from 
Table 1 would be “drop testers” for the high-acceleration region, 
the 


“square-wave tester” for the bend of the curve, and the 


centrifuge” for the low-acceleration asymptote. 


AL ORDNANCE LABORATORY 


Velocity 
change, fps 

0-60 

0-60 


Duration, 
millisee 
0.040-0. 400 

0.40-20 


Pulse shape 
Half sine 
Slow build-up, 
: sharp drop 
3-6 Half sine 
5-50 25 Rectangular 
1-200 0-1000 Similar to blast 
pulse 
Linear build-up, 
remaining 
constant 


Long 


Long 





KORNHAUSER—EVALUATION OF SENSITIVITY TO TRANSIENT ACCELERATIONS 


INPUT 


AMPLIFICATION 


SENSITIVITY 








‘ 
‘ 
‘ 


ee ee 














FACTOR 


ACCELERATION 


AMPLIFICATION 











TIME 


Fic. 8 


Proper mounting of the test specimen is most important for the 
sensitivity curve to have any significance. Whenever possible, 
the device should be mounted exactly as in the service applica- 
tion. In this way the only simulation involved is in the input- 
acceleration pulse. Unfortunately, however, many of the serv- 
ice vehicles carrying the inertia device are physically too large 
to be accommodated in the testing machines, and the question 
arises as to the effect of interposing a substitute elastic system 
between the source of shock and the component to be tested. 
This problem of transmission of shock through complex struc- 
tures has not vet attained the stature of a science, owing to the 
dearth of information on even the more‘simple mechanical sys- 
tems responding to transients. At some future date, when the 
literature contains the solutions of a sufficieny number of classical 
problems, it may be practical to design an elastic mount 
equivalent to the actual mounting structure. 

In some cases, after it has been determined that the actual 
mounting structure is too large, it is possible to select an inter- 
mediate mounting structure which 
This method, of course, de- 


“sees”’ the input pulse (in 
service) and is of suitable size. 
pends entirely on the judgment of the individual who decides on 


the relative rigidities of the structural members. 


Ratio t/t 


AMPLIFICATION FACTORS AND SENSITIVITY 
TO SoME S1inG 
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Curves ror Mass-Sprinc System Suassecrep 
LE PuLses 


A simple, and also determinate, method of testing inertia de- 
vices is to use a relatively rigid mount which faithfully transmits 
the input (test) pulse. In this way, whenever the entire service 
mount or some intermediate mount cannot be tested as a unit, 
the performance of the mechanism on a determinate mount is 
ascertained, Although application of this information to the 
field-mounting condition may be difficult, the procedure is much 
more satisfactory than making indeterminate attempts at simu- 
lation of mounting. 

After the and the 


mounted, testing for sensitivity is done by finding the minimum 


machines have been selected specimen 


velocity change for actuation of the device. For example, on 
the drop tester the method is to find the height of drop just suffi- 
cient for operation or damage. The sensitivity levels for various 
pulse durations are determined and the inertia-sensitivity curve 
plotted. 
approach, such as the Bruceton or Probit methods of analysis of 


(Efficient, economical testing may demand a statistical 


go or no-go data.) 
PRESENTATION OF LABORATORY-SENSITIVITY Data 


Laboratory tests produce an inertia-sensitivity curve com- 


posed of points representing several pulse shapes. Unless each 





376 


point accidentally coincides with the field application as regards 
pulse shape, it would appear that the sensitivity curve may not 
be very useful. It must be recalled, however, that the high- 
acceleration asymptote showed negligible dependence on pulse 
shape, which makes half the curve quite reliable. 

There are two approaches to the problem of the lack of relia- 
bility of the low-acceleration region of the curve. The gener- 
ally accepted practice is to present the data “‘as is,’’ based on the 
reasoning that the test machines vield results midway between 
the possible spread of values, and also based on the lack of ac- 
curate knowledge of field conditions. This approach realistically 
does not try to produce information on a level higher than the 
purpose for which it is intended. Data in the low-acceleration 
region are unreliable for close calculation and should be regarded 
as such. 

In the rare instances which warrant accurate simulation, based 
on precise information on field shocks, it is possible to get better 
answers by adjusting the sensitivity data. For example, con- 
sider a set of data obtained with test equipment which gave the 


pulse shape and duration as indicated in Fig. 9. This curve is 
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valid only for the pulse shapes indicated, except in the high- 
acceleration region where all shapes vield almost identical results. 
Now let us say that the mechanism tested is to be used in an ap- 
plication which calls for a half-sine pulse in place of the linear 
build-up, a symmetrical triangle instead of the rectangle, and 
rectangles instead of the half-sines. A rule-of-thumb approxi- 
mation of the answer is to apply the theoretical values of accelera- 
tion (for each portion of the curve) to the test data of Fig. 9. 

Take, for illustration, the point which was obtained with a 
linear build-up and which must be presented as a half-sine pulse. 
If the data were found as 12 gravitational units, the approxi- 
mate point would be 12 X 4/7 = 15.3 gravitational units, based 
on the theoretical value of four for the half-sine and a for the 
linear build-up, Fig. 8. Using this approximate method, the 
desired sensitivity curve would be presented as the solid curve 
in Fig. 10. 

Practical Use or a Sensitivity CURVE 

There are powerful reasons for not depending too closely on 
inertia sensitivity in the low-acceleration region. One of the 
sources of difficulty lies in the statistical nature of the physical 
problem (7). For example, if one considers the sheck on entry 
into water, the important factor of surface configuration leads to 
statistical variability of results. If it is a target-impact problem, 
the target structure and exact location of impact are rarely well 
defined. In the problems of this type any carefully reasoned 
estimate should be presented with a probable spread of values. 

Another source of error is the lack of enough good field or serv- 
ice information. Gathering data in the field is an extremely ex- 
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pensive and time-consuming task, considering the instrumenta- 
tion involved in measuring accelerations. 
measurements are made on any given field vehicle in a given 
service application. One or two measurements applied to a sta- 
tistical problem do not lead to an answer which can be regarded 
with a good degree of confidence. 

The designer’s answer to the sources of error mentioned is to 
make provisions for satisfactory operation of the mechanism 
The mechanism must 
be quite flexible in its range of operation, with variability of field 
conditions and errors in field measurements adding up to some 


For this reason, few 


over a wide spread of service conditions. 


+50 per cent. This approach of recognizing and meeting the 
difficult design specifications is far superior to that of speculating 
on the probability of operation of a mechanism which operates 
An added 
advantage is the likelihood that a design which can cope with the 
spread of service requirements also will be adequate for the spread 
of the low-acceleration asymptotes resulting from variation in 


somewhere within the spread of service conditions. 


pulse shape. 
Upon consideration of the variability of field conditions and 
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the unreliability of typical field data, it becomes apparent that 
the laboratory-sensitivity data are probably the most carefully 
controlled and reliable components of the over-all problem. 
Therefore it is concluded that an sensitivity curve 
(the laboratory test data) in the low-acceleration range is justi- 
fied until such time as extensive and reliable field data are ob- 
tained (on each problem) to lead to solutions in terms of statisti- 


“average” 


cal spreads. 


APPLICATION OF THEORETICAL SENSITIVITY CURVES TO DESIGN 
or INERTIA MECHANISMS 


The designer who must estimate a sensitivity curve has some 
simple formulas at his disposal. For the high-acceleration 
asymptote, the velocity change is close to the V» of Equation 
[17] (see Appendix). Rewriting Equation [17] to include the 
effect of preset of the spring (x,,) 


/ 
» | tp fa? 
Vo = wx 1+2 l 
Do 


Since the total deflection at the point of maximum travel is 
equal to z, + 2, the peak acceleration applied by centrifuge 
= (k/M) (m + Zp) = w*(xo + Zp). Using the “average”’ ac- 
celeration of half the centrifuge value 


1 
= w(x, + Xo) [2] 


Fig. 11 uses Equations [1] and [2] in estimating the sensitivity 
curve. 





KORNHAUSER—EVALUATION OF SENSITIVITY TO TRANSIENT ACCELERATIONS 


An example of the accuracy of these simple equations, when 
applied to a simple determinate system, is the following com- 
parison of test results and theory for a small cantilever beam 
used as an inertia switch: 

1780 g 
vibrator 


centrifuge setting of switch = 


natural frequency—measured on 


2085 eps 


Measurements 


Using Equation [18] (Appendix) 


Go 4780) (32.2 
= Sg Sees =) 11.78 fps 
w (2m) (2085) 


The measured value of Vo, using a 50-microsee input pulse, was 
11.35 fps. 

The basic design parameters, Fig. 11, are velocity change, 
average acceleration, natural frequency, preset of the spring 


and travel distance. Since, in general, the restrictions on more 
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MECHANISM 


EsTIMATED FOR THE 


than one or two of these quantities are not too severe, the designer 
has considerable latitude in his design. It is because of this 
freedom of design that it is possible to overcome the liability of 
the expected spread in operating conditions which usually char- 
acterizes the service applications of inertia devices. 


(PPLICATIONS TO STRUCTURAL DeEsIGN 


It would be of value to the designer to be able to predict the 
shock resistance of a structure, without recourse to tedious com- 
putations of response to inertia loading. The following analysis 
leads to a rough approximation of “damage sensitivity’? based 
upon the lowest natural mode of vibration, the properties of the 
materials, and the degree of destruction. 

The structure is stated to behave as a simple mass-spring svs- 
tem, which assumption involves the following simplifications: 


1 Failure is characterized by the amount of strain €), which 
is attained by elastic action; that is, if one is dealing with some 
plastic deformation, an average modulus and speed of sound 
may be employed to simplify the problem. 


TABLE 2 BEAM GEOMETRY 


Beam 

Cantilever... 

Pin ends..... 

Both ends fixed 

One end fixed, other pinned 

Cantilever. mass at end 

Both ends fixed, mass at center 

One end fixed, other pinned, mass at center 
Cantilever, mass at center 

Pin ends, mass at center 
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2 Loading of the structure is presumed uniform, and the dy- 
namic deflection of the structure has the same mode shape as 
that of the fundamental natural frequency. This allows the use 
of the relation Gy = wVo. 
and particu- 


For 


3 All the simplifications previously discussed 
larly the case of internal collisions, are applicable here, 
a uniform beam under a steady acceleration G 

, Gl(AYE)A 
€¢ = i 
El 


— | El 
es i: Eee 


hence 


" ’ | 
we E wer _ | 


rok ez [7 
oe Vie. y+ CC Vi 


The quantity V //(h2A) is equal to 0.577 for a beam of rectangu- 
lar cross section, and 0.500 for the beam of circular cross section. 
Using an average value 


GC = 0.54 
( 


Making use of the relationship Vo ‘,/w, one finds that Vo is 
independent of frequency 
‘ eo 
Vo = 0.54 [6] 
WC, 
but dependent on beam geometry and material properties. Ex- 
amining the effects of beam geometry in Table 2, it appears that 
a representative value of Vo, fora system in bending 
Vo = 0.30 Co... [7] 
The axially loaded rod is stronger than any of the systems 
mentioned: 


(a) The rod loaded by 
stress distribution) 


a steady acceleration (nonuniform 


= Creo = 0.636 Coe 


Tr 


(b) The rod loaded with an elastic stress wave (uniform stress) 


€ 


_ Ve Vo 
Bg C, 


Vo = 1.000 Cre 


AND NATURAL 


0 54 
cice 
0.307 
0.438 
0.289 
0.281 
0 312 
0.312 
0.274> 
0 221 
0.312, 


FOR STRESS FREQUENCY 


Uniform beams 


Weight of uniform beam now 
concentrated at one point 
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In general, the bending frequencies of a structure are lower 
than the longitudinal mode frequencies, and therefore Equation 
[7] better represents most structures than Equations [8] or [9]. 

For steel or aluminum, with Co = 17,000 fps the strain and 
corresponding impulsive velocity predicted by Equation [7] 
are as shown in Table 3. 

AN IMPULSIVELY LOADED 
RE 

Ms 1 2 
102 


600000 
200000 


STRUCT 
4 


1 
°7 


€e, per cent 


TABLE 3 STRESS AND STRAIN IN 
S U 
1 


Vo, fps . eee 
Elastic stress, steel 
Elastic stress, alum. 


2. 
150000 
50000 


51 
300000 
100000 


7 
1000 
25000 


Fig. 12 is a plot of the damage-sensitivity curves for the “typi- 
cal” structure of steel or aluminum, with 


Vo = 0.30 Co€o 
Go wVo 
Cy = 17,000 fps 


1 
€& = > per cent 


The curves are drawn to represent the average sensitivity curve, 
or rectangular pulse, with Vo as the short-duration asymptote 
and 1/2 Gy as the long-duration asymptote. 

These curves, and similar sets for other materials, should prove 
useful for preliminary design estimates. 
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Appendix 


THEORETICAL SENSITIVITY OF MASs-SPRING SysTeM 


Fig. 13 shows the position of the mass-spring system relative 


to some fixed reference system. An analysis similar to that of 


y —4f— ik —ej 
M 
k 


Fic. 13 Tue Mass-Sprine System 





Frankland (2) is followed to derive Duhamel’s integral 


Multiplying by sin wt 


# sin wt + w*z sin wt = 7 sin wl 


: 1 
2 (z sin wt) — = (wr cos wl) = 


yj sin wt 


integrating 


tq 
u 
Fr sin wt wrcos wl = 3 
da? 
/0 


where @ is a dummy variable of integration, 
Multiplying Equation [10] by cos wt 


# cos wt + w*r cos wl = ij cos wl 


d 


(7 cos wt) + 


dt dt 


(wr sin wt) = # cos wl 
integrating 
re dty 


, cos wada 
da? 


i cos wt + wr sinw = 


The foregoing integrations assume the boundary conditions of 


zero displacement and zero velocity at zero time. 


terms in # from Equations [11] and [12 
' dty f dry 


cos wada — cos wt 
da~ da? 


wr = sin wl 


0 
t d*y 


sin w (t 


ajda 
da? 


0 
Writing Duhamel’s integral dimensionlessly 


( *y) 
sin (wt 
ij, da? ” 


wajda 
0 


sin wada...... 


112 cos wt, sin wl, + 


To find maximum, differentiate with respect to time and equate 
to zero 


and for ¢,,/t 


Amplification factor 


(11) 
t>h 


» . 


wr 
Ww sin (wf wajda + w 0 
/ Pe ’ 


. . 
cos (wl 


1 


= sin wf sin wh; cos wll 


Differentiating for maximum 


sin wt,,(1 cos wt) 


sin wf 
tan wt, = 
cos wil 


Eliminating 


sin wada 


and for t,,/t; 2 1 


[13 


The procedure for determining amplification factor is to sub- 


stitute 

1 d*y 

yj, da* 
as a function of @ (shape of input pulse) into Equation [13] 
for the maximum value of w*z/j,,, then 
at ; kez. wr, 
Amplification factor = = 
Min 


For the rectangular pulse, Fig. 4 
t< 
Ost 
oo 

Substituting into Equation [13] 


wr 


Ostst sin(wt — wa)da 


Ym 


wa)| = 1—coswt 


0 


cos (wt 


. solve 


{14 


or 


Amplification factor = 


l 

sin 27 ( + 
1 

cos or ( 


A sample calculation will be made for the rectangular pulse. t 


hi 
= cosm — sin 27 — 
7 1 


ty t; 
r sng - l cos 2r 4 
7 1 
t 
sin | 27 — 
7 


Fig. 6 is a plot of Equation [16] for 4,/T < 
[15] fort:/7T = 1/2. Fig. 8 shows amplification-factor curves 
for several pulses other than the rectangular pulse. 


1/2 and Equation 
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In order to express inertia-sensitivity parameters in dimen- 
sionless form, the quantity V This is the ve- 
locity of the mass as it passes through the neutral position (zero 
spring deflection) sufficient to produce z), which is the specified 
Equating kinetic and potential energy 


is introduced. 


travel of the mechanism. 
(no preset) 


> 


* ] 
| kr dz = a 
0 


. k 
Vo = Xo 
M 
Vo = wr 
Steady acceleration needed to produce xo 


force kro 
Go = = 


mass M 


d ? Vow 
Peak applied acceleration = = 


amp factor amp factor 


Average applied acceleration = 8 (peak acceleration) where 8 
is a factor which depends on the pulse shape. For the rectangle 
8 1. For the triangle 8 = 1/2. For the half-sine pulse 
8 = 2/r 

Average acceleration = 8 a — 
amp factor 


Dimensionlessly 


278 


Avg accel 
amp factor 


V0o/T 


Velocity change AV = avg accel X 4 
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Dimensionlessly 


AV ( 278 t, (20) 
Vo amp factor/\T P 
By selecting values of amplification factor from Fig. 8, the 
sensitivity plots of 
avg accel 

— versus ——— 

Vo Vo/7 
(also Fig. 8) were calculated easily. 


At small values of 4/7, AV /Vo approaches 1, or 


t 
Amp factor = 278 = 


that is, the initial slope of the amp factor versus 4/7’ curve = 


278. 
. i/* T 
Avg acce = 
£ acc T t 


Table 4 is applicable at large values of t,/7', as also indicated in 


Consequently 


Fig. 8. 
LONG-DURATION ASYMPTOTES 


Amp ; se Vo 
Shave factor Avg accel T 


TABLE 4 


Rectangle. . 2 
Half-sine 1 
Symmetrical triangle 1 

9 


Triangle, zero build-up time 


Triangle, zero drop-off time 1 
Centrifuge. 1 Qn 

Note that half the centrifuge value of 27 would fall within 
the crosshatched region of Fig. 8(‘), and therefore one half of the 
indicated centrifuge reading is used on laboratory-sensitivity 
curves. This is in line with the policy of using an average sen- 
sitivity curve to represent most service conditions with an accu- 
racy warranted by such applications. 





Torsional Vibrations of Beams of 


. 


Thin-Walled Open Section 


By J. M. GERE,' STANFORD, CALIP. 


This analysis deals with the free torsional vibrations of 
bars of thin-walled open cross section for which the 
shear center and centroid coincide. Such sections in- 
clude I-beams and Z-sections. The differential equation 
for torsional vibrations is derived and includes the effect 
of warping of the cross section. The effect of warping on 
the frequency of vibration and the shapes of the normal 
modes of vibration are determined for bars of single span 
with various end conditions. For a simply supported 
bar, a formula for the principal torsional frequencies 
and an expression for mode shape are derived. For other 
conditions of support, the frequency equations are de- 
rived and their solutions presented in graphical form. 
From these graphs the frequencies of vibration and the 
mode shapes may be obtained directly. The case of a 
cross section which does not warp is a limiting case of 
the general problem. For such shapes (for example, a 
cross-shaped or cruciform section) the formulas for 
torsional frequencies and modes of vibration are quite 
simple. These formulas also are valid for a circular shaft 
and may be used approximately for other solid sections. 


EQUATION OF TORSIONAL VIBRATIONS 


The differential equation for the case of free vibrations is 
derived most easily by using D’Alembert’s principle. This prin- 
ciple states, in effect, that the equation of motion for a dynamic 
system may be obtained by substituting inertia forces into the 
equation of static equilibrium. For the case of a thin-walled bar 
of open cross section, Fig. 1, the equation of static equilibrium for 


torsion? is 


i di 
of... EC, Pee ae 
dz dx’ 


in which the following notation is used: 


E = modulus of elasticity 

G modulus of rigidity (or shear modulus) 

! Graduate student, Division of Engineering Mechanics, Stanford 
University. 

? This equation was first derived for the case of an I-beam by 
Timoshenko, Bulletin of the Polytechnic Institute, St. Petersburg 
1905. The equation was extended to all thin-walled open cross sec- 
tions by H. Wagner, ‘‘Torsion and Buckling of Open Sections,”’ 
Technische Hochschule, Danzig, Germany, 25th Anniversary Publi- 
cation, 1929. An English translation of this paper is given in 
NACA Technical Memorandum No. 807, October, 1936. The equa- 
tion is valid for bars in which the length is large compared to the 
cross-sectional dimensions. 

Presented at the West Coast Conference of the Applied Mechanics 
Division, University of California, Berkeley, Calif., June 21-23, 1954, 
of Tae American Society or MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1955, for publication at a later date. Discus- 
sion received after closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, March 10, 1954. This paper was not preprinted. 


= torsional constant 

= warping constant 

= total torque acting on bar at any cross section 
= angle of twist of bar at any cross section 


= distance along bar 


For free vibrations the static torque is replaced by the inertia 
torque which has an intensity (per unit length of bar) of 
ao 


ml 
OF 


in which 


I = polar moment of inertia of cross section about centroid 


T 


m = mass density of the material of bar 


t = time 
The intensity of torque is related to the total torque at any sec- 
tion by the expression 

OM, oD 

Or ol? 














| 
= 
Fia. | 


Pain-Wattep Bar or Open Cross 


SECTION 


I-Beam TypirytIneG 


which merely states that the rate of change of the total torque 
equals the intensity of the inertia torque. 
and combining with Equa- 


l vi- 


Upon differentiating Equation [1 
tion [2], we obtain the differential equation for free torsiona 


brations 


od 


2 o' 
oa iC ¢ = ml, [3] 
ol 


EC, 
oz? or 


GC 
2 

This equation is necessarily a partial differential equation since 
¢ is a function of both z and ¢. The equation is valid for all bars 
of thin-walled cpen cross section, provided the shear center of the 
cross section coincides witi: the centroid. If the shear center does 
not coincide with the centroid, the torsional vibrations will be 
accompanied by bending vibrations. The equations for these 
coupled vibrations are more complicated and in the general case 
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the solution of three simultaneous partial differential equations is 
required.$ 


GENERAL SOLUTION OF EQUATION 


To find the natural modes of vibration, the solution of Equa- 
tion [3] is obtained by separation of variables. Thus, by taking 
@ in the form 


@ = X(xz)T(t) 


and then substituting into Equation [3], separating the variables, 
and setting the resulting expressions equal to —p,?, we obtain 


T = A, cos p,t + B, sin p,t 


The expression for a normal mode of vibration is then 

@ = X(A, cos p,t + B, sin p,t)............[4] 
in which X is the normal function giving the shape of the mode of 
vibration and p, is the natural frequency of vibration (radians per 
unit of time). Any actual motion of the vibrating bar can be ob- 
tained by a summation of normal modes, so that in the general 
case 


ts X,,(A,, cos p,t + B, sin p,t) 


n=1 


d = 


in which the coefficients A, and B, are found from the initial con- 
ditions of the vibration. 

The equation for determining the normal function X, found by 
substituting Equation [4] into the differential Equation [3], is 
then 

dix d?X 
EC, GC 


dx* dy? ml ,p,2X = 0 


The general solution of this equation may be found by taking the 
normal function X in the form D’e®*, which yields the auxiliary 
algebraic equation 


EC.) GC b? — ml ,P,? = 0 


The four roots of this equation are 


b, = +a, bh = —a, bs = +18, bs = —iB 


in which @ and @ are the positive, real quantities given by 


GC + V(GC)? + 4EC mI,p,? 
2EC 


om = 
\ : 
GC + V (GC)? + 4ECml,p,2 
2EC, 


general solution of Equation [5] then becomes either 


¥ -_ D's tar 4 Dv ar 4 D's +18r 4 D'« Ber 


or 


Y = D, cosh ax + Dy sinh ax + D; cos Bx + Dy sin Br... . [8] 


There are four arbitrary constants in this expression which 
must be determined so as to satisfy the particular boundary 
conditions of the problem. For any beam there will be two 
boundary conditions at each end and these four conditions deter- 
mine the frequency equation and the ratios of three of the con- 
Solving the frequency equation 


With the 


stants to the fourth constant. 
then determines the principal frequencies of vibration. 


3 This general problem is discussed in the author’s doctoral disserta- 
tion, ‘“‘Bending and Torsional Vibrations of Thin-Walled Bars of 
Open Cross Section,’’ Stanford University, Stanford, Calif., 1954, 
Prof. D. H. Young, Adviser. 
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frequencies and normal functions determined, the solution is 
essentially complete. 

The foregoing discussion is based on the assumption that (,, is 
not zero. The special case of C,, = 0, which means that the 
cross sections of the bar do not warp, is discussed later. 


BounbDARY CONDITIONS FOR TORSION 


The supports at the ends of a bar or beam vibrating torsionally 
may offer restraint in two ways. 
against rotation of the end cross section or restraint against warp- 
ing of the end cross section. Warping is the displacement in the 
longitudinal direction of the bar of a cross section which originally 
was plane and at right angles to the longitudinal axis; that is, it is 
the distortion of a plane cross section out of its plane. 

The warping displacements u in the z-direction are given by the 
equation‘ 


There may be a restraint 


re) 
“u= ? (D — w,) 
Or 
in which 
D= 


oo, = 


constant of cross section 
quantity which varies over cross section, but is constant 
for any given point in cross section. 


From Equation [9] we obtain the longitudinal stresses as 


oe? 
= EF $ (D — @,) 


[10] 
Oz? 


Thus we see from Equations [9] and [10] that the warping and 
the longitudinal stress at any point in the cross section of the bar 
are directly proportional to 0@/Ozr and 0°¢/dz?, respectively. 

Three kinds of end support may be defined, depending on the 
type of restraint. A “simple support’’ implies restraint against 
rotation but not against warping; that is, the end of the bar 
does not rotate but is free to warp. This means the longitudinal 
stress o, is zero or, in other words, 0*@/dz? must be zero. Hence, 
for a simple support, the end conditions are 

@ = 0, . 
Oz? 

A “fixed support” implies restraint not only against rotation 
but also against any warping of the end cross section. This 
means that the end of the bar is built-in rigidly so that no defor- 
mation of the end cross section can take place. Since rotation and 
warping are zero, the end conditions are 


A “free end” implies no restraint of any kind at the end of the 
bar. This requires the stress o, to be zero and, in addition, the 
This 


last condition is expressed by setting M, = 0 in Equation [1}. 


total torque acting on the end cross section must be zero. 


Thus the end conditions for a free end are 


oo o*d 
ox? or’ 


= a 0 
"EC, de “ 

By applying the foregoing end conditions to the general solu- 
tion, Equation [8], a number of different types of single-span 
beams can be analyzed. It should be noted that the boundary 

‘For derivation of this equation and a further explanation of the 
quantities D and ws, see ‘‘Theory of Bending, Torsion and Buckling of 
Thin-Walled Members of Open Cross Section,”’ by S. Timoshenko, 
Journal of The Franklin Institute, vol. 239, 1945, pp. 201-219, 249 
268, 343-361. 
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conditions for the normal function X are the same as those for the 


angle of rotation @. This is evident from Equation [4] inasmuch 
as the boundary conditions must hold for any time ¢. 


Sime._y Suprortep BEAM 


For a beam of length / simply supported at each end, the 
boundary conditions are 


BC 1X =0 BC 3 X =0 


a°X PN 
BC 2 0 | BC 4- 

dx* dz? 
[8], we obtain from 
D,, and from the 
0. Thus either 


Applying these conditions to Equation 
the first boundary condition the relation D; = 
D(a? + 8 


second condition the relation 
D, = D; = 0, or else a? + B? = 0. 


But a? + 8? = 0 means that 


(GC)? + 4EC mI ,p,? = 0 


which is impossible, since all the quantities are positive. Thus 


from BC 1 and BC 2, we have 
D, = D; = 0 
From BC 3 and BC 4 we obtain the equations 
Dz sinh al + D, sin Bl = 0... 
D.o2 sinh al — D,8? sin Bl = 0. {12 


For a solution other than zero, the determinant of the coefficients 
must be zero, which means 


sin Bl 
B? sin Bl 


sinh al, 


a?’ sinh al, 


(sinh al)(sin Bl)(a? + B82) = 0 


Since a? + 8? ~ O and sinh al = 0, it follows that 


sin Gl = 0, or B = = am bhZ2sé... 
l 
This is the frequency equation for a simply supported beam, and 
upon substituting the complete expression for 8, Equation 
into this equation, we find for the fundamental frequencies of tor- 
sional vibration 


/ “Y ests 
nr | n?rECc,, + PGC 


vig I? \ ml» 


Since sin 8] = 0, we find from Equation [11] or Equation [12] 
that D, = 0. Hence the normal function is 


[14] 


E _ nmr 
X = D, sin [15] 
The complete expression for the angle of twist @ is obtained by 
summing up the normal modes, so that 


_ nT 
> sin 


I 
i (A,, cos p,t + B,, sin p,t) 
n=1 


o = 


in which A, and B, are determined by the initial conditions. 
The importance of the warping rigidity on the frequency of tor- 
sional vibration can be determined by comparing the fundamental 
frequencies p, given by Equation [14] with the frequency which 
would be obtained if the term involving C,, were omitted. De- 


noting by r the ratio of the frequency of vibration with warping 


considered, Equation [14], to the frequency with warping neg- 


lected, we obtain 


p, considering warping 
rn = = 


p, neglecting warping 

where 
GC 
EC, 


The parameter k is a dimensionless quantity which is constant for 


| | 


_ CONSIDERING WARPING 
' Py NEGLECTING WARPING 


any given beam. 
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WakpPInNG on Torsional SIMPLE 


Beam 


Fig. 2. Errect or 


Fig. 2 shows the variation of r; with k, for the first three modes 
of vibration. The effect of warping is to increase the frequency of 
vibration, since warping increases the stiffness of the bar against 
rotation. For small k, which means (,, is relatively large, the 
effect of warping is considerable and must be taken into account. 
For large k, which means (,, is relatively small, the warping effect 
is also small and may be neglected in many cases 

As an example, consider a standard wide-flange beam, 12WF 45, 
with a length of 20 ft, for which the value® of & (neglecting the 
effect of fillets) is about 4.0. From Fig. 2 we see that even for 
the first mode of vibration, the effect of warping is to increase the 
frequency about 27 per cent above the value obtained without 


warping. 
Firxep-Enp Beam 
In the case of a beam which is built-in rigidly at both ends, the 
boundary conditions are 


BC 1X =0 


1g aX 
BC 2 = BC 
dr dr 
Applying these conditions to the general solution, Equation [8], 
we find from the first two boundary conditions 


al 


D,=—D,, Dy = 31 
Using these relations and BC 3 and BC 4, we obtain 


asin Bl) = 0 
cos Bl) = 0 


D,B8(cosh al — cos Bl) + D8 sinh al 17] 
D(a sinh al + 8 sin Bl) + Dew (cosh al ‘ 
Equating the determinant of the coefficients to zero, we obtain 


* Formulas for determining C and Cy are given in the Appendix 
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B (cosh al — cos Bl), 8 sinh al — a sin Bl 


a sinh al + B sin Bl, a@ (cosh al — cos Bl) 


or 


2(al)(8l){1 — cosh al cos Bl} 


+ {(al)? (81)?) sinh al sin B/ 0. . [18] 

This is the frequency equation for a fixed-end beam. Because of 
the highly transcendental nature of the equation, solutions must 
be obtained by lengthy trial-and-error procedure. The solution 
of this equation for the first mode of vibration (n = 1) is plotted 
graphically in Fig. 3 for the curve labeled “Fixed Supports.” 


Fig. 3 gives 8l as a function of k, where k = 1 (GC)/( EC.) 


6 
el 
(RaQ) 

s 


FREE ENOS 


CANTILEVER WITH 
\UNRESTRAINE WARPING 
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as defined previously. The procedure is to evaluate the dimen- 
sionless quantity k for any given beam, obtain Bl (also di- 
mensionless) from Fig. 3, and then compute al from the relation 


(al)? = k? + (812... (19) 

Having thus determined al and £1, the ratios of the constants 
D,, Dz, D3, Ds can be found from Equations [16] and [17]. The 
normal function X (giving the shape of the mode of vibration) is 
then determined completely except for an arbitrary amplitude. 
The mode shapes for a bar with fixed ends are shown in Fig. 5 for 
various values of k. In Fig. 5 the angle of rotation @ of any 
cross section is plotted as a function of distance along the beam, 
both co-ordinates being expressed in dimensionless ratios. 

For small values of k, which means warping is relatively large, 
the mode shape is essentially a cosine curve with the axis shifted. 
As k increases, the mode shape approaches a sine curve as for the 
case of a simply supported bar. (In Fig. 5 the mode shape for 
values of & less than 1 or greater than 1000 are practically the 
same as for k = 1 and 1000, respectively.) In other words, as 
C,, approaches zero, k increases indefinitely, and a bar with fixed 
ends approaches a simply supported bar. This transition is also 
seen in Fig. 3 where the value of 81, which is essentially a solution 
of the frequency equation, approaches the case of simple sup- 
ports as k increases. 

It is interesting to note that whereas the angle of rotation @ 
for a bar with simple supports is the limiting case of a bar with 
fixed supports as k approaches infinity, this is not quite the case 
with regard to 0¢/dr. The discrepancy occurs at the ends of the 
bar, where 0@/Odz is always zero for the fixed-end bar. 

Fig. 6 is a graph of 0@/dz for a fixed-end beam, for increasing 
values of k. It is seen that as C,, approaches zero and k ap- 
proaches infinity, the curve of 0¢/dz approaches a cosine curve, 
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Fic. 6 Grapu or (0¢/d2) /(0¢/02)max—Fi1xep Supports (n = 1) 
which is the case of simple supports, except at the end points 
where the value is always zero. This discontinuity arises because 
the curves for a fixed-end bar are solutions of a fourth-order dif- 
ferential equation, whereas the limiting case of C,, = O means 
that the differential equation becomes one of second order. This 
second-order equation is discussed later, where it is shown that 
for fixed supports the solution is the same as for simple supports. 
When the transition is made from the fourth-order to the second- 
order equation, a discontinuity arises in the derivative for which 
the boundary condition is lost, in this case 0@/dr. 

The frequency of vibration may be determined from the rela- 
tion 


ml, 


( = 2 
(al)(Bl) = pal Qe a 


.. [20] 
It is more convenient, however, to express the frequency p» by 
its ratic to the frequency of a simple beam of the same dimensions. 
The frequency of torsional vibration for a simple beam is readily 
obtained directly from Equation {14}. The ratio of the frequency 
for a fixed-end beam to the frequency of a simple beam is plotted 
in Fig. 4 for the curve labeled Fixed Supports. 
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Fig. 4 is drawn for the first mode of vibration (n = 1) and 
shows that for low values of k, the warping restraint at the ends 
of the beam has a sizable effect on the frequency of vibration. 
For high values of k, which means relatively low values of C,, the 
effect is very small and the frequency of a fixed-end beam ap- 
proaches that of a simple beam. 


Beam Frxep at One Enp, Simpiy SupporTeED AT THE OTHER 


With the end z = 0 taken as the simply supported end, and the 
end x = / as the built-in end, the boundary conditions are 


BC 1X = BC3 X =0 
dX 


ax 
BC 4 = 0 
dx? dz 


atr<=l 
BC 2 


From BC 1 and BC 2 we obtain D, = D, = 0 as for the case of a 


simple beam. From BC 3 and BC 4 we then obtain 


Dz sinh al + D, sin Bl = 0 


19 
Dz a cosh al + D, B cos Bl = 0 [21] 


and the frequency equation is 
tanh al tan pil 
ai pl 


The solution of this frequency equation for 8/ is plotted in Fig. 
3 for the first mode of vibration. When §/ is thus determined, 
al may be found by Equation [19], and then the ratio of the con- 
stants D, and DD, found from either of Equations [21]. In this 
way the normal function X is determined. The ratio of the fre- 
quency p, to the frequency of a simple beam (p,,), 
Fig. 4. For low values of k, the effect of warping is important, 
whereas for high values the bar approaches the case of a simple 


is plotted in 


beam, both in mode shape and frequency. 


CANTILEVER Beam Witu WARPING RESTRAINED 


For a cantilever beam built-in rigidly at the end rz = 0 so that 


warping is completely prevented, and with a free end at z = J, 


the boundary conditions are 


BC 1 


BC 3 


GC 
BC4— 
EC,, dz 


From BC 1 and BC 2 we obtain 


D; = —D,, Dy = —D: [2% 


° BI 
Using these relations and also Equation [19], we obtain from BC 3 
and BC 4 


‘Curves similar to Figs. 3 and 4, but drawn to a larger scale so 
that values of 8l and p, /(p,). may be determined accurately, are given 
in the reference cited in footnote 3. Similar curves forn = 2andn = 
3 also are presented. The use of these curves eliminates the laborious 
procedure of solving the frequency Equation [18] for each particular 
ease, 


2 cos pl 
‘sinh al + (al\(Bl 


D,|(al)? cosh al + (pl 


a De'(al sin pl} 


D,{(81)? sinh al — (al) Bl) sin 81) 
+ D,{(8l)* cosh al + (al)* cos 8} 


and the frequency equation is 


(al)* + (Bi)* 
cosh al cos GB! 
(al)*( Bl)? 


(Bl)? 


(al)? ; : 
sinh al sin Bl + ‘ 


[25] 
(al)( Bl) 
Curves of Gl and p,./(p,), are given in Figs. 3 and 4, and mode 


shape in Fig. 7. In Fig. 7 the curves for values of k below 0.1 and 
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(n = 1) 


Fic. 7 Mope S#Hape- 


above 1000 do not vary appreciably from the curves for 0.1 
and 1000, respectively. It is seen that as C, approaches zero and 
hence k approaches infinity, the mode shape approaches one half 
of a sine wave which is the exact solution for C, 0, as shown 


later 


CANTILEVER Beam Wirn UNRESTRAINED WARPING 


In the previous case, a cantilever beam was considered in which 
the supported end was fixed and offered complete restraint 
against warping. A cantilever beam may also be supported in a 
manner such that warping is free to occur at the supported end 
An example is a cantilever beam supported by the ordinary fram- 
ing angles and moment resistant connections used in building 
construction. With regard to torsion, such a support offers re- 
straint against rotation but not warping and hence is a simple 
support. Itis, of course, a fixed support with regard to bending 

Thus, for a cantilever simply supported at one end and free at 


the other, the boundary conditions are 
BC 1 


BC 2 
ax 
dr? 


Gt ; dX d X 


EC, dz dx? 


= 0 


Applying the first two conditions to Equation [8] we obtain 
D, = D; = 0 
From BC 3 and BC 4 and using Equation [19] we obtain 


D£ 81)? sin Bl = 0 


Dial) cos Bl = 0 


DAfal)? sinh al 


Del 


cosh al 
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Setting the determinant of the coefficients equal to zero, we ob- 
tain the frequency equation 
(al)? tanh al = (B1)' tan B/ sso teel 
The results of solving this equation are shown in Figs. 3 and 4. 
Beam With Free Enps 
In the case of a bar which is free at both ends, the boundary 
conditions are 
‘ ax 
BC 1 = 0 
dx? 
BC 2 GC dX aX 
~ EC, dz dx’ 


[xy 
BC 3 = Q 
dx? 
GC dX ax 


BC 4 
EC, dz dx* 


From BC 1 and BC 2 we obtain 


2 l 
(al) D, = De gB 


: _. (28 
" (BI)? al [28] 


D; = D 
From BC 3 and BC 4 and using Equations [19] and [28], we ob- 
tain 
D,(al)*{cosh al — cos Bl] 
+ De[(al) sinh al — (81) sin Bl) 


D,{(B81)3 sinh al + (al)? sin Bl] 


+ D.(Bl)* {cosh al — cos Bl} 


and the frequency equation becomes 


[(al)’ — (Bl)*] sinh al sin Gl 


+ 2(al)(Bl)? [cosh al cos Bl — 1] = 0.. [30] 


Solutions of this equation for n = 1 are plotted in Figs. 3 and 4 


and the mode shapes are shown in Fig. 8. The curves for values of 
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k less than 1 and larger than 100 are practically the same as the 
curves for 1 and 100, respectively. For very small values of k 
the mode shape is a straight line, and for large values of k, or C,, 
approaching zero, the shape approaches a cosine curve. This 
limiting case of C,, = 0 is derived in the next article. 
TorstIoNaL VrsraTions oF Bars With C,, = 0 
If a bar has a cross section such that C,, =,0, then the dif- 


ferential Equation [3] of free torsional vibrations becomes 


SO _ mi, VO a 
Or? GC ot? 
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The expression for a normal mode of vibration is given by Equa- 
tion [4] in which the normal function X is found to be 


X = F, cos p, eG x + Fr sin p, Vad? .. . [32] 
mt 


By applying the boundary conditions at the ends of the beam, the 
ratio of the constants F; and F2 and the frequency equation may 
be obtained. 

The boundary conditions for torsion are somewhat simpler in 
this case than in the previous cases where C,, was not zero. Since 
Cis zero, it follows? that D—w, = 0, or, in other words, warping 
u and longitudinal stress ¢, are always zero (see Equations [9] and 
[10}). Thus it is impossible to provide end restraint against warp- 
ing, and a fixed support becomes the same as a simple support, 
both providing restraint against rotation only (@ = 0). Fora 
free end, the only requirement is that the total torque be zero, 
since 0, = 0 is automatically satisfied. From Equation [1] after 
substituting C,, = 0 and M, = 0, we obtain 0¢/dr = 0 as the 
boundary condition for a free end. 

For a simply supported beam, the boundary conditions are 
X = Oatzr =Oandz =. Applying these conditions to Equa- 


tion [32], we obtain 


— 
ml, 


F, =0, Fy: sin p, \ {=0 
GC 


so that 


} 


ml, 
—- 1 = ne@, 

Ge 
Thus for a simply supported beam the frequency of vibration and 


the normal function are 


nt GC nwr 


, A = Fe sin [33 | 
l \ ml, 
These expressions are the same as Equations [14] and [15] if C. 
is set equal to zero in those equations. 

For a beam with fixed ends or a beam fixed at one end and 
simply supported at the other, the boundary conditions and hence 
the frequency and normal functions are the same as for a simple 
beam, Equation [33]. This result also can be obtained from the 
previous cases in which warping was taken into account, by con- 
sidering the limiting case in which C, approaches zero, or k ap- 
Figs. 3, 4, and 5 also show that these cases 
The 
only exception, as previously discussed, is the discontinuity in 
0¢/Or at the ends of the bar. Thus, for the case when warping is 
considered, but for large values of k, Equations [33] can be used 


proaches infinity. 
approach the simple beam case as k approaches infinity. 


with considerable accuracy. 

In the case of a cantilever beam with rotation prevented at the 
end x = 0, and the end x = /a free end, the boundary conditions 
are X = 0 at zc = 0, dX/dr = 0 at x =/. From these con- 
ditions we find the following expressions for the frequencies and 
normal modes of vibration 


indy 134) 


! 
(2n l)jr _|GC ’ . (Qn— 
X = Fy, sin — 


— ml,’ 2 


For a beam with free ends, the boundary conditions are dX /dxr 
= Oat r = Oand x = J, fram which it is found that 


lang 
nr | GC nrr 


> X = F, cos 
oak. alte 


7 See Timoshenko, footnote 4, p. 253, 
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Equations [34] and [35] also can be obtained by letting C,, ap- 
proach zero in the previous cases where warping was considered. 
The frequencies and mode shapes given by Equations [34] and 
[35] are the limiting values obtained from Figs. 3 and 4 for the 
corresponding boundary conditions. Again, it is apparent that 
these simple expressions, derived for the case of C,, = 0, may be 
used with good accuracy if k is very large. 

It is interesting to note that all these results for C,, = 0 also 
may be used for bars of solid circular cross section. It is only 
necessary to substitute for the torsion constant C its proper value 
for a circle, namely, 7,, the polar moment of inertia. Furthermore, 
for most solid sections, such as a square cross section, the effect of 


warping on the angle of twist @ is very small’ if the cross-sectional 
dimensions of the bar are small in comparison with its length. 
Hence an approximate expression for frequency and normal mode 
can be obtained from Equations [33], |34], or [35] 
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Appendix 


ForRMULAS FOR Torsion Constant C 
AND WARPING Constant (, 








&/2 


Note: 


ht,? + 2Qht 
; 3 
t,h?b® Qht,, + bt, 


12 At, + 2bt 


Formulas for Cy for J and Z-sections were taken from H. N 


Hill, ‘‘Torsion of Flanged Members With Cross Sections Restrained 


Against Warping,’’ NACA Technical Note No. 888, 1943. 


Formulas 


for C were obtained by the formula (1/3) 2miti', where m; is the cen- 


ter line length andf, is the thickness of a segment 7 of the cross section 





Wave Groups in the Flexural Motion 
of Beams Predicted by the 
Timoshenko Theory 


By R. A. ANDERSON,? PASADENA, CALIF. 


Solutions are obtained for the wave-length distribution 
of the bending-moment and shear-force responses in an 
infinite beam to (1) a concentrated transverse-force im- 
pulse; (2) a concentrated bending-moment impulse. 
These solutions are determined with the aid of a recent 
classical solution (1)* for the flexural behavior of beams 
according to the Timoshenko theory. The results are used 
to predict the number and nature of the bending-moment 
and shear-force discontinuities propagating from dis- 
turbances of the type of 1 and 2. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


YU, lateral bending deflection 

y, = lateral shear deflection 

xr = index of position along beam 

ft = time 
elastic bending moment 
elastic shear force 
arbitrary distributed transverse force 
arbitrary distributed bending moment 
concentrated transverse force impulse 
concentrated bending-moment impulse 


D 

\, 
Ik’G 

V> 

Young's modulus 

shear modulus 

ratio of average shear stress to maximum shear stress 
over a cross section 

length of beam 

radius of gyration of cross section around principal axis 

moment of inertia of cross section around principal 
axis 

cross-section area 

mass density 

mass of beam 


1 The work reported here was supported by the U. S. Naval Ord- 
nance Test Station as a supporting research program. 

? Mechanical Engineer, U. S. Naval Ordnance Test Station. 

3 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Presented at the West Coast Conference of the Applied Mechanics 
Division, University of California, Berkeley, Calif., June 21-23, 1954, 
of Tue American Society or MECHANICAL ENGINEERS 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be ac- 
cepted until January 10, 1955, for publication at a later date. Dis- 
cussion received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, February 18, 1954. This paper was not preprinted. 


nth mode shape 

nth generalized co-ordinate 

nth generalized mass 

nth generalized force 

nth natural frequency 

nth dynamic amplification factor 


(xr 
q,(t 


phase velocity 
group velocity 


INTRODUCTION 


Previous papers which have discussed the Timoshenko theory 
of flexural beam motion (2) from a wave-group point of view have 
established the two sets of phase and group velocities predicted by 
the theory (3a, 3b, 3c). However, it appears that none of them 
has dealt quantitatively with the equally important wave- 
length distribution of the predicted response to a disturbance. 
Davies (4) discusses the wave-length distribution of the response 
subsequent to the relaxation of an infinitely intense deflection at 
a point in an infinite beam. His results cannot be considered the 
prediction of the Timoshenko theory since all the ensuing waves 
are required to travel at the lower set of phase and group veloci- 
ties. 

It is the purpose of this paper to determine the wave-length 
distribution of the bending-moment and shear-force responses for 
two basic cases as follows: @ a concentrated transverse-force 
impulse; @) a concentrated bending-moment impulse. 

An infinite beam is considered since the propagation of waves 
from the disturbance without reflections is the topic of interest. 
The solutions for the wave-length distributions of the disturbances 
resulting from Cases @) and @) were determined from one of the 
recent classical solutions for the Timoshenko theory (1). The 
vibrations predicted by the classical solution can be converted 
easily to infinite trains of waves propagating in the two directions. 

From the solutions obtained in the foregoing manner, the num- 
ber and nature of the bending-moment and shear-force discon- 
tinuities propagating from the disturbances of Cases @ and @ 
were established. Recently an integral solution for the bending- 
moment response for Case @) due to Dengler and Goland has 
been evaluated numerically (5). It is noted that this solution 
does not agree entirely with the results of this paper. 


Fiexcrat Response or A Untrorm INFINITE BEAM TO ForcE 
AND MoMmENT IMPULSES 


Consider the cases of @ a concentrated transverse-force im- 


pulse; @ a concentrated bending-moment impulse. 
The solution for the flexural response of a finite beam to applied 


forces and moments is given in the App>ndix. Utilizing the Ap- 
pend’x, the solutions for the shear-force and bending-moment re- 
sponses for Cases @) and @) were obtained for a finite beam and 
then the beam was allowed to become infinitely long. In the limit, 
the series solutions assume integral form. 

Since the point of interest is the propagation of elastic waves 
from a disturbance, the choice of end conditions is immaterial. 
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For simplicity, pinned ends were chosen. In this simple case, 
each of the mode shapes is a single harmonic shape with nodes at 
the beam ends. The co-ordinate system was chosen as shown in 
Fig. 1 with the origin at the center of the beam and the z-axis 
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along the equilibrium position of the beam. The manner of ap- 
plication of the force and moment impulses to the beam is indi- 
cated in Fig. 1. The mode shapes are of the following form: 
Odd modes 


atl . nme ' 
“s) ~~ on — i 


$,' (2), ba'(2), Va (2), Vo 


tven modes 


ss NUT 
(2) ~ cos - 


$2), Gir), Vaz), Wr 


ae See 


Utilizing the Appen- 
solutions for a finite 


Case of a Concentrated Force Impulse. 
dix, the bending-moment and shear-force 
beam for this simple case are, according to the Timoshenko theory 
M(z, t) 


c, Imp 
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-\? on ~2))[ 
(nt) = 
nar 
n=13,5... cos 


Cc) Imp 


2. 
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The wave length of the nth mode shape can be expressed as 
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A, = 2l/n 


- -4(;) 


2r/X, 


Furthermore 


Define a quantity = n7/l 


Applying Equations [5], [6], and [7], Equations [3 


D(x) 
(k,r)A(k,r) [°: (x ] 
cos kyr 
n=1,3,5 
(k,r)A(k,r) 


m kc; ; . 5 
Es Is] cos kx sin w,' + ™ 
n=1,3,5.. 
a (Zz) k,, 
>, ?(z m Laas cos k,x sin w,. . [8] 
cos k,r M,° w,, (2) . { 
V , t) /2 Ce meu VU 
(z, t)r as Vv :) A(kar) (x 
c, Imp - O ; cos kz TAL 
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9] 
If l — @, A(k,7) ss dkr 


= [ [A,,“(k) sin w% 
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») (k) sin wt] cos krd(kr) | 


, 
4.0K) = ¥ = (kr) 2 > 
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ee ae Tas cos kr MoO wo | | 
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+ A,™(k) sin wt] sin krd(kr) |} 
V2 [a y Y) (x) m key [11] 
v C} cos kz MY w*) 
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M(xit 


¢, Imp 


and the series becomes integ-als 


V(x, t) 
C‘ Imp 


. [10] 
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A,(k) = 


The quantities in this solution have the form 
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Equations [10] through [19] are t fesi 
response of an infinite beam to a transverse-f 
ing to the Timoshenko theory 

@) Case of a Concentrated-Moment Imp 
the Appendix, and following the procedure for Case 


tions for the bending-moment and shear-force 
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finite beam to a bending-moment impulse are 
Timoshenko theory 
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The quantities ; wie a 
’ sin kr’ sin kr’ 

have the same form as Equations [12] through [15]. The quanti- 

ties m/M, m/M®, ke, /w™, and ke,/w' are given by Equa- 


tions [16] through [19]. The remaining quantities in the solution 
are as follows 


[ dgn(z) V2 (her) _ 
? dx 


yt-G)) 


. [22] 
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APPLICATION OF Wave-Group THEORY 
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[233] 


The solutions for Cases @ and @, Equations [10], [11], [20], 
21), ean each be altered to a form describing a continuous 
trum of wave trains. 


Each of these wave trains has a 
ity, 


termed the phase velocity, dependent on the wave 
The phase velocity can be expressed in terms of the 
lency 


nsider the equations 


sin kVt = =e 


cos k(x + Vt) + cos A(z Vt)) 


. l 
in kVt = 
9 


lsin A(z + Vt) sin A(x Vt)) 


ng Equations [25] and [26], the desired solutions for Cases 
‘an be expressed as follows: 
concentrated transverse-force impulse 
k). 4 
sink(r + VR) 


sin k(x 


sin ACr 


cos k(r + V4) + cos A(x 


Case @ 


concentrated bending-moment impulse 


: *§ An (k) 
7 ‘ee 
0 


+ cos k(x 


M(x,t)r 


cos k(x + V' 
¢; Imp,, 


A,,'?(k) : 
~-Vie)]) + ( [—vos A(x + V2) 


+ cos k(z — vant d(kr) [29] 
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V(z, dr? i 
¢ Imp, . 


sin A(x F i [sin A(x + Vt) 


sin k (z V%)) ; d(kr). . [30] 


The functions A,,(k), A,,(k), A,(k), and A,'(k) have 
been calculated for Cases @ and @ and plotted in Figs. 2 
through 5. A value of c:/c,; = 1/2, corresponding to a beam of 
solid rectangular cross section, was chosen arbitrarily for the 


calculations. 
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Fig. 2.) Distrisution or BENDING-MoMENT RESPONSE OF INFINITE 
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Fie. 3) DistrisutTion oF SHear-Force Response oF INFINITE 
BeaM TO TRANSVERSE CONCENTRATED ImpuULsE, Case (1 


Although each train of waves travels with a phase velocity de- 
termined by its wave length, this does not reveal directly the 
velocity of propagation of a disturbance. In the wave-group 
theory, it is demonstrated that in a dispersive medium, packages 
of waves of nearly the same wave length travel with a velocity 
termed the “group” velocity, generally different from the phase 
velocity (6). The well-known expression for group velocity in 
terms of phase velocity is 
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The group velocities predicted by the Timoshenko theory were 
calculated for c2./¢, = 1/2 and are plotted in Fig. 6. 


DiIscussION 


A study of the wave-length distribution of the response shown 
in Figs. 2 through 5 reveals several interesting facts: 

1 There is a reciprocal relationship existing between the wave- 
length distributions of the bending-moment and shear-force re- 
sponses in Cases @ The roles of bending moment and 
shear force are interchanged in Cases @ and @). 

2 The importance of the two sets of velocities predicted by 
the Timoshenko theory is interchanged in Cases @ and @. The 
2) apparently 


and (@). 


importance of the second set of velocities in Case 
has not been suspected. The second set of velocities generally has 
been ignored. 

Further inferences can be drawn from an examination of the 
nature of the integrals in the solutions, Equations [27] through 
[30]. The presence of propagating discontinuities can be dis- 
cerned from the departure from uniform convergence of the inte- 
grals (6). A study of the behavior of the part of the integral in- 
volving the shorter wave lengths will determine whether or not 
there is uniform convergence. 

Consider Case @. It can be established that the form of the 
functions involved in the solutions is, in the shorter wave lengths 
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Consider first the propagation of the bending moment. The 
presence of a discontinuity in the first set of velocities can be ob- 
served by studying the integral 
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If Equations [32] and [36] are utilized, the portion of the inte- 
gral involving the shorter wave lengths becomes 
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If [vt] /(ar) < 1, it ean be shown that the first part of the first 
integral is uniformly convergent except at 2 = cet. The second 
part of the first integral and the entire second integral are uni- 
formly convergent. With a simple transformation, ¢ = k(r — 
Cot), it can be seen that the first part of the first integral is the 
well-known complementary sine integral which has a discon- 
Similarly, the other integrals in the bending- 
be studied. It is apparent that the 
bending moment in Case @ has two finite discontinuities 
traveling at velocities c; and c: Similarly, the shear force 
in Case @) has two finite discontinuities traveling at velocities 
¢, and ¢s. It should be noted in each case that the discon- 
tinuities at ¢; and cz are of opposite sign. It can be shown that 
the ratio of the amplitudes of the discontinuities in Case @ are 
indirectly proportional to the ratio of velocities c; and cz and 
in Case @ are directly proportional to the ratio of velocities c; 
andc,. This is at variance with the results of Dengler and Goland 
(5) who for the bending moment in Case @ apparently found a 
relatively small discontinuity at the velocity ¢. 

Consider next the propagation of shear force in Case @). 


tinuity at rz = Cet. 


moment solution can 


The 
integrals involving the second set of velocities are uniformly con- 
Hence there will be no discontinuities in the shear force 
In order to detect a discontinuity 


vergent. 
in the second set of velocities. 
in the first set of velocities, consider the integral 
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If Equations [34] and [36] are utilized, the part of the integral 
involving the shorter wave lengths becomes 
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If [vt] /(ar) << 1, it is evident that the second integral is uni- 
formly convergent. The second part of the first integral is the 
sine-integral, having a finite discontinuity at r = cot. The first 
part of the first integral is divergent for all values of x and ¢. 
However, it can be recognized as the part involving the shorter 
wave lengths of the integral expansion of an infinitely intense dis- 
turbance at z = @f. It is apparent that the shear force in Case 
1 has an infinite discontinuity propagating at velocity ¢e. 
Similarly, the bending moment in Case 2 has an infinite discon- 
tinuity propagating at velocity c:. 


- V0g)d(kr [40] 
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CONCLUSIONS 


The propagation of elastic waves from a disturbance is con- 
sidered for two types of disturbance as follows: @ a concentrated 
@ a concentrated bending-moment 


transverse-force impulse; @ 
impulse. 


Conclusions reached are the following: 

1 There is a reciprocal relationship existing between the 
wave-length distributions of the bending moment and shear force 
responses in Cases @) and @). This is revealed in Figs. 2 through 
5. 

2 The importance of the two sets of velocities predicted by 
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the Timoshenko theory is interchanged in Cases @ and @. This 
is revealed in Figs. 2 through 5. The importance of the second 
set of velocities in Case @ apparently has not been suspected. 

3 Both the bending moment in Case @ and the shear force in 
have finite discontinuities propagating at velocities c 
and cs. The ratio of the amplitudes of the discontinuities in Case 

1) are indirectly proportional to the velocities and in Case @ are 
directly proportional to the velocities. This does not agree with 
the results of Dengler and Goland (5) who found a relatively 
smaller bending-moment discontinuity propagating at the velocity 
¢; in Case (). 

4 Theshearforcein Case © has an infinite discontinuity propa- 
gating at velocity c. The bending moment in Case has an in- 
finite discontinuity propagating at velocity . 


Case @ 


ACKNOWLEDGMENT 
Acknowledgment is made to the U. 8. Nava! Ordnance Test 
Station for permission to publish this paper 


BIBLIOGRAPHY 


According to the 
APPLIED 


1 ‘Flexural Vibrations in Uniform Beams 
Timoshenko Theory,”” by R. A. Anderson, JouRNAL OF 
Mecuantics, Trans. ASME, vol. 75, 1953, pp. 504-510. 

2 “Vibration Problems in Envineering,’’ by S. Timoshenko, D. 
Van Nostrand Company, Inc., New York, N. Y., 1937, p. 338. 

3(a) “Elastic Waves and Vibrations of Thin Rods,”’ by J. Pres- 
cott, Philosophical Magazine, series 7, vol. 33, 1942, p. 703. 

3(b) “Die Ausbreitung von Biegungwellen in Stiben,"” by W 
Flagge, Zeitschrift fiir angewandte Mathematik und Mechanik, vol. 
22, December, 1942, pp. 312-318. 

3(c) ‘‘Bemerkungen zur Ausbreitung von ‘Biegewellen’ in Staben 
und Platten,” by L. Cremer, Zeitschrift fiir angewandte Mathematik 
und Mechanik, vol. 23, October, 1943, p. 291. 

4 “A Critical Study of the Hopkinson Pressure Bar,’’ by R. M. 
Davies, Philosophical Transactions of the Royal Society of London, 
England, series A, vol. 240, 1948, pp. 375-457. 

5 “Propagation of Elastic Impact Stresses,"" by M. Dengler, M 
Goland, and P. Wickersham, ONR Progress Report No. 3, Project 
No. 709-E-327, October 30, 1952. 

6 ‘The Propagation of Disturbances in Dispersive Media,"’ by T. 
H, Havelock, Cambridge University Press, London, England, 1914. 


Appendix 
SoLUTION FOR FLEXURAL Motion or Untrorm Beam AccORDING 
TO TIMOSHENKO THEORY 
According to the Timoshenko theory, the flexural vibrations in 


a uniform beam are described by the equations 
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If the beam is conceived as horizontal, y,, y,, and w(z, ) are posi- 
tive in the up direction; m,(z, ¢) is positive in the counterclockwise 
direction. These equations permit bending and shear deflections, 
It is assumed that cross sections remain plane in bend- 
The equations require 


y, and y,. 
ing and that bending slopes are small. 
that the beam be prismatic and that the force be applied in one of 
the principal planes. 

The solution of these equations can be stated in the form (1 
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The quantities @,{"(x), $,°%(x), ¥,(%(xr), and y,\2(x) will be 
called the first and second sets of mode shapes in bending and 
The quantities q,‘"(t) and q,?(t) will be called the first 
Stating the solution 


shear. 
and second sets of generalized co-ordinates. 
in two series as before is somewhat arbitrary since all the terms 


could be included in one doubly infinite series. However, for the 


purposes of this paper, it is convenient to state the solution in two 
series. 
The mode shapes have the form 
= A," ens 4 p,.© eh: 
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It is usually convenient to normalize the mode shapes by the 
relations 
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The frequency equation in dimensionless terms is 
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In general, two values of (8,/)? correspond to every value of w,,?. 


Define the generalized masses and forces as 
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Define the dynamic amplification factors as 


YQ, (rT : 
sin w,,"' (t 
Q,( max 


T)dt 





JOURNAL OF APPLIED MECHANICS 
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Then, by virtue of the orthogonality relation, the generalized co- 
ordinates have the form 
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¢ n 2) max 
qn ?(t) = @ u,‘?(t) y [60] 


M,,'2w,(2)2 
The solutions for the bending moment and shear force are 
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Fretting Corrosion’ of Mild Steel in 
Air and in Nitrogen 


By I-MING FENG? anno HERBERT H. UHLIG,* CAMBRIDGE, MASS. 


Data‘ are presented on fretting corrosion of mild steel 
using weight loss as a measure of damage. Relative slip 
was measured both by use of stroboscopic light and strain 
gages. Load was applied pneumatically. Humidity of 
ambient air was found to be a sensitive variable requiring 
control, a fact first discovered through discrepancies of 
weight-loss data obtained in winter compared with those 
obtained in summer. Fretting corrosion of mild steel in 
moist air is only 55 to 65 per cent of the weight loss in dry 
air, depending on duration of test. Because of this large 
difference, all tests were carried out in dry air. At the 
same time, it was observed that fretting corrosion is ap- 
preciably greater below room temperature than above 
room temperature (up to 150 C). Weight losses of speci- 
mens fretted at 50C ar approximately 50 per cent losses at 
0C. Rate of fretting corrosion in air is found to be con- 
stant with time after an initial run-in period during which 
the rate is temporarily higher. In moist or dry nitrogen, 
weight losses are much less, although not zero. The 
greater the relative slip, the greater is fretting damage, 
and in complete absence of slip the data indicate that no 
weight loss occurs. Increased pressure or load is found 
to increase fretting damage. Weight loss is greater the 
lower the frequency for the same number of test cycles. 
The frequency effect increases with relative slip, and in 
nitrogen the frequency effect disappears. 


INTRODUCTION 


RETTING corrosion is damage to a metal at the surface of 
] ee with another metal or nonmetal, caused by relative 

slip. The damage is recognized by debris at the interface, 
which in the case of steel fretted in air is usually rust-colored, and 
may be accompanied by pitting. The pits often serve as stress 
raisers and may become nuclei of corrosion-fatigue cracks. 
Damage of this kind is a source of uncertainty in the operation of 
all machinery subject to vibration, not only because of increased 
susceptibility to failure by fatigue, but also because close toler- 
ances are quickly destroyed and the corrosion debris may clog 
moving parts. Examples of fretting damage are frequently 
found in variable-pitch propellers, aircraft landing wheels, rail- 


1 One of the authors, I-Ming Feng, is of the opinion that “fretting 
damage” or simply “‘fretting’’ would be a better name than ‘‘fret- 
ting corrosion.” 

2? Department of Mechanical Engineering, Massachusetts Institute 
of Technology. 

3 Corrosion Laboratory, Department of Metallurgy, Massachusetts 
Institute of Technology. 

Contributed by the Lubrication Activity Division in co-operation 
with the Applied Mechanics Division and presented at the Semi- 
Annual Meeting, Pittsburgh, Pa., June 20-24, 1954, of Toe AMERICAN 
Society oF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary 
ASME, 29 West 3th Street, New York, N. Y., and will be accepted 
until January 10, 1955, for publication at a later date. Discus- 
sion received after the closing date will be returned. 

Note: Statements and opinions advanced ih papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Headquarters, 
February 23, 1954. Paper No. 54—SA-6. 
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Fia. ScHeMATIC PLAN OF FRETTING APPARATUS 

road tie plates, roller shafts in textile machinery, pins in gear 
trains, suspension springs, connecting rods, electrical contacts, 
and jewel bearings. Studies to reduce damage have been made 
using lubricants (1, 2, 3),* including molybdenum disulphide (4), 
by change in design so as to avoid slip, or by selection of ma- 
terials (3, 5), but the underlying mechanism is still not known 
and present methods for mitigating damage are not always ade- 
quate. In this paper, fundamental studies are reported covering 
the factors important to fretting corrosion of mild steel. On the 
basis of these data a mechanism of damage is proposed, which is 
described in another paper. A better understanding of the 
mechanism, it is felt, should aid materially in advancing the 
present techniques for minimizing fretting damage. 

Since quantitative data are needed to a clearer understanding 
of the mechanism, a machine was first designed and built to ob- 
tain reliable data of this kind. A sketch of the top view is pro- 
vided in Fig. 1, further details of which have been described 
elsewhere (6). 

Briefly, fretting corrosion was measured by weight loss of two 
mating cylindrical test specimens | in. diam and 1 in. long sub- 
ject to defined oscillatory slip. The contacting cross-sectional 
surfaces of the test specimens were counterbored 7/,-in. diam to a 
depth of '/, in., with a resulting annular face equal to 0.184 sq 
in. on which fretting occurred. Load on this area of the speci 
mens was applied pneumatically to a maximum pressure of 
27,000 psi 
and 3000 cycles per min (cpm), and relative slip was varied by 
means of an adjustable cam between 0 and 0.008 in. Slip was 
measured by two different methods. The first made use of a 40- 
power microscope comparator mounted on a micrometer screw 
which was focused on lines scribed with diamond at right angles 
to and across the interface of the two specimens, the latter, in 
turn, being illuminated by stroboscopic light at a frequency 
slightly different from the frequency of test. The scribed lines 
appeared to move slowly back and forth, making possible a 
measure of their extreme positions. The second method having 
better reproducibility made use of two strain gages mounted 
above and below a pointed flat spring-steel strip which pressed 


Frequency of oscillation was variable between 56 


‘ Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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Fia., Test SPECIMEN 


onto the surface of the moving specimen at right angles to its 
axis. The usual auxiliary strain-gage equipment properly cali- 
brated was used to measure relative displacement of the steel 
strip. ' 

The environment of the specimens was controlled by enclosing 
them with a split stainless-steel rectangular cell which was fitted 
with neoprene gaskets to insure a gastight seal. A glass window 
bolted and cemented to the top of the cell allowed measurement of 
slip when the stroboscopic technique was used as just described. 
For some measurements, especially those at high or low tempera- 
tures, the cell was redesigned so as to fit tightly to one of the speci- 
mens without use of a gasket, but with slight annular clearance 
around the mating specimen through which flowing gas could 
eseape. 

Specimens were degreased in boiling distilled benzene and 
weighed before testing. After testing, oxide was removed by 
pickling for 30 sec in 5 per cent sulphuric acid at 50 C (120 F) 
containing 0.1 weight per cent pickling inhibitor (quinolin- 
ethiodide). After pickling, the specimens were scrubbed with a 
stiff bristle brush in running water, rinsed in hot acetone and hot 
distilled benzene. Correction was made for loss of metal through 
pickling, amounting to 0.3 mg per specimen. 

Measurements of fretting corrosion described herewith were 
all made using SAE 1018 cold finished steel, the certified mill 
analysis for which is the following: Carbon, 0.15 per cent; manga- 
nese, 0.75 per cent; phosphorus, 0.008 per cent; sulphur, 0.027 
per cent. A check analysis of the carbon content gave 0.16 per 
cent. 

The effect of various surface preparations (turning, grinding, 
No. 1 emery-paper polish, No. 0000 emery-paper polish, and an- 
nealing plus No. 1 emery-paper polish) was investigated, but no 
large differences were found. Hence abrasion by hand with No. 
l emery paper without annealing was chosen as standard proce- 
dure for all tests 
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Fig, 2() Test Specimen 
b, Annular surface after fret- 
ting test in air, 67,800 cycles, 
5300 psi, 540 epm, 0.003-in, 
slip. Oxide removed by in- 
hibited acid. 


a, Side view. Top annular 
surface is tested in contact with 
similar surface of mating speci- 
men, 


The physical appearance of a fretted 1018 steel specimen with 
corrosion products removed by pickling is shown in Fig  2(d). 
Usually, in tests of sufficient duration, pitting occurred over most 
of the test area except for the rims at the extreme outer and inner 
diameters of the annular test surface. Even on the annealed 
specimens, the inner and outer rims showed residual bright 
metal, proving that the cold-worked inner and outer surfaces 
Perhaps the stress was less here than else- 
The visual 
damage appeared as shallow pits, with the deepest pits in 67,800- 
cycle tests, 5300-psi load, and 0.003 in. slip averaging about 
0.007 in. 

Numerous data were obtained in the early stages of the in- 
vestigation before it was realized that atmospheric humidity is 
The literature 


were not the cause 
where, because the metal edges more easily deform. 


one of the important variables requiring control. 
had not disclosed a large effect of humidity,® possibly because the 
effect was not expected and because previously reported experi- 
ments were predominantly qualitative. The importance of this 
factor was first indicated in our work by the disconcerting realiza- 
tion that weight-loss data obtained in winter were greater than 
similar data in summer to a degree far exceeding the experimental 
error. 
atmospheric corrosion where attack is always more pronounced 
during periods of high humidity (summer). This made the 
cause less obvious, but the effect eventually was traced to dif- 
ferences in relative humidity varying from extremes of 5 per cent 
in winter to 100 per cent in summer 

Preliminary measurements at this time also showed that 
quantitative effects of temperature variation, particularly in the 
room-temperature range, are much larger than might have been 


The discrepancy was opposite to that expected of normal 


the time this was written, a paper has appeared by 
Wright (7) emphasizing the importance of humidity to fretting cor- 
rosion of steel. He reports greater damage at 100 than at 50 per 
cent relative humidity, but also greater damage at 0 per cent than at 
50 or 100 per cent relative humidity. We did not include results at 
100 per cent RH because of extraneous rusting of the specimens 
caused by condensation of water 


§ Since 
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anticipated. These facts made necessary a repetition of all 
earlier data but with humidity now precisely controlled, and 
temperature of the specimens either controlled or the weight-loss 
values corrected to room-temperature conditions. 

Recorded weight losses reported herewith are the average of 
two mating specimens, except where temperature control of the 
specimens required that a thermocouple be attached to the sta- 
tionary specimen, in which case only the moving specimen was 
weighed. In view of the large effect of humidity, tests usually 
were conducted in moving dry air, previously passed over an- 
hydrous calcium sulphate contained in 1-in-diam tubes about 9 
ft long. The relative humidity of air dried in this way measured 
0 per cent, as indicated by an hygrometer at the exit end of the 
chamber surrounding the test specimens. Nitrogen, when used, 
was purified by passing through a liquid-air trap, then through 3 
ft of copper turnings maintained at about 400 C, and finally 
through another liquid-air trap. Metal connections were used 
from purifier to cell in order to minimize contamination by 
oxygen and moisture such as otherwise would have occurred by 
diffusion through walls of rubber tubing. 


Errect or Duration or TEST 


With variables of the test fixed, such as pressure, relative slip, 
and frequency of oscillation, weight losses of mild-steel speci- 
mens were determined for various times of test in both dry air 
and in purified nitrogen. Temperature recorded is the average 
achieved by the specimens (33 C) during test as determined by 
thermocouple readings of similar specimens near the interface in 
Data are reported in Fig. 3. The rate of 


parallel tests. 
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FRETTING CORROSION OF 


MILD STEEL IN AIR AND IN NITROGEN 


metal loss is rapid at first, but after about 150,000 cycles of test, 


corresponding to a period ol “run-in,” the specimens reach a 


steady-state condition. Weight losses thereafter are linear with 


time, or the rate of metal loss is constant. Tests were carried 
out to a maximum of 1,250,000 cycles requiring about 39 hr. 

In nitrogen, weight losses are much less, although not zero 
At 200,000 cycles, for example, weight loss is '/s that in air, and 
this fraction becomes less as the test is continued. The run-in 
period for nitrogen requires about 30,000 cycles compared with 
150,000 cycles in air. 
atmosphere such as nitrogen or 


Decrease of fretting damage in an inert 


helium, or in vacuum, has 


been reported by several investigators (1, 8, 9, 10, 11, 12 


Errect or Humipiry 


Humidity was controlled by passing air through distilled 
water using submerged sintered-glass disks in order to produce a 
fine dispersion of gas bubbles. The flasks were submerged in a 
water thermostat maintained at a prescribed temperature to 
Humidity was recorded using a hygrometer 
gas- 
tight chamber at the exit system of the cell surrounding the test 
The hygrometer was checked at several humidities 
against a sling psychrometer. Although the entire range of rela- 
tive humidity (RH) was possible, 100 per cent RH air was not 
used because rusting of the test specimens and subsequent error 
in weight-loss determinations occurred. Air of 90 per cent RH 
did not cause such rusting during the time of test and hence was 
the maximum extent to which air was humidified 


within 0.1 deg C. 
manufactured by Serdex, Incorporated, located inside a 


specimens. 


Data given in Fig. 4 are for two times of test—one at 67,800 
cycles which brings the test short of the run-in period, and the 
other at 457,800 cycles, which is beyond run-in, and where weight 
losses of specimens become linear with number of cycles. Tem- 
perature of 33 C is the average value of the specimens near the 
interface throughout the test period. Values of relative humidity 
are based on room temperature equal to 27 C. 
effect of increased humidity on weight loss is appreciable and is 
about the same for both periods of test. At 100 per cent RH and 
457,800 cycles fretting corrosion as measured by extrapolated 
weight loss is only 55 per cent the weight loss at 0 per cent RH, 
and is correspondingly 65 per cent at 67,800 cycles. 

Fretting damage of mild steel in nitrogen, essentially saturated 
with water vapor, was found to be approximately the same as in 
dry nitrogen (Table 1). This fact indicates that moisture in air 
perhaps either decreases the abrasive properties of iron-oxide 
debris at the interface or alters the rate with which iron com- 


The per cent 


bines with oxygen (in the opposite direction to its effect in normal 
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EFFECT OF MOISTURE IN Nz: AND OF OXIDE AT THE 
INTERFACE ON FRETTING DAMAGE 


slip, 0.0036 in. for air® 


TABLE 1 


Pressure, 5300 psi; 

Wt loss of 

clean spec 

of clean spec vs oxide- 
Total vs clean spec, coated spec, 

Cycles/min no. of cycles mg mg 

Dry Ne 2000 67800 s 

Moist Ne 2000 67800 6 

Dry Ne 540 67800 

Moist Ne 540 67800 

Dry Ne 540 30000 2 1.3 

Dry air 540 30000 4.9 
1.0 
1 


Wt loss 


Atmosphere 


Dry No 540 203400 


Dry air 540 203400 10.7 11.4 


* Cam displacement was same for Nz measurements, but slip varied with 
number of cycles 


corrosion processes). In absence of oxygen or oxides, moisture 
apparently is not important. 

In this connection, it was of interest to determine what effect, if 
any, is exercised by iron-oxide particles on fretting damage in 
nitrogen. Two specimens were run in dry air for about 600,000 
cycles, thereby becoming covered uniformly with compacted 
iron oxide on the contacting surfaces. One of the specimens 
was then replaced by a clean specimen and the weight loss of the 
latter determined after 30,000 cycles, and also after 203,400 cy- 
cles. Results are listed in Table 1. For comparison, weight 
losses of a clean specimen run with a clean specimen are also in- 
cluded. The results show no certain effect of oxide, whether the 
specimens are run in air or in nitrogen. 


NATURE OF CORROSION PRODUCTS 


Previous investigators have reported ferric oxide, aFe.Q;, as 
the major component of the final debris when iron or mild steel 
is fretted (13, 14, 15, 16). Roll and Pulewka (17) using the 
Hanffstengel wear machine claimed that Fe;0, also may be 
present depending on load and velocity of test. Fink and Hof- 
mann (14) using the Amsler wear machine also found Fe,O, in 
some tests. The latter authors together with Thum and Wunder- 
lich (13) and Dies (18) reported presence of small amounts of 
metallic iron powder along with iron oxide. Dies reported 24 
per cent ferrous oxide, FeO, as determined by chemical analysis 
for debris of soft iron fretted against hardened chromium steel, 
the remainder of the debris being 68.6 per cent FeO; and 2.5 per 
cent Fe. Traces of metallic nitrides were reported by Cor- 
nelius and Bollenrath (15) and by Dies (18). 

In present tests on mild steel, the major constituent of the dark- 
red debris, as determined by x ray,’ was found to be aFe2Qs. 
This was true for specimens run at room temperature and at 

140 C and + 157 C. A small amount of metallic iron, less 
than perhaps 5 per cent by weight, accompanied the oxide ob- 
tained from specimens run at 5300 psi, 546 cpm, and 0.0036-in. 
slip. How much iron, if any, was present under other test 
conditions was not determined. The black powdered debris of 
specimens run in pure nitrogen proved to be entirely metallic iron. 

E-rrect oF TEMPERATURE 

I:ffect of temperature was studied by heating or cooling the 
stationary specimen rather than the ambient air. For tempera- 
tures between —125 C and +100 C, one turn of #/;.-in-diam 
copper tubing was soldered to the specimen through which liquid 
nitrogen was pumped (for ternperatures below —50 C), or alcohol 
plus solid CO, (for temperatures below room temperature and 
above —50 C), or hot water (for temperatures below 100 C) was 
For temperatures above 100 C, a resistance-wire 
The most dif- 


circulated. 
heating coil was wound around the specimen. 


* Carried out by P. Rautala of the M.I.T. Department of Metal- 
lurgy 
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ficult measurements were the long-time runs at low temperatures 
requiring large volumes of liquid nitrogen and constant manual 
adjustment. 

Since heating or cooling one specimen of a pair produced a 
temperature gradient, the temperature near the interface was 
estimated for each condition of test. This was done in pre- 
liminary test runs maintaining conditions exactly as in regular 
runs. Thermocouples were soldered to each specimen near to 
and equidistant from the interface, and the test machine was 
then started. Generally, a thermocouple attached to the moving 
specimen gave a higher or lower reading than the stationary speci- 
men thermocouple, depending on whether the stationary specimen 
was heated or cooled. The average was taken of the two tem- 
perature readings when steady-state temperature and fretting 
conditions were reached, 

During actual runs for which weight losses were recorded, a 
thermocouple was attached to the stationary specimen only, the 
reading of which, combined with data from preliminary runs, 
gave the specimen temperature. Weight loss was then deter- 
mined for the moving specimen alone. 
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Data are recorded in Fig. 5 for two periods of test, again cor- 
responding to periods before and after run-in. Weight losses are 
greater the lower the temperature. Before the run-in period, 
weight losses at 50 C are only about 50 per cent or '/, those at 0 C, 
and after the run-in, about 65 per cent. As temperatures fall 
below 0 C, fretting corrosion increases for long periods of test, but 
apparently remains relatively fixed for shorter periods. Above 
50 C, and to a maximum of 150 C, the temperature coefficient of 
corrosion is relatively small. These data, of course, are all for 
unlubricated surfaces in dry air. The data may or may not cor- 
respond to observations on lubricated surfaces, where properties 
of the lubricant are also important, although qualitative effect of 
temperature should probably be the same. For example, Almen 
(1) found in the case of lubricated automotive bearings that fret- 
ting corrosion when it occurred was more severe in winter than in 
summer, which agrees with our conclusions based on Fig. 5. 


E-Frect oF Siip 


Relative slip of specimens was varied from 0.0004 to 0.0091 in., 
employing a pressure of 5300 psi, 8 frequency of 540 cpm, and a 
total test period of 67,800 cycles. Values of relative slip were 
corrected for slight elastic loss between the fixéd points of the 
transducer used to measure relative displacement. This 
amounted to 0.0003 in. 
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Whereas temperature corrections were not necessary for pre- 
vious runs because the specimens were near room temperature or 
the temperature was controlled, corrections became of increasing 
importance to runs where load, slip, and frequency were in- 
creased. Temperature rise was appreciable for specimens os- 
cillating at high frequencies or high values of slip or load, and the 
corresponding corrections made necessary by the higher tempera- 
tures are not small. 

Ideally, a temperature-correction curve should be constructed 
for each condition of test. This would require considerable time, 
however, in view of the major effort compelled by the two tem- 
perature curves of Fig. 5 for a single set of conditions. Hence 
the compromise situation was to use data of Fig. 5 and assume 
that the effect of temperature for any condition of test was the 
same percentage based on weight loss. For example, the weight 
loss of a specimen fretted for 67,800 cycles at 5300 psi, 540 cpm, 
and 0.0036-in. slip is 7.8 mg at 25 C and 4.7 mg at 5 C. Cor- 
respondingly, if the temperature during a run achieved by a speci- 
men fretted at a specified slip, load, and frequency happened to be 
50 C, its weight loss was corrected by multiplying the observed 
value by 7.8/4.7. This order of correction is justified only in 
the absence of a better correction and was used in the expectation 
that it marks an improvement over no correction at all. How- 
ever, recognizing the inherent limitations of the assumptions that 
are made, data recorded in the various figures include weight-loss 
values not temperature-corrected, as well as those corrected as 
described. It also should be mentioned that some scatter in the 
corrected results for similar test conditions comes about through 
variations in room temperature. 

Preliminary tests were run to determine relationship of slip to 
average temperature rise of the specimens. A maximum tem- 
perature rise of 22 C for 0.0091-in. slip corresponded to a 
maximum correction in the order of 8 mg. Data are presented in 
Fig 6 showing that weight loss is a linear function of slip. This 
is true for all temperature-corrected values of weight loss, as well 
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as for uncorrected values corresponding to the higher values of 
slip. The greater the amplitude of oscillatory motion, therefore, 
the greater is fretting corrosion. 


the extrapolated data that corrosion no longer occurs for zero 


Furthermore, it appears from 


slip 
Errect oF PRESSURE 


As pressure on the test specimens is increased without change 
of other factors, relative slip gradually decreases. Weight losses 
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correspondingly increase at first, reach a maximum, and then de- 
crease as more and more motion induced by the cam is taken up 
the 
When the applied pressure is so high that relative slip of the speci- 


in elastic losses both in machine and in the specimens. 
mens is reduced to zero, fretting corrosion also becomes nil. 

It is of greater fundamental interest to know how fretting dam- 
age varies with applied pressure under conditions where the rela- 
tive slip is maintained constant. This was done in a series of 
tests adjusting the cam after each change of pressure, so that 
slip was maintained at 0.0036 + 0.0002 in. 


corrections were made for elastic losses in the specimens bet ween 


after appropriate 
the fixed points of the transducer. Fig. 7 shows that weight loss 
increases with pressure up to the maximum pressure applied of 
5300 psi. 

Errect or FREQUENCY 

By means of a strain-gage transducer, relative slip between two 
mating specimens was found to be independent of frequency 
This was checked at 5300 psi and 0.0036-in. slip. 

Maximum temperature rise reached by test specimens increased 
appreciably with frequency, necessitating trial runs as described 
previously in order to establish temperature corrections. High- 
est value of temperature at 3000 cpm and 0.0036-in. slip, for 


example, was found to be61C. The corresponding correction re- 
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(Pressure, 5300 psi; 


quired ad:!ing 3.6 mg, or 112 per cent of the observed weight loss. 
Temperatures attained were still higher at 1300 cpm and 0.0091- 
in. slip (77 C) and the corresponding corrections greater. 


Great 
reliance, of course, cannot be placed on corrections of this order 
At lower frequencies or lower values of slip, corrections were less 
as data of Fig, 8 show 

Temperature corrections tend to diminish the observed fre- 
quency effect of fretting corrosion, but the effect, nevertheless, re- 
mains sizable. Weight losses are definitely lower the higher the 
frequency for a given number of test cycles. It is also apparent 
that the greater the slip, the greater is the frequency effect, and 
for a very small value of applied slip (0.0004 in.), any applied 
frequency effect is within the experimental error. In nitrogen, 
the frequency effect also disappears, Fig. 9, even though a cam 
displacement of 0.08 in. was employed which produces a slip of 
0.0036 in. in air, but variable slip in nitrogen. The data were not 
temperature-corrected, 
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Mechanism of Fretting Corrosion 


By HERBERT H. UHLIG,' CAMBRIDGE, MASS 


A review of the facts suggests that the mechanism of 
fretting corrosion includes a chemical factor and a me- 
chanical factor, with observed damage, in general, resulting 
from both. An asperity rubbing on a metal surface is 
considered to produce a track of clean metal which im- 
mediately oxidizes, or upon which gas rapidly adsorbs. 
The next asperity wipes off the oxide or initiates reaction 
of metal with adsorbed gas to form oxide. This is the so- 
called chemical factor of fretting. In addition, asperities 
dig below the surface to cause a certain amount of wear 
by welding or shearing action in which metal particles are 
dislodged. This is the mechanical factor of fretting. 
Metallic debris produced by fretting is thought not to 
oxidize spontaneously, as proposed by the molecular- 
attrition theory, but instead converts partially to iron 
oxide by secondary fretting action of particles rubbing 
against themselves or adjacent surfaces. This accounts 
for the fact that Fe.O; is found by x ray to be the major 
corrosion product and metallic iron is present, if at all, 
in only very small amount. The quantitative expression 
for fretting corrosion derived on the basis of the foregoing 
model for relatively large values of load, frequency, and 
slip is 


, Cc 
W (total) = (koL’* — kL) ; + k, ILC 


where W is the specimen weight loss, L is the load, C is 
the number of cycles, fis the frequency, / the slip, and k, 
k,, and k, are constants. The first two terms are the 
chemical factor of fretting corrosion and the third term is 
the mechanical factor. Accordingly, the equation pre- 
dicts that fretting-corrosion weight loss is a hyperbolic 
function of frequency, is parabolic with load and linear 
with number of cycles or magnitude of slip. Furthermore, 
the terms concerned with a frequency effect disappear 
when the chemical factor is suppressed, as is ob- 
served when fretting tests are conducted in nitrogen. 
These conclusions are confirmed by the reported data. 
In addition, the calculated reaction-rate constant for 
oxidation of a freshly formed iron surface obtained from 
fretting data is reasonable and falls between two inde- 
pendently observed values. In our experiments, the 
chemical or corrosion factor falls within 6 to 78 per cent 
of the total observed fretting damage, depending on con- 
ditions of test. Remedial measures are outlined in light 
of the data and the proposed mechanism. 

Massa- 
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INTRODUCTION 


SATISFACTORY should 


account tor 


the ry ot corrosion 


facts (1 


fretting 


several among which are the 


following: 


1 Fretting damage is reduced in vacuum or inert at- 
mosphere. 

2 Debris formed by fretting of iron is largely of the composi- 
tion FegQsy. 

3 Greater damage occurs at low frequencies for a given num- 
ber of cycles compared with high frequencies 

4 Metal loss increases with load and relative slip 

5 Greater damage occurs below room temperature compared 
with above room temperature 


6 Damage is greater in dry air than in moist air 


The fact that fretting corrosion involves a chemical process can 
hardly be doubted in view of the fact that a chemical-reaction 
product is formed. The process of fretting, therefore, is truly one 
of corrosion, a term defined as the chemical or electrochemical 
Although the 
terminology is reasonably clear, there is still ample room for dis- 


reaction of a metal with its environment (2 
cussion as to whether the observed chemical process accompanies 
or follows consumption of metal in fretting damage. 

There are good reasons for believing that both situations occur 
in practice. The frequency effect of damage, for example, is 
plausibly explained as evidence of chemical reaction accompany- 
ing the fretting process, which proceeds as a function of time 
rather than of distance traveled during the oscillatory motion of 
the specimens. Accordingly, at high frequencies where time of 
fretting is short for a given number of oscillations, the over-all 
weight loss is less. On the other hand, evidence of mechanical 
wear comes from observed presence of iron particles in the debris. 
Also, photomicrographs, Fig. 1, of a fretted-specimen surface 
show unmistakable disturbance or cold-working of the sur- 
face, and, in some cases, there are areas where metal appears to 


? Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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have seized and separated. Adhesion and rupture of asperities 
or shearing of roughened high spots is a logical source of metallic 
debris (3, 4). The fact that so little metallic debris is found is the 
result not of minor mechanical wear, but rather of conversion of 
metallic debris to oxide after removal of metal from the specimen 
suriace. 

It should be pointed out that typical pitting of fretted sur- 
faces is not a result of electrochemical action such as occurs in 
aqueous media through operation of galvanic cells. The pits, in- 
stead, result from localized stress concentration at these areas 
through accumulation of oxide. Ferric oxide, Fe203, formed by 
fretting action, has a density of 5.12 compared with the density 
for iron of 7.86. This means that the oxide has greater volume 
than the iron from which it forms by a factor of 2.2. Therefore 
the metal-surface areas initially in contact and first fretted remain 
or become highly stress-loaded because the oxide of greater bulk 
than the metal tends to separate the two surfaces. Consequently, 
fretting corrosion is accentuated locally, in accord with data show- 
ing that damage increases with load, and the tendency is toward 
pitting attack rather than uniform surface wear. Fretting action 
thereafter between two moving surfaces is transmitted largely by 
compacted oxides retained in the pits. The forced separation of 
metal areas surrounding pits is observed in many of our test speci- 
mens, particularly before the run-in period. At these areas, 
marked by persistence of unattacked bright metal, original 
scratch lines formed during surface preparation of the specimen 
are still clearly seen under the microscope. 


THEORY OF FRETTING CORROSION 


Facts assembled from the literature and from our test program 
suggest the following model for the mechanism of fretting corro- 
sion: Assume a surface with n circular asperities or contact 
“points” per unit area of metal (or oxide) with average diameter 
c and an average distance s apart. In the fretting process, these 
asperities move over a plane metal surface at a linear velocity v, 
each asperity, in turn, plowing out a path and exposing clean 
metal, the area of which depends on the width of the asperity and 
length of travel. Behind each asperity on the track of clean 
metal, gas from the atmosphere will adsorb rapidly, or perhaps : 
thin layer of metal oxide will form. The next asperity will wipe off 
gas or oxide film as it traverses the path of the first asperity, and 
so on for all asperities, Fig. 2. 
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The average time during which either gas adsorbs or oxide 


Then 


forms is ¢. 


The corresponding amount of oxide W removed by one asperity 
plowing out a path / long and ¢ wide is dependent on the total 
oxidation of a clean iron surface of area el in time t. 

The empirical relation for the initial stages of oxidation of a 
metal is given by 
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where 7 and k are constants. This logarithmic oxidation-rate 
equation was first suggested by Tammann and Koster (5) as 
applying to oxidation of iron at low temperatures (252-385 C), as 
well as to oxidation of various other metals. The logarithmic 
equation has since been confirmed by other investigators for iron 
and other metals (6, 7, 8, 9, 10, 11) again for relatively low tem- 
peratures. Another relation holds when the oxide films that form 
are comparatively thick, but this is not the present situation. 

The logarithmic equation was reported by Armbruster and 
Austin as applying to oxidation of iron at room temperatures (12) 
but after initial adsorption of oxygen on the surface too rapid to 
measure. Instead of oxidation, their data alternatively may 
represent the rate of chemisorption of oxygen on iron, where the 
first layer of molecules rapidly adsorbed is held by Van der 
Waals forces (physical adsorption), followed by less rapid con- 
version to dissociated atoms which become chemically bonded to 
the surface (chemisorption). The first layer of gas, in turn, as it 
becomes chemisorbed, encourages adsorption of additional gas less 
tightly bound. On this basis, mechanical energy of abrasion sup- 
plies the necessary activation energy immediately to convert the 
adsorbed gas film to a stoichiometric chemical compound of which 
oxide is one example. Conversion to oxide at room temperature 
is much slower in the absence of such an activation energy. 
This model for the metal surface is not essential to the present 
discussion, but is made here in order to include what seems to be a 
plausible detail of fretting action to be considered again later in an 
interpretation of the facts, 

The final equation to be derived for rate of fretting corrosion 
is the same whether one assumes gas adsorption followed by 
formation of through action, or rapid 
oxide formation wiped off by abrasion. 
ease both situations apply. 


mechanical 
Perhaps, in the general 


oxide 


Substituting Equation [1] into Equation [2] 


W = clk loge 
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In the presently described fretting tests, motion of one annular 
ring specimen slipping with respect to a similar specimen is sinu- 
soidal. Since 2/ is the total length of travel in any one cycle, the 
linear displacement xz from the mid-point of travel at time ¢ is 
given by 


: cos 6 [4] 


l r 
sin 6 e.. [5] 
2 dt 


If f represents constant linear frequency, this is related to con- 
stant angular velocity by the expression 


dé 


* “se 


= 2nf... 


Therefore the average velocity is given by 


ee? 
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2if 


Hence, for n contacts or asperities per unit area of interface, 
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weight loss designated by W(corrosion) per single cycle caused 
solely by oxidation, in accord with Equation [3], is 


W (corrosion) = 2 nick loge (5 + i) 


To this must be added mechanical loss of metal because each 
asperity, on the average, digs below the oxide layer (or adsorbed 
gas layer) and dissipates metal in amount proportional to the 
area of contact of the asperities and length of travel. The area of 
asperity is important now rather than width, because of the 
“tearing out” or welding action occurring during mechanical wear 
in contrast to scraping off of chemical products from the surface 
A shearing off of asperities without welding also leads to wear 


dependent on total area of contact. For n circular asperities, 


2k’'n ( - ) 


But n7(c/2)?, the total area of contact, is known to be equal to 
the load L divided by the yield pressure? p,,. 
Hence 


weight loss per cycle is given by 


W (mechanical) = 


UL 
2k’ 
Pm 


= hil 


Ww mechanical) = 


where ky, is a constant equal to 2k’/p,,. 
The total wear or metal loss per cycle is the sum of the oxida- 
tion, or corrosion term, and the mechanical term 


W rota) = W 


corrosion) uu mechanica!) {11 | 


Returning to Equation [8], the logarithmic term can be ex- 
panded according to the relation 


loge (rx +1) =27 

where z is equal to s/(2lf7). When the latter expression is much 
smaller than unity, the square and higher terms can be omitted 
This condition applies particularly to high load (small values of 
s), high frequency f, and large value of slip /.. The constant 7 for 
oxidation of iron or adsorption of oxygen on iron has not been de- 
termined empirically with great precision, nor has its theoretical 
significance as vet been made clear. The value equals 0.06 sec for 
all of Tammann’s data on iron (5) and is variable, but in the 
order of 3 see for Winterbottom’s data (11) and variable, but in 
the order of 60 sec for some of Armbruster and Austin’s data (12) 
In our experiments f is approximately 10 cps and / is about 0.01 
em. The average distance between asperities at 5000 psi after 
the run-in period approaches perhaps 10-2 to 10-* cm. The 


therefore is approximated by 


S 
quantity —. 
» of 


- 


10-4 
= 0.008 
2 X 0.01 K 10 XK 0.06 


Therefore, whenever experimental conditions are such that higher 
terms of the logarithmic expansion can be neglected 
W 2nicks necks 
= = f 
corrosion) =~ “>. {1 
2lfr fr 
This expression, it will be noted, is equivalent to assuming, from 
the very start, a linear rate of oxidation or of gas adsorption on 
The linear 


rate reasonably approximates the actual state of affairs consider- 


clean iron where k/r is the reaction-rate constant. 


ing the short times of adsorption or oxidation with which we are 
dealing. 


* Reference (3), p. 2. 


MECHANISM OF FRETTING CORROSION 


403 


From the fact that the number of asperities along one edge of 
unit area is equal to V n, it follows that s + ¢ is approximated by 


Lown Also, recalling that na(c/2)? 


W (corrosion) = 


where 
2 k 1 | 


ky = , and k = 
V Pam 7 


Pu® T 
Combining Equations [10], [11], and [13], we have the final 
expression for fretting as measured by weight loss corresponding 
toa total of C-cycles 


C 
AL) + 


J 


hol LA 14) 
Note that this final equation is made up of the first two terms 
the third 
According to this relation 


representing chemical reaction or corrosion, and 
term representing mechanical wear. 


total weight loss is as follows: 


1 Linear with total number of cycles. This is in accord with 
our observations, the linear steady state being reached after a 
run-in period. 

2 Parabolic with applied load L. 
by our data. 


This trend is also indicated 


Fig. 8 of reference (1 
Lack of fre- 


3 Hyperbolic with frequency f. con- 
firms this prediction except for small values of slip 


quency effect for small applied slip is explained later. 


The first two terms of Equation [14] show that the corrosion 
factor of fretting damage: 


1 Is predominant at low frequencies, but is overshadowed by 
mechanical wear at high frequencies 

2 Isa function of total time of test regardless of frequency, 
since ('/f is equivalent to total time. 


9 


3 Becomes zero when n7a(c/2)*, the actual area of contact, 
approaches maximum area of the interface (ors = Oand 1/Vu = 
c). This occurs at a load L equal to mp,,/4. 

$ Is independent of total slip 1, whereas the mechanical term 


increases linearly with slip. As / approaches zero, the term 


2nick log (;* + ') 
2lfr 


approaches zero and, therefore, Wei also approaches zero. 
Zero fretting damage in absence of slip has been established by 
previous investigators and also by our own data. 


The foregoing conclusions are in essential agreement with the 
experimental results. 


MeEcHANICAL CONTRIBUTION TO FRETTING 


DAMAGE 


CHEMICAL AND 


Equation [14] makes possible, furthermore, a correlation of all 
the reported data and an evaluation of how much fretting damage 
can be attributed to corrosion or chemical reaction, and how 
much to mechanical wear. This necessitates evaluation of the 
constants ko, ki, and ke. An examination of weight loss versus 
pressure (Fig. 7 of reference 1) shows that the following equation 
satisfactorily describes the empirical curve 

W = 


0.038L"* + 0.00091 [15] 
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AND FREQUENCY ON FRETTING DAMAGE OF MILDSTEEL; TOTAL TEST OF 67,800 CYCLES 





Specimen weight loss, milligrams 





Observed— 


Frequency, 
Corrected 


cps 


0036 
0056 
0036 
0036 


540 
540 
540 
540/ 


1000 
2000 
5000 


1 
3 


wats ve 


10 
9 


0036 
0036 
0036 
0036 
0036 
0036 
0036 


56/ 
238/60 
540/60 
840/60 
1300/60 
2000/60 
3000/60 


5300 
5300 
5300 
5300 
5300 
5300 
5300 


> Cr cr =3 Oo 
caw 


»WoOons 


4 
4 
3 

3 


¢ 


_ 


0091 
0091 
0091 


60 
60 
60 


56 
540 
1300 


5300 
5300 
5300 


no 


60 0004 
60 0.0036 
60 0.0067 


0.0091 


540 
540 
540 
540/60 
e 


5300 
5300 
5300 
5300 


Since the data are for 67,800 cycles, a frequency of 540/60 cps, 
and a slip of 0.0036 in., Equation [14] becomes 


W = 


TAOKoL* + (244k, — 7540k,)L 
Therefore, comparing Equation [15] with [16] 


0.038 
7540 


5.05 X 10~* 


k, can be evaluated from ky employing the relation 


9 


ky ko 


V pnt 
where p,, the yield pressure, is approximated by 3 times the 
elastic limit‘ or for mild steel equals 100 kg/mm? or 140,000 psi. 

Substituting this value into the foregoing equation 


ky = 


1.51 + 107% 


Finally, k: can be evaluated knowing ko and k, and is equal to 
4.16 X 10~*. This gives as the final expression for fretting weight 
loss 
W = (5.05 X 10-*L'/- 


C 
-1.51 X 10-8L) 7 + 4.16 X 10-*I1LC 
. [17] 


where W is in milligrams per specimen (0.184 sq in. [1.19 sq em] 
surface), L is in psi, f in eps, C in cycles, and / in in. 

How well this equation describes the weight-loss data for tests 
with variation of load (pressure), slip, and frequency can be 
judged by referring to Table 1. Agreement, by and large, is good. 

At 56/60 eps and 0,0036-in. slip, deviation of calculated from 
observed value can be explained on the basis that the approxi- 
mate expansion of the logarithmic term in Equation [3] no longer 
holds. The rate of oxide formation is not as great, in other words, 
as is calculated from the linear rate constant obtained from higher 
frequency data. It seems that deviations from the linear oxida- 
tion rate appear below 238 cpm as shown by Fig. 3, where weight 
losses plotted with reciprocal frequency are otherwise in good 
accord with predictions of Equation [14]. By increasing the slip 
2.5 times from 0.0036 to 0.0091 in., thereby decreasing the value of 
the serm s/(2/fr) within the logarithm, agreement between calcu- 
lated and observed weight loss at 56/60 cps is better (34.4 versus 
32.7 mg). 

Whenever increased specimen surface temperatures are gen- 
erated through use of high frequencies or large values of slip or 


* Reference (3), pp. 19, 20. 


1.0 
8 
4 


6. 


tow OCD Om Eo 


Uncorrected 


6 


- 
Nwo 


sao 


—— Calculated —————— 
Mech. term Chem. wear 
per cent 


— — — 
Mech. wear, 
per cent 


Total Chem. term 


51 
0 
0 


too mom OH ome On me ng 


—— 


tonotote 


both, correspondence between theory and observation is obscured 
by the uncertain correction for the temperature effect. It is sig- 
nificant, nevertheless, that calculated values, by and large, fall be- 
tween the corrected and uncorrected observed values. When test 
conditions are such that surface temperatures are high, the calcu- 
lated values seem to agree better with uncorrected values, sug- 
gesting that the approximate temperature corrections that were 
used are much too large in these instances. 

A frequency effect of weight loss is calculated by Equation [17] 
to exist for 0.0004-in. slip; however, Fig. 8 of reference (1) shows 
that essentially no frequency effect is found for this value of slip. 
The mechanical wear term is calculated to be 0.6 mg and the 
chemical wear term 2.2 mg. The observed weight loss value of 
1.1 mg, therefore, is in between these two values and suggests 
that a high-frequency oscillation may have been superimposed 
on the applied frequency. If this extraneous frequency were con- 
stant regardless of applied frequency, the sought-for frequency 
effect would be masked. This consideration implies that vibra- 
tion of the test machine, which despite all efforts was not entirely 
eliminated, interfered with weight-loss values for this low value 
of slip. Vibration tests confirmed that extraneous motion actu- 
ally may reach a maximum of 0.0004 in. The frequency data for 
the lowest value of slip, therefore, are not inconsistent with the 
theory, but apply instead to an unspecified range of high fre- 
quencies. 
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The percentage of fretting damage attributable to corrosion 
and that part represented by mechanical wear, calculated using 
Hquation [17], are included in Table 1. It will be noted that the 
chemical factor of fretting damage predominates for small values 
of load, slip, and frequency, but is only a small percentage of the 
total effect at high frequencies. 

These calculations bear out Fink’s statement (13) that me- 
chanical wear predominates over chemical wear as slip in- 
creases, and that high rate of wear in nitrogen reported by Rosen- 
berg and Jordan (14) using the Amsler wear machine, contrary to 
his findings, is explained in part by the larger slip employed by 
them. 

In view of the fact that the mechanical factor at 540/60 cps, 
5300 psi, and 0.0036-in. slip is relatively large (71 per cent) a 
significant question can be raised concerning the much smaller 
percentage of metallic iron actually found in debris for specimens 
fretted under these particular test conditions. The obvious 
answer is that iron particles worn off the moving surfaces are later 
oxidized by secondary fretting action of one particle rubbing 
against another or against the metal surface. Action of this kind 
reduces the amount of metallic iron in the debris and produces 
more of the same composition oxide as forms in the primary proc- 
ess. It seems less likely that iron particles dislodged from the 
metal surface should be oxidized spontaneously on contact with 
air as is suggested by Tomlinson (15). For one thing, the par- 
ticles are probably much larger than the atomic dimensions he 
suggested, since the mechanism of wear appears to emphasize 
fracture of macroscopic asperities, rather than the tangential 
plucking out of atomic-size metal fragments. 

Dies (16), for example, reported that the size of fretting-debris 
particles is about 1 micron (10~¢* cm or about 10,000 atom diam). 
Furthermore, fretting debris consisting entirely of metallic-iron 
powder obtained from test specimens run in nitrogen displayed 
no observable tendency to oxidize spontaneously on exposure to 
air. In view of the reduced tendency of iron to oxidize at sub- 
zero temperatures, the fact that fretting action at these same low 
temperatures still produces predominantly an oxide debris (1, 17) 
is further evidence that spontaneous oxidation is not likely. 

Godfrey (18) reported a change in color of iron debris from black 
in the center of fretting action to red at the outer rim, which he 
explained as spontaneous oxidation of black iron particles to red 
Fe,O;. If the change of color is truly one of continuous oxidation 
and not caused by change in particle size, hydration, or ratio of Fe 
to O in the oxide, any one of which may influence color, the 
observed effect can be explained by secondary fretting action as 
just discussed. 

The weight losses of test specimens run in nitrogen are no 
longer frequency dependent, Fig. 9 of reference (1). The theory 
successfully predicts this situation because the chemical] factor of 
fretting no longer exists, and all weight losses are accounted for 
by the mechanical term alone. It is noted from Equation [14] 
that the mechanical contribution to wear does not include a 
frequency factor. 

Explanation is required for the fact that weight losses in nitro- 
gen as observed are lower than corresponding calculated values of 
the mechanical contribution to fretting corrosion. For example, 
the calculated mechanical term for specimens in air at 5300 psi, 
540/60 eps, 0.0036-in. slip, and 67,800 cycles is 5.4 mg, whereas the 
corresponding weight loss in nitrogen is 1.4 mg. This difference is 
explained by favorable conditions for metal transfer from one 
metal surface to another when test specimens are run in an inert 
atmosphere. In air, metal transfer occurs infrequently or not at 
all, because the final, if not the initial, debris is predominantly 
oxide rather than metal. Such metal particles as are formed be- 
come rapidly covered with oxygen or oxide, reducing the proba- 
bility of their subsequent rewelding or fusing to one of the 
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metallic suriaces. Weight-loss measurements of specimens, of 
course, do not include amounts of metal transferred; therefore, in 
nitrogen, weight losses invariably are lower than the calculated 
mechanical term in air, where dislodged metal particles may be 
lost permanently to either specimen surface. 

Aluminum and stainless steels are especially damaged by fret- 
ting action, not only because hard oxide-debris particles form 
having the composition AlO; and Cr,Q,, but also because the 
metals themselves inherently may oxidize or adsorb oxygen par- 
ticularly rapidly on exposure to air. This suggests that the 
chemical factor of fretting damage may be more important for 
these metals than for metals having less affinity for oxygen. By 
the same reasoning, damage to noble metals must be largely or en- 
tirely mechanical. 


Errect or TEMPERATURE AND Humipriry 


Data show that fretting corrosion is greater at low than at high 
temperatures, Fig. 5 of reference (1), although oxidation of metals 
in air, on the other hand, almost always increases with tempera- 
ture. the mechanical factor 
is much greater at low temperatures, overshadowing the chemical 
term, or (b) the reaction-rate constant //r is greater at low tem- 
peratures despite a decreased oxidation tendency. If the latter is 
correct, k/r may refer to rate of adsorption of gases on the metal 
surface rather than to oxidation rate, implying that the rate of ad- 
sorption of gases at low temperatures may be greater than at high 


One can assume, therefore, that (a 


temperatures. 

In order to distinguish between these possibilities, further ex- 
perimental data are needed. For example, data obtained at 
several temperatures for a variety of frequencies, slips, and loads 
would help evaluate the temperature coefficient of the mechanical 
factor as distinct from the chemical factor.* 

Increased damage at low temperatures makes less likely any 
assumption that fretting occurs solely by oxidation of metal by 
reason of high loca] temperatures induced by friction. This as- 
sumption also was denied by Fink (17) who ran steel specimens 
in the Amsler wear machine in presence of liquid air, observing, 
nevertheless, rapid formation of an oxide debris. In addition, 
were this assumption correct, it would seem that fretting debris 
for steel should be mostly of mill-seale composition comparable to 
the high-temperature iron oxide Fe;),. None of this oxide, how- 
ever, was found in our tests. Wright (20) found that steel was 
fretted to a high degree by polymethacrylate resin melting at 80 C 
(176 F) and pointed out that local temperatures above the melt- 
ing point would have melted the asperities and reduced frictional 
damage. He concluded that surface thermal effects do not affect 
the oxidation reactions seriously. Further evidence along the 
same lines comes from less observed fretting damage at high fre- 
quencies under conditions where highest interface temperatures 
are expected and found. 

Because fretting corrosion is less in high-humidity air than in 
dry air, the view is supported that moisture (a) decreases abrasive 
wear of the oxide debris or (6) decreases rate of adsorption or of 
chemical reaction of oxygen with iron. Experiments in which 
humidified pure nitrogen was substituted for dry nitrogen showed 
no accelerating effect of moisture on weight loss(1). Hence water 
itself presumably will not react with iron in absence of oxygen, 


§ One can assume with Fink and Hofmann (19) that “‘lockerstellen,”’ 
or chemically active surface sites, produced by mechanical disturbance 
of the surface, and which oxidize as rapidly as they are formed, in- 
crease in number as the temperature is lowered. Certainly, the rate 
of recovery of disarrayed or cold-worked metal is suppressed at low 
temperatures, in agreement with this premise. But were this the en- 
tire mechanism, one woul: expect tha* for a given number of cycles, 
the number of active sites produced would always be the same. In 
other words, a frequency effect would not be expected, contrary to 
what is found. 





406 


even though mechanical activation energy is supplied. This fact 
lends support to possibility (a) where water is considered perhaps 
to hydrate the debris and thereby reduce abrasive wear. On the 
other hand, adsorbed water also can be considered to form a film 
of lubricant between the contacting surfaces,® which is either a 
hydrodynamic or a boundary film, over which asperities can 
move without mechanically activating the reaction between ad- 
sorbed oxygen and metal. The first assumption ascribes most of 
the effect to the mechanical factor of fretting damage, whereas the 
second possibility leans on the chemical factor. Again, more data 
are needed to differentiate clearly one factor from the other. 


CALCULATION OF REACTION Rate CONSTANT FOR IRON 


The coefficients ky and k; of Equation [14] contain the reaction 
rate constant k/r for oxidation of iron, or for adsorption of oxygen 
on iron, whichever predominates in the fretting process. The 
reaction rate constant can be obtained from the value fp in Equa- 
tion [14], or from the slope of weight loss versus reciprocal fre- 


quency in Fig. 3. In the first instance it is equal to 


(Tp, ) 


” 


ko 


where ky = 5.05 X 10 6 (Equation [17]) and p, = 140,000 psi. 


In the second instance, the rate constant is equal to 


slope 


tL, iL, 


where the slope = 1.26 X 10% mg min~! or 21.6 mg sec! for 
67,800 cycles, referring to a specimen having apparent contact 
area of 1.10 em.? After converting the value for ky and the slope 
to unit area, k/r is calculated equal to 1.4 K 10-3 mg cm~* sec ! 
in the first instance, and 1.5 X 10°% mg em~? sec™ in the 
second instance. The two values are in satisfactory agreement 
with each other. 

Precise data for the initial oxidation rate of a clean iron surface 
at room temperature have not been reported. Data for the rate 
extending over several days for hydrogen-reduced iron exposed to 
air at room temperature (20 C) have been presented in graphical 
form by Winterbottom (11) who employed an optical polarize !- 
light method. Tammann and Koster(5) reported data for polished 
specimens exposed several minutes above 250 C, using inter- 


ference colors as a measure of oxide thickness. Both these data 


t 
A awk lee ( + ) 
T 


where A is the thickness of the oxide film in Angstrom units (10% 
em) formed in t sec. On the basis of Winterbottom’s data, / has 
the approximate value 3.3 A, but 7 varies with each of the three 
reported runs from 2.6 to 10.4 sec. For his experiment 26, data 
for which seem the most reliable of three runs, 7 equals 2.6 sec and, 
therefore, k/r7 is equal to 1.3 A see~'. Tammann, whose values of 
r are the same for all temperatures, reported an extrapolated 
value of k/r at 15 C equal to 27,120 A min~ or 450 A see for 
an equivalent air film. On the basis that Fe;O, [index of refrac- 
tion = 2.5 (reference 11) and density = 5.18] is the film substance 
as was assumed to be reasonable by Winterbottom, k/r = 180 A 
sec —!, or 6.7 X 10-3 mg Fe em ~ sec ~! for Tammann’s data, and the 
corresponding value for Winterbottomn’s data is 0.05 XK 10~* mg 
Fe cm~* sec~!. These two values are not in agreement with each 
other, making it more difficult to evaluate-k/r obtained from 
fretting data in terms of what might be expected. Since fretting 


follow the equation 


* This possibility was suggested by W. E. Campbell. 
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action on one of two surfaces subject to relative siip occurs on the 
average half the time (compacted oxide slips on only one specimen 
surface) the calculated value of the reaction-rate constant from 
present fretting measurements should be multiplied by a factor in 
the order of 2, making the value approximately 2.9 X 10-*%. This 
value is roughly 0.4 of the Tammann value and 58 times the 
Winterbottom value. 

The closer agreement with Tammann’s value extrapolated from 
above room-temperature data suggests that a clean iron surface 
at room temperature oxidizes directly rather than first adsorbing 
gas which later reacts to oxide by mechanical activation. How- 
ever, this conclusion is not certain, for one reason because of 
doubt introduced by the extrapolation and by some uncertainty 
concerning the absolute values of oxide thickness measured by 
the interference-color technique (21). If Winterbottom’s value, 
which does not involve an extrapolation, is taken as correct, the 
lower value of k/r compared with the fretting-data value sup- 
ports the view that the mechanism of fretting actually involves 
gas adsorption rather than direct oxidation, since the former proc- 
ess is initially very rapid, as Langmuir (22) and Armbruster and 
Austin (12) reported. The premise is less likely that &/r from 
fretting data exceeds the observed film-growth rate because of 
high surface temperatures of fretted specimens. This at first ap- 
pears to be a distinct possibility, even if the temperatures achieved 
are not sufficient to produce the high-temperature oxide Fe;O,. 
But less observed fretting damage at high frequencies where in- 
terface temperatures are higher than at low frequencies is a 
strong argument opposing this assumption. The gas-adsorption 
mechanism, on the other hand, is in accord with the observed fre- 
quency effect and, furthermore, is given weight by the fact that 
the calculated amount of oxygen removed from the surface cor- 
responding to the chemical factor of Equation [17] for each cycle 
of fretting action is less than a monolayer. The amount of iron 
oxidized through fretting at a load of 5300 psi is calculated as 
2.7 X 10-5 mg em~? cycle! averaged over all the specimen sur- 
face, which corresponds to 1.2 X 10-5 mg oxygen em~? cycle“! 
(assuming Fe,O,; as the reaction product). A close-packed mono- 
layer of chemisorbed oxygen atoms of covalent radius 0.7 A, on 
the other hand, is equivalent to 16 X 10-5 mg oxygen cm~*. 

It appears from these comparisons that the reaction-rate con- 
stant for iron calculated from fretting data is not an unreasonable 
value and, accordingly, the proposed model for fretting action is 
plausibly in line with the facts available so far. The proposed 
model and the present data do not provide support for Tomlin- 
son’s molecular-attrition theory. Oxidation of metallic particles 
after they are dislodged from the metal, for example, would not 
give rise to a frequency effect as is observed. Alternatively, the 
described model is in better agreement with the view of Fink and 
Hofmann that oxide forms on the metal surface as a result of 
relative slip. But the data do not indicate that formation of 
active chemical sites on the surface through mechanical disturb- 
ance of metal is a major condition of the fretting process, as the 
latter authors propose. The facts only support the view that 
fretting action is one of continuously removing chemical-reaction 
products from the metal surface, the amount of which depends 
mainly on time and load, combined with a purely mechanical 
wear factor resulting in metallic debris that forms in amount de- 
pending largely on load, slip, and number of cycles. The metallic 
debris, in turn, may oxidize further by secondary fretting action. 


{EMEDIAL MBASURES 


The foregoing mechanism of fretting corrosion suggests that 
remedial or control measures in order. to be successful must de- 
pend on reduction of both the chemical and the mechanical wear 
factors. Excluding air from the metal interface, such as by use of 
special atmospheres, cements, or elastomer gaskets, will reduce the 
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The mechanical factor of 


chemical factor of fretting damage. 


fretting will persist, however, the importance of which depends on 


conditions under which slip occurs. But with rigid exclusion of 
air and other substances capable of reaction with the metal, the 
mechanical wear of metal also may be reduced, as our nitrogen 
data show. Any reduction of this kind occurs because of metal 
transfer in place of metal loss with formation of metallic-debris 
particles, the transfer being accompanied by severe cold-work- 
ing of the surface metal. The factors influencing metal transfer 
have not yet been evaluated, other than the influence of air 
itself. 

The proposed mechanism of fretting also suggests that inter- 
position of a substance at the interface that can bond itself to the 
metal surfaces with greater strength than it is bonded to itself 
would reduce fretting damage. Unless the substance is metallic 
and a good thermal conductor, such a substance presumably must 
have good high-temperature characteristics because of the high 
local temperatures generated by friction in a poor conductor. By 
the same token, the internal coefficient of friction for the sub- 
stance preferably should be low so as to reduce generation of heat. 
Perhaps molybdenum disulphide which has been shown to be 
beneficial (23) and is an effective high-temperature lubricant, ap- 
proaches these requirements. 

It has been suggested that one surface of the interface be made 
flexible through use of certain plastics or rubber.  Fretting 
damage is minimized presumably by eliminating relative slip. 
Also, fretting debris possibly may be reduced by using a soft metal 
in combination with a hard metal. It would seem from the fore- 
going discussion that one should, in this instance, apply a load 
approaching the yield pressure p», of the soft metal, since the 
space between asperities where oxidation occurs is thereby mini- 
mized. Should the debris particles become imbedded in the soft 
metal, they may, of course, continue to accelerate mechanical 
wear, but chemical wear will be reduced by the exclusion of air 
from a large fraction of the surface. 
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On the recommendations of the Executive Committee 
of the ASME Applied Mechanics Division, it has been 
decided to initiate a section devoted to brief notes on 
technical matters in mechanics. These notes must not be 
longer than 750 words (about 242 double-spaced type- 
written pages, including figures) and will be subject tu the 
usual review procedure prior to publication. After ap- 
proval such notes will be published in the next issue of 
the Journal. The notes should be submitted to the 
Secretary of the ASME Applied Mechanics Division. 


On the Signs in the Mathe- 
matical Expression of the 
Second Law of Thermo- 

dynamics 


By S. J. KLINE,! STANFORD, CALIF. 


‘THE purpose of this note is to give a proof demonstrating that 

in all of the mathematical statements of the “second law of 
thermodynamics” the equality sign applies uniquely to rever- 
sible processes and the inequality applies uniquely to irreversible 
processes. Since the complete proofs of the second law cannot be 
given in a short note, and since this discussion refers to these 
proofs, the presentation of Keenan? will be used as a basis 
throughout this note. 


CONVENTIONAL Proors or Seconp Law 


The conventional proofs of the second law and its corollaries 
start with a proof of Carnot’s theorem (e.g., Keenan’) which is 
given as two theorems: 

Theorem I. It is impossible to construct an engine to work 
between two heat reservoirs, each having a fixed and uniform 
temperature, which will exceed in efficiency a reversible engine 
working between the same reservoirs. 

Theorem ITI. All reversible engines have the same efficiency 
when working between the same two reservoirs. 

These two theorems are then used to give the proofs of the 
Clausius “inequality” and the “increase of entropy principle.” 

Theorems I and IT deal with both equalities and inequalities. 
This is typical of statements of the second law of thermodynamics. 
In general, if two quantities are to be compared, one may be 
greater than, equal to, or less than, the other. In the case of the 
second law, one of the inequalities is impossible, the equality 


' Assistant Professor of Mechanical Engineering, Stanford Univer- 

Mem. ASME. 

‘Thermodynamies,”” by J. H. Keenan, John Wiley and Sons, 
Inc., New York, N. Y., 1941, pp. 73-90. 

‘ Thid., p. 73. 

* Discussion of papers in Brief Notes should be addressed to the 
Secretary, ASME, 20 West 39th Street, New York, N. Y., and will be 
accepted until January 10, 1955, for publication at a later date. 
Discussion received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Soiety. Manuscript received by ASME Applied Mechanics 
February 26, 1954. 
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applies uniquely to reversible processes, and the remaining in- 
equality applies uniquely to irreversible processes. The first 
part of this statement is well known but a complete proof of the 
last two parts does not appear to have been published. 

In the case of Theorems I and II, for example, Theorem II is 
sufficient to show that only the equality sign can hold for a re- 
versible process, and Theorem I rules out the possibility of creat- 
ing any engine with an efficiency greater than that of a compa- 
rable reversible engine, but it does not rule out the possibility of 
constructing an irreversible engine with the same efficiency as 
the comparable reversible engine. A stronger theorem there- 
fore is needed. The proof of such a theorem follows. It is de- 
duced by combining statements of the first and second laws with 
the definition of an irreversible process. An irreversible process 
is here defined as: “A process in which all of the effects, in both 
the system and the surroundings, can never be completely un- 
done.” 

EFFICIENCY OF AN IRREVERSIBLE ENGINE 

Theorem III. The efficiency of any irreversible engine is less 
than that of any reversible engine working between the same 
reservoirs. 

Proof: By Theorem I, the efficiency of the irreversible engine, 
n;, cannot exceed that of the reversible engine, ng; hence we need 
only prove that it cannot be equal. 

Consider a system composed of an irreversible and a reversible 
engine operating between the same reservoirs as shown in Fig. 1. 


J HOT RESERVOIR, Ty | 


IRREVERSIBLE 








REVERSIBLE 
ENGINE , OPERATING, 
AS 4 HEAT PUMP 
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Assume that the efficiencies of the two engines are equal. Turn 
the reversible engine around to become a heat pump. Run the 
engines through integer cycles in such a way that the heat re- 
jected by the irreversible engine is equal to that absorbed by the 
reversible heat pump. For this process, the first law of thermo- 
dynamics applied to each engine yields 


W, =u —q:; We = qs —q... 
and the efficiencies of the two engines, by definition are 


1 — Qr 
"1 = = 
N q 


q — > 
1—?; mn =" —2o1—%.. 
1 q3 qs 


(2) 


But by assumption 7; = ng; hence Equations [2] yield q = 
qs» And from Equations [1] it follows that W, = Wp, and W,’ 
is exactly zero. The net effect of these operations is therefore 
nothing, anywhere in the system or the surroundings; an ir- 
reversible process has been undone completely and all elements 
of the system and the surroundings have been restored to their 
original state. But this is a contradiction to the definition of an 
irreversible process given in the foregoing (for discussion see 
Bridgman‘). Therefore Theorem III is proved. 

The use of Theorem III is sufficient to show that only the in- 
equality sign can apply to irreversible processes in the inequality 
of Clausius and the principle of increase of entropy, as can be seen 


***The Nature of Thermodynamics,” by P. W. Bridgman, Harvard 
University Press, Cambridge, Mass., second edition, 1943, p. 122. 

5 Keenan's definition of an irreversible process (see p. 69, reference 
2) yields the same result but in a less straightforward manner. 
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readily by reference to the proofs by Keenan.* Or a line of 
argument, entirely parallel to that given here, can be applied 
directly to the inequality of Clausius with the same result.’ 
Since the inequality of Clausius is the basis of the expression 
of the second law used for open systems (the control-volume 
expression), the same statement applies in that case. 


* See Footnote 2, pp. 79 and 88. 

7 Such a proof has been given independently by Prof. F. O. Koenig, 
Chemistry Department, Stanford University, Stanford, Calif., but is 
unpublished. 


CONCLUSION 

We can therefore conclude that in every case the equality sign 
in the mathematical expressions of the second law of thermody- 
namics applies uniquely to reversible processes and that that in- 
equality sign which is not impossible applies uniquely to ir- 
reversible processes. The proof given, when inserted into the 
normal derivations of the second-law corollaries, involves little 
extra work, and it not only strengthens the statements of the 
second law of thermodynamics but also provides a simpler inter- 
pretation in its many applications. 
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7 op eye * - 
Flexibility of Piping Systems 
Supported by Equally Spaced 

. . 1 
Rigid Hangers 

Ruren EkserGian? ano F, L. Jackson.* This paper offers a 

useful approach to the analysis of multisupported pipe lines 

The methods of the calculus of finite differences, particularly for 

linear differential equations, isa standard procedure in the caleula- 

tion of symmetrically spaced discrete systems, such as distributed 

It is 

intimately related in the expansion of a symmetrical determinant 

The author himself has cited pre- 


circuit elements, acoustic systems, and structural problems. 


with constant diagonal rows. 
vious applications to the problems of multisupported continuous 
beams. He deserves credit for extending this application to piping 
structures 

Table 1 of the paper shows the rapid convergence to a finite end 
slope with a given end moment, with only three supports back in a 
multisupported pipe. With given end moments, the moments and 
reactions damp down rapidly after a few span lengths which per- 
mits good approximations to be made by assuming only a few end- 
reaction supports and then using ordinary methods for solving. 

In reviewing the author’s analysis, it appears unnecessary to 
consider the added complication with overhanging “‘ears’’ and the 
several coefficients c, d, ¢, f, and g as listed in the nomenclature. 
Moreover, the m-bays shown in the author’s Fig. 4 correspond, 
through symmetry, to an n = 2m bay beam, shown in Fig. 3. 
Again, we note the very rapid convergence for m-bays with free 
and fixed ends, where n = 2m in Table 1. 

In the author’s Equations [20] and [21], the M, Q, 0, and 6 refer 
to the moment, shear, angular, and lateral deflections, respec- 
tively, at the end of the extended overhang length, and are not 
to be confused with the author’s M, Q, and @ given in Equations 
{18} and [19] which apply at an end support. 

The relations between these moments and deflections are shown 
in Fig. 1 of this discussion where we designate the end reactions 
as M,, Q,, and 6. The reactions (now internal) at the end sup- 
ports, i.e., the author’s M, Q, and @, are designated as M,, Q,, and 
6,, respectively. 

The moment 
redundants ./, and Q, 


at the end support is related to the external 


! By J. E. Brock, published in the March, 1954, issue of the Jour- 
NAL OF APPLIED Mecuanics, Trans. ASME, vol. 76, pp. 11-18. 

2 Consultant, Day & Zimmermann, Inc., Philadelphia, Pa.; Senior 
Staff Advisor, The Franklin Institute Labs. Fellow ASME. 

3Chief Technical Service Engineer, Day & Zimmermann, Inc., 
Philadelphia, Pa. Assoc. Mem. ASME. 


ission 


wh? 


M, = M,—0Q, 


9 


- 


while the corresponding rotation is 


2aq, 
6, = M i 
EI ( * 


The relation between 6, and 6, and @ in terms of the end reactions 
M, and Q, at the end of overhang are 


7" 2 2 
nut dx 
0 kl oM, 


~ M OM 
EI dQ, 


b Q 
2 b 
t 3, 
w [ (07 + -) = ] 
6 6 
. b b 
E16, = 6 | 2aq, + M,— b*| 2aq, + Q, 
2 3 
ij t LY, 
—w [ (a0, + : ) = ] 
8 6 


These equations agree with the author’s Equations [20] and 
{21}. 


z 
which reduce to 


E10, = 


[2aq, + b]|M,— b 200 + 


M, 
pore: 5 s a 
eso a ~~ 
@ 
a, a a 
- — ~_ Q, 


Fic. 1 Revations Between RepuNDANTS SHOWN aT OVERHANG 


AND AT First Support 


Obviously, this procedure of connecting elements from one part 
to another becomes complicated, and offers no advantage unless 
additional (redundant) support reactions are encountered before 
reaching the terminal multiply supported end section. 

In general, for coplanar pipe problems, we frequently encounter 
several combinations of multisupported pipes, connected to 
various types of configurations. The end deflections and moments 
of the multiple supported pipe can be considered as continuous 
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beams using the method of finite differences for arriving at the 
support moments and deflections. 

Our procedure of analysis for combinations shown in the 
author’s Fig. 7 is to divide the system into three parts, and 
equate the common deflections and rotations between parts I 
and III, and II and III at the outside end supports of the multi- 
supported pipes, respectively, which in turn connect to the com- 
mon Z or U-bends. The choice of component systems should be 
directed to simplify the over-all analysis. 
vantage in increasing the component parts through the use of 


There appears no ad- 


overhanging ears. 

Fig. 2, herewith, shows a coplanar piping system divided into 
three systems. Systems I and II are continuous beam systems, 
joining system ITI, which is a form of any shape. For this system 
the origin of co-ordinates is at the outer end support reaction 
of system I. Thus the co-ordinates of the connection to system IT, 
at the outer end support reaction of system IT and relative to 


oy @ 


Fe 
the origin of system III, are r = L; and y = Ah. 

The displacements at the common connection of I and IIT are 
Ax, Ay, = 0, with the angular rotation #;. The displacements at 
the common connection of IT and III are with the angular rotation 
#,. We will assume the moment reaction of system IIT on I to act 
likewise, the moment 
and Qs act 


in the direction of a positive increase of 6; 
acts to increase #. Q, 


reaction of system IIT on II 


Pe (Ly-* I 
1 


“1. © 





_ 
y 








M, 
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, M, 
4a, om m< Qa 
p\ 


SYSTEM I 
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Fic. 2) Dimensions anp NoTaTiIONs FOR GENEKAL CONFIGURATION 
downward on the respective outer end supports of systems I and 
Il. 

The reactions P, Q;, and ./, between I and III are chosen as the 
redundant reactions of the entire system. The reaction P, Qo, 
and M, between II and III in terms of the redundants are 

Q. = TAw — Q, 
M, = M, + Q,L; - -Ph w( L; tf {1] 


The equations for the deflections in terms of the redundants, 
are as follows 


System I 


rn wa? PL, 
he d : a. Pee e: 
'* El ( ht To ); as: — alal EA [2] 


DECEMBER, 1954 
where c; = 2a.q,, and L, is the total length of system I, and 7 is 
the rise in temperature. 

System II 
Pl, 


C2 wa,? 
M, 
( dl EA 


EI 12 ); (Ar. + al,T) = 


and Lz is the total length of system IT. 


y M oM — 
EI oM, 
M oM 
Po [ “ ds = (Az; Are) 
: EI oP 


2f 


Noting the origin is at the junction between I and II, with co- 
ordinates for system IIT as z and y, and noting all integral signs 
involve summations, i.e., TS yds (Syds ) then Equations [4a], 
6a} reduce to 
P\ S yds m + Qi S rds WI 
- w( J Uds WW = 
Vil S yds ul + P( S yds ll Qi S ryds)im 
+ wl fU yds) = El{ Ar, — Are + alsT + hO,) 


My S xds ul - Pl S xyds)in - Qi( S x%ds WI 


u( SU ads) = El(ahT - 


where t= 2anq,, 


System III 


[4a] 


+ aLl;T + hp [5a] 


M oM 
El ot); 


ds = ahT — 1,02 |6a] 


[5a], and 


My fds) 
E1(0, + 02). . [4b] 


LO») [6b] 
where the weight coefficients are for the particular shape of system 
III. Other coefficients on the left side of the equation are the usual 
inertia shape coefficients determined by conventional methods for 
any shape such as system ITI. 

Substituting for 6, 02, Ar;, and Ar. from systems I and II in 
these equations, a solution is obtained for any general configura- 
For example, choosing a typical shape such as 
the following general relations are ob- 


tion as in Fig. 1. 
the author’s Fig. 7(a), 
tained, omitting waa components such as (PL)/( FA) 


M,\( fds) + ¢: + e2] — P{(S'yds)m + ch] 


+ Q:\( f'rds)in + ef,' 
A 


| Sedo + A" — 12 


Mi\( f yds) + ch] + Pl fy2ds) + coh?] 
Qi\( S ryds in + chL;) 


rd 
_ a,* 
+w [ce ds )in + coh (4°. “9 )] = Ark! 


Mi S xds m + ¢2L3] — P((S xyds ut + hs] 
+ Qil(f2%ds)ut + cols?) 
Cc 


(242? + oa? | = 0. 


; = 
w| (U,rds)in + cols (a - =) ] = AyE!I [6c] 


where Az now refers to the total expansion in the x-direction and 
Ay the total expansion in ‘he y-direction. 

It is important to note’ that in the foregoing equations the 
inertia coefficients are for the entire system. For example, with 


a conventional procedure the ‘“‘equivalent’’ lengths c; and c,: may 
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be used to represent the effective lengths of systems I and II. 
The slope coefficients involving c; and cz are localized at the ex- 
tremities of system ITI. 

With this concept the foregoing equations may be restated as 
the inertia coefficients now represent the entire 


A= 


follows where 
system 


-u(A) = 0... /4d] 


Mi fds) — P(S yds) + Qi [-rds) - 
—M,[S yds] + P[fy%ds] — Q:[fryds] + w(B) 


El Ar 
[5d] 


M, |S rds] — P{ryds] + Q:[ f'x%ds] — w(C) = EIAy...... [6d] 
The distributed weight coefficients may be calculated for any 
particular system. For a Z-bend with square corners, the co- 


efficients become, with notations as in Fig. 3 of this discussion 
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where B’ and A’ are the weight coeffi- 
cients given previously, but modified by 
Q:. Using this method, a solution of 
the author’s example 1, cases 3 and 4, is 
given, Fig. 4, herewith. 

By differentiating the denominator in 
Equation [10] with respect to the upper 
tangent of the loop, a criterion is ob- 
tained as to the best upper-tangent 
length for a given distance between the 
first two supports. For a given span a, 
and a given distance between the two 
supports on each side of the loop, the 
horizontal thrust becomes a minimum 
when the ratio of the length of the up- 
per tangent is one half the sum of the 
distance between these two supports and 
the two equivalent lengths ¢; and cz. For 
the author’s example ¢; = c = 2aq, = 
5.774 ft, and this ratio becomes 

20 
-— ~ 0.48 
30 + 11.55 
which is a good choice. 

In the author’s analysis of the Z and 
U-bends emphasis is given to ascertain- 
ing whether contact with end supports 
under different expansion conditions is 
maintained. Our analysis of the Z-bend 
indicates that it is difficult to judge with 
small end moments toward the taper- 
ing end of a bending-moment diagram, 
whether a support contact is maintained. 

The effect of the flexibility of the 
supports will considerably modify the 


Equations [4d], [5d], and [6d] may be solved directly for P, Q, 
and M. A shorter solution is obtained by solving Equation [4d] 
for M and substituting in Equations [5d] and [6d] 


P | Suv -- ad Q: | Seve — ] 


( ds 
+ [a — ad = ArEI 


(S' rds) S yds) ; (S rds)? 
S ds | To [v mies 
1 (S248) 


—w [c — Sas | = AyEI......[9] 


These coefficients may be calculated with any conventional 
procedure. Fig. 3 gives the solution for the author’s example 2. 

For the case of a U-bend, systems I, III, and IT may be taken as 
previously, and the equations solved directly. With symmetry, 
however, some advantage may be obtained by choosing the re- 
dundants at the common plane of symmetry. On the other hand, 
we may consider system I and the symmetrical part of III, or 
system IT and the symmetrical part of ITT. It is important to ob- 
serve that Q; is not a redundant and only depends on the weight 
of the pipe. Using systems I and III, Equations [7], [8], and 


[9] Secome 
R’ 
EI Ar | 


= + w 
( ds)? 


P | Swi - 


- es od 

~ Sds 
(Suds)? ° 
fi | 


P 


author’s analysis based on rigid sup- 
ports. With flexible supports, the question of column stability of 
a long elastically supported pipe may be the criterion for allowa- 
ble stress in the piping system. The advantage of cold-springing 
in improving positive support reactions should be emphasized. 


A R.C. Marku.‘ A determination of the maximum stresses 
in a piping system, considering all the loadings which may be im- 
posed upon it simultaneously, presents a problem of discouraging 
complexity. The loading always will include certain steady com- 
ponents, such as internal pressure and weight of pipe, contents 
and covering, upon which may be superimposed a diversity of 
variable loadings caused by thermal expansion, flow pulsation, 
wind, or earthquake effects. Neither is the piping system a simple 
structure; generally it is many times statically indeterminate, 
being restrained not only at terminal anchors or connections to 
pressure vessels or other equipment, but also by numerous inter- 
mediate supports and bracing members possessing load-deflection 
characteristics peculiar to their individual construction. In ad- 
dition, piping components used for directional changes (elbows 
and bends), for branch take-offs (tees and laterals), and for 
separation into smaller units for ease of assembly and dismantle- 
ment (flanged connections, etc.) exhibit peculiar stress-strain be- 
havior which further complicates the process of analyzing the 
system. 

To cope with this problera, early analysts have introduced a 
number of simplifying assumptions which in time became ac- 
cepted practice. Loadings other than thermal expansion have 
come to be ignored in the primary analysis and the system is 
usually idealized as a weightless line in space, with its freedom of 


‘Chief Research Engineer, Tube Turns, Louisville, Ky. 
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motion uninhibited by the supports provided. While, in principle, 
the use of time-saving simplifications is entirely proper for an en- 
gineering type of analysis, it has had the undesirable effect that 
piping-flexibility’ analysis has tended to degenerate toa ritual, the 
sense and meaning of which is often lost sight of; in other words, 
many of those.making piping analyses today take little thought 
whether the customary assumptions are applicable to their specific 
problem and sometimes do not even realize that they are making 
assumptions. 

In the writer’s opinion, the prime merit of the present paper 
resides not so much in its brilliant mathematical development, 
but in the fact that it calls attention to the effect of one of the 
assumptions tacitly made in the majority of piping-flexibility cal- 
culations, which is, that the common forms of pipe support have 
relatively little influence on the evaluation of the expansion stress. 
While the author clearly demonstrates that this is not always the 
case, it is not to be inferred from this paper that all piping- 
flexibility calculations in future should include, at least approxi- 
mately, the effects of nearby supports; the paper does, however, 
convey the lesson that the effect of simplifying assumptions 
should at least be mentally appraised in each instance. 

Taking the expansion loop used for example 1 as an illustration, 
the average engineer probably would analyze this as a weightless 
system restrained at the two anchors only, as sketched in Fig. 
li(a), whereas analysis as a guided loop in accordance with 
Fig. 11(5), with extraneous motions due to the straight lengths to 
each side is actually more nearly correct. In cases of this type it 
has been the writer’s practice to recommend the installation of 
guides adjacent to the loop, even where this is located in a hori- 
zontal plane, if for no other reason than to retain control of the 
movement of the line. 

As concerns the Z-bend used for example 2, a simple computa- 
tion of the expansion of the vertical leg leads one to realize that 
the line will lift off support A, if this were to be in a fixed position; 
an experienced piping man will specify an ordinary spring hanger 
at this point if the amount of vertical expansion expected is 
moderate, a constant-load spring or a counterweight where a large 
movement is anticipated. 

While this discussion has been directed primarily at indicating 
how the need for calculations of the type suggested by the author 
can be circumvented by the application of simple reasoning, it is 
in no way intended to detract from the merit of this development 
or to discourage the use of the method given. On the contrary, 
the writer’s advice to all engaged in this field would be to make 
at least trial applications of the method to doubtful cases in order 
to build up their judgment as to when certain effects can be ig- 
nored with impunity and when they cannot, remembering in all 
cases that extreme mathematical accuracy is not required in this 


type of problem. 


The author is to be commended for a notable 
Through an ingenious 
methods 


R. E. Newton 
contribution to this important subject. 
combination of conventional slope-deflection and 
analytic solutions of the difference equations he has made the 
solution of some highly redundant structural problems quite 
practical. The systematie fashion in which he has formulated his 
analysis makes it readily adaptable to a large variety of problems 
of this class. The extensive comparison of the effects of various 
simplifying assumptions given in example 1 will be particularly 
appreciated by engineers who frequently deal with problems of 
this kind. 

The practicing engineer is of course interested in “exact’’ solu- 
tions. It is understandable, though, that he frequently has an 


5 Professor and Chairman, Department of Mechanical Engineering, 
U.S. Naval Postgraduate School, Monterey, Calif. Mem. ASME. 
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even greater interest in simplifying assumptions that will yield 
sufficiently accurate results with appreciably less labor. Such 
assumptions can only be used with confidence after comparisons 
have been made with the results of more accurate methods in a 
number of representative problems. It is in this connection that 
the comparisons of example | and the detailed results of example 2 
are particularly valuable. An examination of the solutions pre- 
sented discloses that the large bending moments are confined to 
the expansion bend and the first adjacent span at either side of the 
bend. (When the pipe rises from the supports, the term “first ad- 
jacent span” is to be interpreted as that span between the first and 
second active supports.) Results also show that extreme bending 
moments at top and bottom of the risers are nearly equal in mag- 
nitude. These observations led the writer to conjecture that use- 
ful approximate results might be obtained by assuming the pres- 
ence of hinges at the second (active) support to either side of the 
bend and also at mid-height of the riser (or risers). 

Results have been worked out for two cases of example 2 of the 
paper. First of these is denoted as 2(a) and is based on the as- 
sumption that supports A and B (see Fig. 13 of the paper) are 
Comparison with Brock’s results is given in Table 1 
For convenience the present method of analy- 


both active. 
of this discussion. 
sis is denoted as the 3-hinge method. 
Since the first active support reaction is 


As may be seen, the agree- 
ment is quite close. 
negative a further trial is indicated. Using the results of the 
paper we skip directly to the final case in which the first active 
upper support is the one immediately to the right of B. It is seen 
(Case 2b of Table 1) that the values of horizontal thrust and bend- 
ing moment at the top of the riser are still in close agreement. 
The fact that the reaction at the first active support is no longer 
It should be 
noted that the results presented for the 3-hinge method were ob- 
Since the determination of this 


in good agreement is of little practical importance. 


tained on a 10-in. slide rule. 
reaction involves the difference of two nearly equal quantities the 
tabulated value may be appreciably in error 

During the oral discussion of the paper a question was raised 
concerning the advisability of assuming the existence of a hinge 
at mid-height of the riser (or risers Certainly the limited com- 
parisons offered here are quite insufficient to warrant the use of 
this assumption in markedly different configurations. It is noted 
that the author’s results show the actual displacement of the point 
of inflection from the mid-height of the 18-ft riser to be just 4 in. 
In example 1, case 1, 
If addi- 
tional examples should show that this assumption is not gen- 
erally tenable it could be abandoned with an attendant increase in 


and 6 in. in cases 2(a) and 2(b), respectively. 
of the paper this displacement is just 1.3 in. in 20 ft. 


the labor of the “simplified” method 

In conclusion the writer wishes again to commend the author 
for a genuine contribution to piping analysis. It is believed that 
the comparisons of this discussion justify the further investigation 
of the usefulness of the 3-hinge method with different choices of 
parameters and other configurations. 
COMPARISON OF RESULTS FOR EXAMPLE 2 


Moment at 
top Reaction at first 
Horizontal of riser active upper 
thrust, Ib (in-kips) support, Ib 
1740 181 — 2750 
1740 ~ 188 — 2620 


TABLE 1 


Method 
Brock 
3-hinge 
Brock 
3-hinge 


1920 -111 350 
1030 107 60 


Hersert Saunvers.® The author has presented an elegant 


mathematical discussion of piping system, supported by hangers. 
This is one of the first attempts to solve analytically this complex 


* Engineering Designer, Foster Wheeler Corporation, New York 


N. Y. Mem. ASME, 
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problem, The writer has done a number of piping stress analyses 
but infrequently has had problems of such simple proportions or 
layout. The usual problems in practice are three-dimensional 
and may be multianchored layouts, resulting in much tedious 
calculation. The supporting steel is sometimes in such a position 
that equal distance between supports is impossible. The writer 
had occasion to solve a problem using Castigliano’s method but 
this had only one intermediate support. 

The author should be congratulated on his endeavors but much 
more analytical and experimental work is necessary for these 


types of problems which are quite prevalent in industry. 
AvtTuor’s CLOSURE 


The author first wishes to express his appreciation to the con- 
tributors of the preceding discussions for their kind interest and 
for the substantial additions their presentations make to the sub- 
ject. 

Dr. Eksergian and Mr. Jackson give a generalized development 
of the slope-deflection conjunction of a three-part configuration, 
They use 
Castigliano’s Theorem to provide a generalized treatment of the 
center portion. The point of departure is their Equations [2 
[3] which are the same as the author’s Equation [19]. The 
thor’s development is not so detailed as that they give and it does 
Actually, the data 
Table 2 of the paper were obtained using a somewhat 


the two extreme portions of which are equispan beams. 


and 


4au- 


not make explicit use of energy methods. 
shown in 
different point of view? but this does not affect the results 

Dr. Eksergian and Mr. Jackson question the reason for consid- 
ering the “‘ears’”’ as shown in Figs. 4 and 5 of the paper and are en- 
How- 


ever, one of the aims of the author’s development was to make the 


tirely correct in suggesting that it is not necessary to do so 


analysis immediately applicable to practical problems without the 
necessity of further analytical treatment. By combining the con- 
figurations of Figs. 4 and 5 directly with those of Table 2 several 
interesting cases are treated at once. Of course, the ears could 
have been included with the ‘‘loops” in Table 2 rather than with 
the equispan beam, but the arrangement chosen appears to have 
greater adaptability. 

In the first two paragraphs of his discussion, Mr 
cisely describes the difficulties of stress analyses in piping svs 
indicates the necessity of introducing simplifying assumptions, 
and notes the resulting tendency to be uncritical of the applicabil- 
His remark 


Mark] cone 


+ 


lems, 


ity of the customary assumptions in particular cases. 
that ‘“‘piping-flexibility analysis has tended to degenerate to a 
ritual” is, unfortunately, all too true. 

Mr. Markl correctly infers that it was not the author’s purpose 
in this paper to suggest that all piping-flexibility calculations in- 
clude the effect of nearby supports. To attempt to do so in gen- 
eral cases would simply mean that the results of the calculations 
would be delayed so long that they would not serve their purpose 
in design. (Of course the designer must, in all cases, make an 
approximate appraisal of the extent to which support constraints 
may modify the results and conclusions of a formal analysis which 
neglects the constraints.) The paper simply considers a class of 
configurations having a certain not unusual geometrical property 
in common and, because of the ready susceptibility of this class of 
problem to exact analysis, is able to obtain “exact” results with 
relatively little effort; this affords not only a simple exact ap- 
proach to the analysis of actual configurations having the class 
property but also a means of getting an idea of the effect of similar 
constraints in configurations which cannot readily be analyzed. 


7 Cf. the author's papers ‘‘Matrix Analysis of Flexible Filaments.” 
Proceedings of the First U. S. National Congress of Applied Me- 
chanics, published by ASME, 1952, pp. 285-289, and “A Matrix 
Method for Flexibility Analysis of Piping Systems,’’ Journal of Ap- 
plied Mechanics, Trans. ASME, vol. 74, 1952, pp. 501-516. 
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As Mr. Markl suggests, practical piping-design considerations 
would indicate the use of appropriate guides in the systems of ex- 
amples 1 and 2 and the use of spring hangers at the first one or 
The ex- 
amples were chosen, however, not to illustrate practical piping 
design details but instead simply to exhibit, as briefly as possi- 
ble, applications of the theory developed in the paper. 

Professor Newton’s approach to this type of problem involves 
a clear-cut recognition of the rapidity with which bending mo- 
ittenuates with distance from a riser and the corresponding 


two support points at the top of the riser in exafple 2. 


ment 
idealization of the configuration in a way which permits a ready 
analysis by conventional methods. The accuracy accompanying 
this i The labor of this 
analysis, although not inconsiderable, appears to be actually less 


lealization is much more than adequate. 


than that involved in substituting in the author’s formulas [39] 
through 58]. 
ilvsis, the method suggested by Professor Newton is un- 


For the person familiar with slope-deflection type 
of ar 
doulbtediy of advantage, and it appears to be applicable, possibly 
with modifications yet to be worked out and varying with the 
type of configuration, to more general systems than those con- 
sidered in the paper. Simplifying idealizations must not only 
afford reasonable accuracy but must also signal peculiar behaviors 
of the configuration which might not invariably be anticipated 
for example, rising off the supports in example 2 of the paper). 
Professor Newton’s procedure seems capable of doing this, at 
least when applied to the general type of problem considered thus 
far. The approach is one which the author hopes to explore 
further 

Professor Newton has raised a question concerning the accuracy 

f his slide-rule calculations. For the sake of record, it may be 
that his results are very satisfactory. Corresponding to 
: values for the three-hinge method given in Table 1 of his 
machine calculations give the following results: 
-2560; 1034,—112, 52. 

Mr. Saunders is, of course, quite correct in noting that the usual 
practical problem does not fall into the categories considered in 
the paper and that much more study is required before the de- 
in approach a typical problem with anything like peace of 


dise 


ss1on 
ission, 


32,-—187, 


signer « 
mind. Progress is made in steps and the present paper is only a 
preliminary step in an attempt to analyze piping systems in which 
hanger constraints are considered. Aside from the immediate 
applicability to the analysis of certain special but by no means 
unusual configurations, the analysis of the paper, or the alternate 
forms contributed in the discussion, provides some guide to ideal- 
izing a complicated configuration by properly recognizing how 
If spans are unequal, an appropri- 
The three-hinge 
approach of Professor Newton does not require any assumption of 


rapldiy moment attenuates. 


ately weighted “eye-average’’ may be used. 


equa! spans. There frequently are valid reasons for extending 
analytical procedures to cases where their applicability seems 
appropriate even though all hypotheses are not satisfied; how- 
ever, the user should be aware of the difficulties and possible pit- 


falls involved in doing this. 


The Wave Method for Solving 


Flexural Vibration. Problems’ 


Jutivs Mikiowrrz.? It is important and interesting to note 
the author's treatment of the elementary bending equation by the 
Heaviside “wave method.”” The comparison of the normal-mode 


‘By R. P. N. Jones, published in the March, 1954, issue of the 
JoURNAL OF AppLiep Mecuanics, Trans. ASME, vol. 76, pp. 75-80. 

? Research Engineer, U. 8. Naval Ordnance Test Station, Pasadena, 
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DISCUSSION 


solution, ‘“wave’’ solution, and experiment for the bending 
moment in a simply supported beam, subjected to a step trans- 
verse load at its mid-point, brings out quite clearly the advantage 
of using the wave solution for small times ¢ in the problem 
treated. 

The writer feels that some word of caution was needed in the 
paper concerning the more general use of the elementary bending 
equation in dynamic-loading problems. Regardless of the at- 
tack, modal analysis or the so-called wave method, it is well 
known that the physics of this equation restricts it from producing 
accurate solutions in problems where the short-wave lengths play 
a prominent role. The case of the simply supported beam in the 
paper, of course, is not seriously affected by short-wave effects 
since the //d ratio is very large (576: 1), and the loading, although 
abrupt, is of long duration. In problems involving short beams, 
impulsive loadings, or both, it is generally recognized that the 
Timoshenko bending theory, which includes the secondary ef- 
fects of shear and rotatory inertia, yields more accurate transient 
solutions than the elementary bending theory. In problems of 
this type, times of much smaller magnitude than in the author’s 
work become important. 

In a present-day paper, concerned with waves in beams, it is 
surprising to find the author makes no mention of the role the 
Timoshenko theory plays in this subject. The recent literature 
has shown a particular interest in this theory from a standpoint of 
traveling-wave solutions. These physically realistic solutions, 
and associated characteristic velocities of propagation, cannot 
be derived from the elementary bending equation, which the 


author mentions. 


Bending of Circular and Ring-Shaped 


Plates on an Elastic Foundation’ 


H. 8S. Gepizur.?. Equation [10] of the paper is the same as 
Professor Klotter’s Equation [80] presented in a recent publica- 
tion.* This equation has been solved already by application 
of G. Kirchhoff’s method.‘ It worth 
pointing out that an infinite plate on an elastic foundation, which 
is clamped at the circular boundary of a rigid disk with radius of 
length a, and a pure moment of magnitude L, is a special case 


reduction also seems 


‘By H. Reismann, published in the March, 1954, issue of the 
JOURNAL OF AppLieD Mecuanics, Trans. ASME, vol. 76, pp. 45-51. 

2 Address: Cebeci Guvey Sk. 16, Ankara, Turkey. 

3 “*Neuere Festigkeitsprobleme des Ingenieurs,"’ edited by K. Mar- 
guerre, Berlin, Germany, 1950, article by K. Klotter, p. 157 

*See author's reference (5), pp. 414-415; and reference (7), pp 
133-134, or reference (9), pp. 104-105. 


which can be solved easily by reading a paper by the writer.’ It 
is a simple problem but not the subject of a paper 


W. A. Nasu.* The author has presented a very clear and con- 
cise development of a method for determining deflections and 
stresses in either a solid or annular circular plate supported on an 
elastic foundation of constant modulus. The solution of the 
homogeneous equation for deflections is presented in the form of 
Bessel functions of the first and second kind and with complex 
Following Kelvin’s terminology, the author intro- 
It is true that 


arguments. 
duces the functions ber,p, bei,p, ker,p, and kei,p 
these functions are tabulated for certain arguments 
In his study of the bending of a clamped circular plate loaded 
by a single concentrated foree, the author finds the solution for 
the deflection surface in terms of sums of products of the fore- 
going functions. The writer would like to mention that tabulated 
values of most of the various combinations occurring in the solu- 
tion (for certain arguments) are given in a paper by H. G. Sav- 
idge.? A few additional values are given in a paper by E. Reissner* 
Use of these tabulated values should render the author’s solution 


even more valuable. 
Autuor’s CLOSURE 


The author would like to thank Professor Nash for his com- 
ments and express his appreciation for adding additional refer- 
ences of tabulations of those functions which are of importance in 
the application of the results of the paper under discussion 

As far as Mr. Gedizli’s comments are concerned, the author 
finds them inaccurate. ‘‘Klotter’s’’ Equation [80]* is similar in ap- 
pearance to Equation [10] of the author’s paper but certainly not 
the same. The former arises in the theory of flexural vibrations 
of a thin plate, whereas the latter results from an analysis of the 
bending of thin plates on an elastic foundation. In addition, the 
comments of Mr. Gedizli tend to convey the erroneous impression 
that the author’s paper dealt with a special case.6 This was only 
one of two simple examples presented to illustrate the application 
of the general solution of the problem solved by the author, 
namely, the bending of circular and ring-shaped plates on an elas- 
tic foundation subjected to arbitrary loadings and very general 
boundary conditions. 


unter eimem an 


‘Die Kreisplatte auf elastischer Unterlage 
Gedizli, In 


starrem Mittelstiick-angreifenden Moment,”’ by H. 8 
genieur Archir, vol, 21, 1953, pp. 87-89 

* Associate Professor, Department of Engineering Mechanics, Uni- 
versity of Florida, Gainesville, Fla. Mem. ASME 

? Report of the British Association for the Advancement of Science 
1916, pp. 109-141 

§ “Stresses and Small Displacements of Shallow Sphericai Shells 
II,” by E. Reissner, Journal of Mathematics and Physics, vol. 25, no. 4 
1947, pp. 279-300 








Book Reviews 


Heat Transfer 


\ Symposium held during the summer of 1952 at 
University of Michigan Press, Ann 
9 in., illus., $5. 


Heat TRANSFER 
the University of Michigan. 
Arbor, Mich., 1953. Cloth, 9 X 


REVIEWED BY NEWMAN A. Hat! 


\ MONG the various symposiums reported in basic fields of 
i engineering in recent years, this will serve as one of the 
most useful as a general reference. While no common theme be- 
yond that indicated by the title is apparent, each of the articles 
represents a well-organized critical review of the state of knowl- 
edge in the particular field covered. 

The first two articles deal with the general area of thermal 
stresses. Alan S. Foust introduces the series with a review of 
conditions in heat-transfer problems which create high thermal 
stress. Following this, a comprehensive survey by 8. S. Manson 
looks into most known aspects of the behavior of materials under 
conditions of thermal stress. 

The next report by H. F. Poppendiek brings up to date the 
field of liquid-metal heat transfer. Also dealing with liquid 
heat transfer, particularly with reference to boiling of more usual 
fluids, is a report by Warren M. Rohsenow on heat transfer with 
evaporation. 

The general field of convection heat transfer is covered in four 
papers. Martin Summerfield discusses the recent developments 
in convective heat transfer with special reference to high-tem- 
perature combustion chambers. In two papers E. R. G. Eckert 
discusses some aspects of boundary-layer behavior, first with re- 
spect to convective heat transfer at high velocities, and then the 
related problem of transpiration and film cooling. A somewhat 
more specialized discussion by Myron Tribus and John Klien 
considers forced convection from nonisothermal surfaces. 

The program of investigation at the University of California 
in the transition region between continuous and free molecule 
flow is reported in two papers. First is given theoretical con- 
siderations in rarefied-gas dynamics, then a discussion on ex- 
perimental methods and results in rarefied-gas dynamics. 

The final paper by R. V. Churchill considers the comparison of 
temperatures in solid bodies and their scaled models. 


Selected Combustion Problems 
Selected C 


SeLectep ComMBusTiON Prosiems: Fundamentals and Aeronautical 
Applications. Combustion Colloquium, Cambridge University, 
England, 1953. Butterworths Scientific Publications, London, 
England, 1954. 6 X 93/4 in., viii and 534 pp., figs. 


Reviewep sy A, J. Nerap? 


"THIS is a collection of papers from the Combustion Colloquium 

held at Cambridge University, Dec. 7 to 11, 1953, The papers 
are divided into four growps and give an excellent survey of their 
part of the field of combustion. In many places the unsolved 
problems are indicated and controversial points are discussed. 
I:xperimental and analytical approaches are both given ample 


treatment. The discussions at the end of each group of papers add 


' Professor, Department of Mechanical Engineering, University 
of Minnesota, Minneapolis, Minn. Mem. ASME. 

* General Electric Research Laboratory, Schenectady, N. Y. 
ASME. 


Mem. 


considerably to the interest. To one looking for problems in the 
field of combustion, this book is strongly recommended. 

The first group of seven papers on “Laminar Flame Propaga- 
tion’’ leaves one with the feeling that the subject is exceedingly 
complex, e.g., J. W. Linnett, in his conclusion remarks, “How- 
ever, our experimental knowledge of the composition distribution 
through any premixed flame is virtually nonexistent, etc.’”’ and 
Dorothy M. Simon, “There is no clear evidence that the diffusion 
of active particles controls either the process of flame propagation 
or the chemistry of flames in the oxidation of premixed gases. On 
the other hand, there is no clear evidence which contradicts the 
possibility that diffusion could be important in flame propaga- 
tion.” 

The other three groups on ‘Turbulent Combustion, Solid and 
Liquid Propellants, and Technical Combustion Problems” are 
covered by twelve papers. These groups are so broad that even 
considering the very extensive bibliographies, one must realize 
that a somewhat limited and spotty covering of the subjects has 
been attained. 

Because of the number and extent of survey papers this book 
is a valuable reference to much of this fast-growing field of com- 
bustion. It should be mentioned that four of the eighteen papers 
are in French. 


Solid Mechanics 


PRocEBDINGS OF THE First MIDWESTERN CONFERENCE ON SOLID 
Mecuanics. Sponsored by the College of Engineering and the 
Panel on Fluid and Solid Mechanics of the University of Illinois, 
April, 1953, Urbana, Ill. The Experimental Station, Urbana, III, 
1954. Paper, 8'/2 X 11 in., figs., references, 119 pp. 


Reviewep By A. M. Want? 


"T'HIS volume comprises approximately 40 papers presented at 

the First Midwestern Conference on Solid Mechanics spon- 
sored by the College of Engineering and Panel on Fluid and Solid 
Mechanics of the University of Illinois, Urbana, 1953. Most of 
these articles are concerned only with the mechanics of solids, 
particularly the fields of plasticity, elasticity, and vibration; how- 
ever, a few papers, such as those on aeroelastic problems, also in- 
volve fluid mechanics. 

Papers treating some aspect of plastic flow or inelastic action 
comprise the largest group presented at this Conference. Sub- 
jects in this field which will be of particular interest to stress 
analysts and designers include the following: Influence of axial 
loads on the collapse loads of frames; inelastic buckling of plates 
and columns; geometrical construction for plastic flow with work 
hardening; limit analysis of cylindrical shells under axially sym- 
metric loading; impact effects in rods for material having a strain- 
rate effect; time lag in plastic deformation. 

Papers dealing with elasticity include the following: Finite 
torsion of cylindrical shells; theory of the elastica; force at a 
point in a semi-infinite solid; numerical solution for notched bar 
in tension; thermal stresses in multiple-layer beams; circular 
slabs and plates on elastic foundation’; torsional buckling of 
thin-walled columns. 

Some of the papers of interest to vibration engineers are: 
Torsional vibration of a concentrated mass on a cantilever of 


3 Advisory Engineer, Westinghouse Research Laboratories, East 
Pittsburgh, Pa. Fellow ASME. 
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rectangular tube cross section; application of integral equations 
to solution of beam-vibration problems; fundamental frequencies 
of rigid frames; forced vibrations with nonlinear restoring force 
correlation of buckling and vibration of plates; problems in the 
dynamics of thin plates; rubber-resilient models under vibration 
conditions, 

Summing up, this publication includes much material useful to 
stress analysts and designers as well as to those interested in the 
theoretical aspects of the mechanics of solids. 


Machine Elements 


Spotts. Prentice-Hall, 
Cloth, 6 X 9 in., xiv 


Desicn or Macutne Evements. By M. F. 
Ine., New York, N. Y., second edition, 1953. 
and 504, illus., index. $9.65. 


REVIEWED BY A. M. Want‘ 


TT'HIS secon’ edition of Professor Spotts’ well-known textbook 

on machine design (which first appeared in 1948) has been 
enlarged about 20 per cent both by adding new text maternal and 
by including more problems and numerical examples. Additions 
to the text include: Discussion of rational methods of determin- 
ing working stresses under combined static and variable loading; 
data on wire useful in mechanical spring design; design methods 
for rubber springs: material for design of journal bearings with 
Besides this, the chapters on bevel, worm, 
The chapter 


various bearing ares. 
and helical gears and on cams have been rewritten. 
on screws has been brought up to date by inclusion of data on the 
new Unified thread. 

One feature of this book comprises the group of selected bibli- 
ographies which are given at the end of each chapter in order that 
students and others who desire more advanced information on 
any particular phase of machine design may know where to obtain 
it. In the second edition these bibliographies have been brought 
up to date by inclusion of additional references. 

In a book of this nature, where it is necessary to cover so many 
subjects, all different, and yet all pertaining to the larger problem 
of machine design, the space limitations are very considerable. 
With this in mind, the reviewer feels that the author has succeeded 
very well in providing a maximum amount of useful information 
and that the book will be useful not only as a textbook but also in 
many cases to practical designers. 


Some Basic Problems on the 
Mathematical Theory of Elasticity 


Some Basic Prospiems oF THE MATHEMATICAL THEORY OF ELas- 
Tictry. By N. I. Muskhelishvili. Third revised and augmented 
edition, Moscow, U.S.S.R., 1949. Translation from the Russian 
by J. R. M. Radok. P. Noordhoff Ltd., Groningen, Holland, 
1953. Cloth, 6 X 9'/2 in., 704 pp., 66 figs., 38f1. 


Reviewep spy A. Att KHerraria® 


LTHOUGH the first Russian edition of this work appeared 
about twenty years ago, nothing comparable in scope has 
been published in English in the interim. The fundamental con- 
tribution of the text is a thorough exposition of the principles and 
applications of complex variable techniques to two-dimensional 
problems of the mathematical theory of elasticity. The methods 
have been largely developed by Soviet mathematicians, especially 
the members of the Tiflis Mathematical Institute of the Academy 
of Sciences of the Georgian S. 8S. R. 
The text is divided into seven parts comprising a total of twenty- 
‘ Advisory Engineer, Westinghouse Research Laboratories, East 
Pittsburgh, Pa. Fellow ASMF. 
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five chapters. Part 1 is a very lucid introduction to the funda- 


mental equations and problems (first problem: given boundary 
stress, find displacements; second problem: given boundary dis- 
placements, find stresses) of the mechanics of an elastic body 
Part 2 deals with the plane theory of elasticity. Here the co nplex 
representation of the solution of the equations of the plane theory 
of elasticity is introduced and the fundamental boundary-value 
problems are formulated for both simply and multiply connected 
regions. After a brief discussion of multivalued displacements 
and thermal stresses a chapter is devoted to the conformal map- 
ping of the basic problems of plane theory. Mappings based on 
epitrochoidal and hypotrochoidal curves receive particular at- 
tention. The curvilinear co-ordinates associated with the con- 
formal transformations are treated. 

In Part 3 series methods are applied to regions with circular 
boundaries. The first and second fundamental problems for the 
cirele and the first problem for the exterior of the circle are 
solved. Specific examples include the plate with circular hole 
under unidirectional tension and under biaxial tension, plate with 
circular hole under uniform pressure, concentrated force at a 
point (hole of zero radius ) of an infinite plane, concentrated cauple 
at a point of an infinite plane, infinite plates with elastic circular 
inclusions and with rigid circular inclusions. Chapter 10 is based 
on the solution of the first fundamental problem for the annulus 
The tube under uniform internal and external pressures and the 
stress distribution in a rotating ring are discussed as examples. 
Multivalued displacements of annuli, bending of a curved beam 
and thermal stresses in a hollow circular evlinder end the chapter 
Finally, the solution of noneircular problems by mapping onto 
regions bounded by circles is indicated 

Part 4 introduces the fundamental properties of Cauchy inte- 


; f w dw . ; ‘ 
grals (i.e., which defines a holomorphic function of z 
J Cw z 

except on the curve C) and presents the Plemelj formulas for their 
boundary values (as C is approached from one side or the other) 
The boundary values of holomorphic functions are then discussed 
and the problems characterized in terms of the properties of the 
Cauchy integrals. 

In Part 5 the fundamental problems for a simply connected 
region are characterized by functional equations which are then 
reduced to Fredholm integral equations. In this way existence 
theorems for the solutions of the fundamental problems are 
established. Next, solutions and examples are given for regions 
mappable onto a circle by rational functions. Included are the 
circular disk under the influence of concentrated boundary forces 
and couples at internal points, rotating disk with attached dis- 
crete masses, plate with elliptic hole under uniaxial tension, both 
uniform and step pressure from hole, uniform tangential stress, 
various problems of plates with rigid elliptic inclusions and ap- 
proximately polygonal holes. Chapter 16 deals with the solution 
of the fundamental problems for the half-plane and semi-infinite 
regions. Finally there is a chapter on the solution of boundary- 
value problems by integral-equation methods. The methods of 
S. G. Mikhlin, D. I. Sherman, G. Lauricella, and the author are 
discussed. . 

Part 6 introduces the (Riemann-Hilbert) problem of linear re- 
lationship: to find a meromorphic function F whose boundary 
values on the two sides of a curve C are related linearly, F + = GF 
+ f, where G and f are functions given on C and G is not zero every- 
where on C. It is shown how the fundamental problems for the 
half plane and cut plane may be obtained and the solution of the 
mixed fundamental problem is applied to several examples in- 
cludingthe stamp problem with inclined, horizontal, or curved bas: 
with and without friction and the plane Hertz (contact) problem 


Extensions to the cases of regions bounded by circles, infinite 
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planes cut along circular arcs, and regions mappable onto the 
circle by rational functions are covered in two chapters, 

The last four chapters of the book are devoted to problems of 
extension, torsion, and bending of homogeneous and compound 
bars. The classical results in the torsion problem of Saint Venant 
are presented together with the author’s conformal-mapping 
methods and several different cross sections are treated as ex- 
amples. The torsion of a circular cylinder reinforced by a longi- 
tudinal round bar of a different material is handled by mapping 
while that of a rectangular bar consisting of two different ree- 
tangular parts is solved by harmonic series. The two concluding 
chapters discuss the extension and bending of bars consisting of 
different materials with the same (chapter 24) and with different 
(chapter 25) Poisson’s ratios. 

The treatise not only contains much material new to that sec- 
tion of the Western scientific publie not conversant with the 
Russian language but is also distinguished by its clear expository 
For this the transla- 
It can be en- 


stvle in the presentation of classical theory. 
tor as well as the author is to be congratulated. 
thusiastically recommended to all research workers in this field 
and it is to be hoped that it will find a place in U. S. universities 


as a text. 


Collected Papers of 
Stephen P. Timoshenko 


Cotiectep Papers. By Stephen P. Timoshenko. MeGraw-Hill 
Book Co., Inc., New York, N. Y., 1954. Cloth, 6 & 9 in., xxv and 
642 pp., illustrated, $15. 


REVIEWED BY Dana Youna® 


ECHANICS is one of the oldest of the physical sciences. 

A long line of distinguished physicists, mathematicians, 

and engineers has contributed to its development. In relatively 

recent times, historically speaking, applied mechanics has de- 

veloped into a specialized field of study which is a vigorous part of 

modern engineering. The importance of the analytical methods 

of mechanics combined with laboratory experiments is widely ac- 
cepted. i 

The success of the present renaissance in mechanics is due to the 
foresight and enthusiasm of a number of gifted engineers. Prom- 
inent among these is Stephen P. Timoshenko. Following his 
early engineering training in Russia, which was supplemented by 
advanced studies in Germany, he has devoted his life to teaching 
and research in applied mechanics. His first research publication 
appeared in a Bulletin of the Polytechnical Institute, St. Peters- 
burg, in 1905. Since then, and continuing actively to the present, 
he has produced a remarkable list of papers and books dealing 
with many aspects of the mechanics of solids. 

Professor Timoshenko’s books are well-known classics in pres- 
ent-day engineering. They cover a wide range of subjects includ- 
ing Strength of Materials, Theory of Elasticity, Elastic Sta- 
bility, Plates and Shells, Dynamics, Vibrations, and Structures. 
These are also the subjects in which Professor Timoshenko con- 
tributed so much in his own original research investigations. His 
basic scientifie papers have been published in many different 
journals, some of which are not readily accessible. Now we are 
fortunate to have these papers collected together in one volume. 

The volume contains 35 of Timoshenko’s »apers, arranged in 
chronological order and filling 642 pages. The first paper is 
“Einige Stabilitatsprobleme der Elastizitiitstheorie,”’ Zeitschrift 
fiir Mathematik und Physik, 1910. The last paper is “Stress Con- 
centration and Fatigue Failures,’’ Proceedings of The Institution 
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Hight of the papers are in Ger- 
The author’s 
However, 


of Mechanical Engineers, 1947. 
man, two in French, and twenty-five in English, 
early papers in Russian are not included directly. 
most of the material in his Russian papers is covered in the other 
papers; hence the volume contains virtually all of Timoshenko’s 
basic contributions to mechanics. 

In addition to the papers, the volume contains a fascinating and 
vivid biographical sketch of Professor Timoshenko. This was 
written by Donovan H. Young, a close friend and colleague of the 
author. There is also a spritely preface contributed by « group of 
his former students and colleagues. 

Seven of the papers deal with important problems and methods 
in elastic stability. One of these, ‘Sur la Stabilité des Systémes 
Elastiques’’ Annales des Ponts et Chaussées, 1913, is a virtual 
treatise, 133 pages in length. It is here that Timoshenko pre- 
sented his versatile and powerful variational method for deter- 
mining critical loads; a method which vitalized the field of elastic 
stability and provided solutions for many otherwise intractable 
This paper illustrates Timoshenko’s characteristic 
mode of presentation. . After a brief and lucid statement of the 
principles, he proceeds to develop the details of the procedure by 
solving a comprehensive set of problems of increasing com- 
plexity. Specific results are obtained for many important cases in 
the buckling of bars, latticed struts, rings, thin plates, and in the 
lateral buckling of beams. The application of the results to prac- 
tical design questions and the limitations of the formulas are 


problems. 


thoroughly discussed. 

In subsequent papers dealing with elastic stability, Timoshenko 
treats a number of more specialized problems such as the stability 
of stiffened plates, lateral buckling of curved bars, the stability of 
girder webs, and the buckling of thin-walled members. 

Timoshenko’s interest in vibration problems is shown by his 
papers in this field. In “Erzwungene Schwingungen Prismatischer 
Stibe,”’ Zeitschrift fiir Mathematik und Physik, 1911, he utilizes 
normal co-ordinates and Lagrange’s equations to develop his 
powerful method for determining the behavior of bars subjected 
to forced vibrations. In a paper “On the Correction for Shear of 
the Differential Equation for Transverse Vibrations of Prismatic 
Bars,”’ Philosophical Magazine, 1921, Timoshenko shows how 
the effect of the shear may be taken into account in investigating 
transverse vibrations and deduces the general equation of vibra- 
tion. He gives an example to show that the correction for shear 
is several times greater than the correction for rotatory inertia. 
The general equation given in this paper is of great importance in 
vibration theory and is commonly called Timoshenko’s equation. 
In other papers the author treats various problems including the 
impact of a mass on a beam, the vibration of bridges, and the 
vibration of an overhead trolley conductor. 

In addition to his basie contribution in elastic stability and 
vibrations, Timoshenko has developed procedures for solving 
many other problems in the field of mechanics of solids. These 
are covered by papers which range over a wide variety of topics 
such as the application of trigonometric series to beam deflections, 
the torsion and bending of crankshafts, the bending of circular and 
rectangular plates, the effect of root restraint on the torsion of 
prismatic bars, the membrane analogy for flexure, stresses in a 
circular ring, bending of curved tubes, stresses in a plate with 
a circular hole, approximate least-work solutions for two dimen- 
sional problems in elasticity, analysis of bimetal thermostats, dy- 
namicil stresses in rails, stress concentration produced by fillets 
and holes, theory of suspension bridges, and the theory of thin- 
walled members of open cro.s section. The papers on suspension 
bridges (36 pages) and thin-walled members (51 pages) are com- 
prehensive treatises which cover thoroughly the analytical theory 
in each case. 

All of the papers are written in Timoshenko’s characteristic 
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style and follow the same plan of presentation which he uses so 
successfully in his lectures. He emphasizes the physical meaning 
of the solutions and the practical applications. Results are car- 
ried through to numerical examples. He begins with simple 
particular cases, gradually introduces more complicated examples 
and then the generalizations. He demonstrates very effectively 
the power of mathematical analysis in solving engineering prob- 
lems without any unnecessary excursions into mathematical 
generalities. 
Reading Timoshenko’s papers is as stimulating as listening to 
You catch his contagious enthusiasm for his be- 
Your interest is aroused by his 
You see mathematics and engi- 
His clear and free- 


him lecture. 
loved field of applied mechanics. 
fresh and fertile point of-view. 
neering welded together in a friendly union. 
flowing presentation sometimes hides the greatness of his con- 
tributions. 

The material in the papers is as fresh and relevant today as 
when written. But the volume is more than a collection of re- 
search reports. Taken together, the papers represent a philos- 
ophy and a method of attack that have inspired many others to 
follow along the trail which Timoshenko has blazed. 


Technische Dynamik 


Technische Dynamik. By C. B. Biezeno and R.Grammel. Springer- 
Verlag, Berlin, Géttingen, Heidelberg, Germany. Second edition, 
1953, in two volumes. Volume 1, XII + 700 pp., 413 figs., and two 
appendixes; volume 2, VIII + 452 pp., 315 figs., and three 
appendixes. 


RevIeEWweD BY I. MALKIN’ 


"T’HE somewhat unconventional title is explained by the authors 

in the preface: In line with Kirchhoff’s classical definitions 
they generally call dynamics the part of mechanics which deals 
with the problem of the action of forces on mechanical systems, in 
particular on elastic systems, both in statical conditions and in 
the state of motion. The manner in which they cover this vast 
field is unconventional, too, and indeed unconventionai in the 
best sense of the word. They break with certain traditions in a 
way which cannot fail to attract readers and to evoke their ap- 
preciation and which deserves emulation by writers of technica! 
text and handbooks. Let us start, however, with a short «ttline 
of the contents of the set. 

Each of the two volumes consists of two large parts, subdivided 
into chapters, sections, and divisions, which make the reading 
and the study of the books easier and more attractive. Part 1 of 
volume | treats of the fundamentals of the three and two- 
dimensional theory of elasticity, as well as of the analytical and 
experimental methods of solution of the elastic problem, including 
not only such advances as Galerkin’s improvements of Ritz’s 
method, but also the most modern numerical methods like 
Southwell’s relaxation method. Part 2 of volume 1 deals with 
details of machines, like rods and shafts, springs, rings and wheels, 
and of plates and shells, and concludes with a presentation of the 
problem of buckling and of similar cases of nonstability. Part 1 
of volume 2 treats of problems occurring in the design of steam 
turbines, namely, of stress distribution and of vibrations of various 
kinds in steam-turbine disks and of corresponding problems in 
steam-turbine blades, and finally of the critical speeds of steam- 
turbine shafts. Part 2 of volume 2 discusses the problems of 
mass balancing and energy regulation, and of the torsional 
vibrations of the shaft, in engines with reciprocating masses. 

This mere enunciation of the chapters gives a certain idea of 
the scope of the contents but it does not tell much about the 
Foster Wheeler Corporation, 
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particular features of the volumes. In the case of a voluminous 
work like the one under review, the task just implied can and must 
be confined to such parts which have given the authors oppor- 
manifest some originality of presentation. For a 
we concentrate on the part of the second 
distribution 


This discussion will give us a clear 


tunity to 
closer discussion 


volume which treats of the stress and bending 
vibrations in rotating disks 
picture of the characteristic merits of the ‘Technische Dynamik.” 
A similarly original part of the first volume will be reviewed in a 
more general manner. 

The stress analysis can be carried out, in the case of a turbine 
disk of any profile, by means of the well-known (1) graphical 
method of Grammel. The main analytical solutions are the disks 
of (2) constant thickness, (3) constant strength, (4) hyperbolical, 
(5) conical, and (6) exponential profiles. All solutions (1) to (6) 
are clearly and elaborately discussed on pp. 11-29 of the second 
Since the disks (2) and (3) are of very limited practical 
to (6), 


volume 
use, the choice of an analytical solution is restricted to (4 
of which (4) again is for well-known reasons the most unfavorable 
one. The discussion given in the book offers the reader the 
possibility of judging for himself about the merits and demerits of 
anv of the indicated solutions on the basis of concisely, but 
adequately, drawn characteristics. This is a fortunate devia- 
tion from a remarkable tradition, according to which all other 
texts prefer to give the reader a detailed presentation of the 
solutions (2) to (4), as far as analytical solutions are concerned, 
mostly without even mentioning the solution (5) and regularly 
ignoring solution (6), notwithstanding the fact that its very con- 
siderable practical advantages have been more than once em- 
phasized in the JourRNAL oF AppLiep Mecuanics and elsewhere. 
The stress problem is followed by an admirable presentation of 
the problem of vibrations both in the disk plane and normally to 
it, of which the latter is “‘one of the most important problems in 
the entire field of mechanical engineering’? (R. Grammel in 
“Neuere Festigkeitsprobleme des Ingenieurs,”’ edited by K 
Marguerre, Springer-Verlag, 1950, p. 186). On the one hand, the 
problem of practical determination of vibration frequencies is 
given 2 reliable foundation by explicit connection, in each particu- 
lar kind of vibration, with the requirements of the Hamiltonian 
Principle, and on the other hand, the numerical procedure of 
carrying out the Rayleigh method is considerably improved by a 
new device, which permits determination of the influence of the 
profile on the vibration form (the influence of very long blades on 
vibration form and frequency is, however, not considered; cf 
JOURNAL OF AppLiED MEcHANICcs, 1946, pp. 245-246). Another 
nonconventional item is the treatment of the influence of the 
centrifugal forces on the frequency of bending vibrations. The 
computation given in textbooks disregards the influence of 
the hoop stresses (see the reviewer's article in the Schweizerische 
Bauzeitung of February 15, 1936). Technische Dynamik, pp. 74 
76, gives a detailed computation of the latter influence, thus 
correcting the error. Particular mention is deserving the detailed 
discussion of the transformation of the Ravleigh method into a 
method of successive approximations with possibilities of 
estimating the error incurred in Rayleigh’s method (pp. 87 
92). In all of presentation goes far 
bevond the routine and gives the reader valuable information 


these questions the 


both of a theoretical and purely practical nature, which is rather 
The- 


oretical and practical sections can be read independently of each 


difficult, or even impossible to find in other publications 


other, something which will be enjoved by many readers 
A similarly important part of volume 1, pp. 438-561, deals with 


* The reviewer is in a position to state that at the earliest ap- 
propriate opportunity Professor Grammel will express his approval of 
the conclusions arrived at by the reviewer in the reference given on 
p. 246 (footngte) of the JourRNAL or AppLiep Mecuanics of 1946. 
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plates and shells. Of course, only certain particular problems of 
this vast domain are discussed there but the studies again go far 
beyond the limiting lines reached in other texts on applied 
elasticity. An extensive and thorough study is given to the prob- 
lem of the plate loaded by forces in its own plane (pp. 439-481), 
including the problem of plates with circular holes. The research 
work and the results reported there are of great interest by them- 
selves; however, the entire section is very valuable as a prepara- 
tion for the study of the still more specialized and mathematically 
more complicated work of the Russian mathematician, N. I. 
Muskhelishvili, and his pupils. The case of a plate reinforced by 
ribs (pp. 497-502) deserves attention in the section dealing with 
the plate in bending. The most important feature in the presen- 
tation of the theory of shells is the problem of the cylindrical shell 
of circular cross section under any load distribution and the con- 
tributions of C. B. Biezeno and J. J. Koch to the solution of this 
problem (pp. 518-551), as, for instance, the discussion of the case 
of a cylindrical shell reinforced by equidistant circular rings. 
On each of the subjects indicated the reader will find an abun- 
dance of practically important information, exactly as in volume 
2 discussed above. 

it is hardly necessary to add anything to round up the char- 
acteristics of this outstanding two-volume set. This reviewer feels 
fully just*fied in concluding with the remerk that no engineer, in- 
terested in applied elasticity, can afford not to have the set in his 


library. 


Strength and Resistance of Metals 


STRENGTH AND Resistance or Metars. By John M. Lessells. 
John Wiley & Sons, Inc., New York, N. Y.; Chapman & Hall, 
Ltd., London, England, 1954. Cloth, 6 X 9 in., xiv and 450 pp.., 
220 illus., $10. 


REVIEWED BY T. J. DoLan® 


TT! I) principal purpose intended for this volume on the strength 

of metals was to provide advanced undergraduate and grad- 
uate students, as well as design engineers, with factual infor- 
mation and rational knowledge of the behavior of metals under 
The text is liberally dispersed with references to the 
major source material from which the conditions and behavior 


stress. 


patterns have been summarized by the author. Many readers 
will find some of these old in years, but the author has selected 
with care to include outstanding contributions rather than the 
latest references in each portion of the subject matter. The 
majority of the discussions center upon the behavior of steel as 
the primary metal used in engineering products, though mention 
is made of nonferrous alloys and cast iron under conditions for 
which their behavior is markedly different from that of steel. 
In expressing formulas for comparing stresses and strains with 
mechanical behavior, the author has limited the discussions to 
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simple formulas in mechanics. The principal concepts are those 
of the observed material behavior rather than the hypothetical 
or analytical approach. 

Particular emphasis is placed upon the subject of fatigue in 
metals, to which the author attributes the majority of failures 
of engineering components, though other types of failure such as 
creep and fracture at elevated temperatures, and brittle fracture 
at low temperature are also given due attention. 

The first two chapters cover the tensile test not only as an 
acceptance criterion but also discuss the newer concepts of 
‘true’ stress-strain characteristics, effect of testing speed, and 
significance of the data to designers. The effects of overstrain, 
cold-working, hysteresis, and residual stresses on metals are 
appraised in detail. Chapter 3 covers both short-time and long- 
time high-temperature tests and the utilization of creep data in 
engineering design. Chapter 4 outlines the various types of 
hardness measuring equipment and its importance as an in- 
spection tool. Chapter 5 covers the behavior of metals under 
impact loading with single-blow and repeated-blow tests and the 
development of brittle fracture below the transition temperature 
range. Chapters 6, 7, and 8 discuss the numerous controlling 
factors influencing the fatigue strength of metals such as speci- 
men geometry, environment, types of stressing action, and range 
of stress. Fractures and failure phenomena are described in 
detail. 

Chapter 9 develops the concepts of strain hysteresis and damp- 
ing capacity, and chapter 10 covers the general features and na- 
ture of mechanical wear, surface fatigue, and the significance of 
wear testing methods. Chapter 11 includes a brief summary 
of the theories of strength from the viewpoint of the state of 
stress producing inelastic deformation and the corresponding 
allowable working stresses (with factors governing their selection ) 
for various conditions met in service. Several tables of typical 
mechanical properties of commonly used structural materials 
are included as a guide in selecting working stresses. Numerous 
problems on all phases of the subject are placed at the end of the 
book for use by students. 

The author has done a commendable job in attempting to 
summarize the state of knowledge of material behavior to enable 
the designer to dispense with empirical formulas and employ 
rational methods. The author has been careful to point out 
the significance to the engineer and methods of utilization of the 
various mechanical properties obtained from laboratory in- 
vestigations. The specialist in the field may be disappointed at 
not finding exact methods for solution of the more complex prob- 
lems such as cumulative damage in fatigue, or for creep under 
combined stress, and so on. In many instances for which the 
knowledge of material behavior is not exact, one must still rely 
upon a combination of theory and experiment for most reliable 
and economical design. The advanced engineering student or 
the young engineer will find the book well adapted to bringing 
him up to date on the facts known about the mechanical strength 
properties of metals. 
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100 MILLIMETERS 


INSTRUCTIONS Resolution is expressed in terms of the lines per millimeter recorded by a particular 
film under specified conditions. Numerals in chart indicate the number of lines per millimeter in adjacent 
“T-shaped” groupings. 

In microfilming, it is necessary to determine the reduction ratio and multiply the number of lines in the 
chart by this value to find the number of lines recorded by the film. As an aid in determining the reduction 
ratio, the line above is 100 millimeters in length. Measuring this line in the film image and dividing tHe lerigth 
into 100 gives the reduction ratio. Example: the line is 20 mm. long in the film image, and 100/20 = 5. 


Examine “T-shaped” line groupings in the film with microscope, and note the number adjacent to finest 
lines recorded sharply and distinctly. Multiply this number by the reduction factor to obtain resolving power 
in lines per millimeter. Example: 7.9 group of lines is clearly recorded while lines in the 10.0 group are 
not distinctly separated. Reduction ratio is 5, and 7.9 x § — 39.5 lines per millimeter recorded satisfarto- 
rily. 10.0 x 5 = $0 lines per millimeter which are not recorded satisfactorily. Under the particular condi- 
tions, maximum resolution is between 39.5 and 50 lines per millimeter. 

Resolution, as measured on the film, is a test of the entire photographic system, including lens, exposure, 
processing, and other factors. These rarely utilize maximum. resolution of the film. Vibrations during 
exposure, lack of critical focus, and exposures yielding very dense negatives are to be avoided. 





